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Abstract

This paper addresses the statistical estimation of Gaussian Mixture Models (GMMs) with unknown di-
agonal covariances from independent and identically distributed samples. We employ the Beurling-LASSO
(BLASSO), a convex optimization framework that promotes sparsity in the space of measures, to simulta-
neously estimate the number of components and their parameters.

Our main contribution extends the BLASSO methodology to multivariate GMMs with component-specific
unknown diagonal covariance matrices—a significantly more flexible setting than previous approaches re-
quiring known and identical covariances. We establish non-asymptotic recovery guarantees with nearly
parametric convergence rates for component means, diagonal covariances, and weights, as well as for density
prediction.

A key theoretical contribution is the identification of an explicit separation condition on mixture com-
ponents that enables the construction of non-degenerate dual certificates—essential tools for establishing
statistical guarantees for the BLASSO. Our analysis leverages the Fisher-Rao geometry of the statistical
model and introduces a novel semi-distance adapted to our framework, providing new insights into the
interplay between component separation, parameter space geometry, and achievable statistical recovery.
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1 Introduction

Gaussian Mixture Models (GMMs) are a cornerstone of statistical modeling, offering a flexible and powerful
framework for representing complex data distributions. They find widespread application in diverse fields,
including clustering and density estimation [McLachlan and Peel, 2000; Bouveyron et al., 2019], image processing
[Houdard et al., 2018], bioinformatics and economics [Fruhwirth-Schnatter et al., 2019, Section 8.4]. Despite
their ubiquity, the estimation of GMMSs, particularly when the number of components and their covariance
structures are unknown, presents significant statistical and computational challenges.

The predominant method for GMM estimation is the Expectation-Maximization (EM) algorithm, which
iteratively maximizes the log-likelihood. While the EM algorithm guarantees a non-decreasing likelihood and
converges to a stationary point under some conditions [McLachlan and Krishnan, 1997; Wu, 1983; Balakrishnan
et al., 2017], it faces significant practical challenges. The log-likelihood function is non-convex and multi-modal,
making the algorithm sensitive to initialization and prone to converging to local maxima rather than the global
optimum. Crucially, it requires the number of mixture components to be specified in advance. We aim to
overcome these limitations.

This paper introduces a novel approach to the estimation of multivariate GMMs with unknown diagonal
covariances, leveraging the Beurling-LASSO (BLASSO) methodology [De Castro and Gamboa, 2012; Candes
and Fernandez-Granda, 2014; Duval and Peyré, 2015; Boyer et al., 2017; Poon, 2019; De Castro et al., 2021a].
The BLASSO offers a convex optimization framework in the space of measures. It promotes sparsity, thereby
offering a principled way to simultaneously estimating the number of components, their respective weights,
means, and diagonal covariance matrices. It has not yet been applied to settings where each mixture component
is allowed to have its own covariance structure. This extension makes it possible to handle significantly more
relevant models. For instance, in clustering applications, assuming identical covariances across components
yields Voronoi partitions (linear decision boundaries), as in k-means. In contrast, allowing distinct covariance
matrices leads to boundaries defined by quadratic equations [Murphy, 2012, Section 4.2].



A pivotal contribution of our research is the identification of a separation condition for the mixture compo-
nents. This condition is instrumental in the construction of so-called non-degenerate dual certificates [Candes
and Fernandez-Granda, 2014; Duval and Peyré, 2015], which play a key role in establishing estimation guaran-
tees. Our analysis is grounded in the Fisher-Rao geometry of the statistical model, providing theoretical insights
into the intricate relationships between component separation, the underlying geometry of the parameter space,
and the achievable statistical recovery.

1.1 Continuous sparse regression for Gaussian Mixture Models

We denote by A (t,C) a multivariate Gaussian distribution in dimension d € N*, with mean ¢+ € R? and
covariance matrix C' € Si 4, where Si . denotes the space of positive-definite symmetric matrices of size d x d.
Given u = (u1,...,uq) € (R%)? a vector with positive entries, we denote by diag((u1)?,..., (ug)?) the d x d
diagonal matrix with diagonal entries u%, where each uy is interpreted as a marginal standard deviation. The

density of N (¢, diag((u1)?, ..., (ug)?)) is denoted by ¢,

In this paper, we observe a n-sample Xi,...,X, € R? drawn from a Gaussian Mixture distribution with
diagonal covariances, defined by:

S S
X; MR ajcp( ug) = % with Za(; =1 and a? >0 (1)
j=1 j=1
where to e R4 u 0 = (U(;’k)kzl,...,d € (R%)? Our goal is to estimate the number of components s (also called

the sparsfcy mdex), the weights a? and the location parameters (t?, ug) of each mixture component, indexed by
j€{l1,...,s}, from the observations X1,...,X,.

Remark 1.1. As a matter of fact, the Gaussian Mixture Model with unknown number of components, weights,
means and covariance matrices:

p
{Zaj (t;,Cj) :p>1,a;>0,t; €RY, C; €SL,, Vi3, (t;,C;) # (4, Ch), Z _1}

is identifiable, i.e., if two distributions of this model are equal, then they have the same number of components,
and the same components (up to a permutation) with the same associated weights. We refer to [Teicher, 1961]
for the proof in dimension d = 1, and [Yakowitz and Spragins, 1968] for the generalization in dimension d > 1.
Under mild assumptions, an even stronger result holds for continuous mixtures of Gaussian distributions, defined
by a density on the space of mean and covariance matrix [Bruni and Koch, 1985].

Our estimation strategy relies on the Beurling-LASSO (BLASSO). This framework, introduced in [De Castro
and Gamboa, 2012; Candés and Fernandez-Granda, 2014], has been successfully applied to various statistical
estimation problems, particularly in the context of sparse signal recovery [Duval and Peyré, 2015] and compressed
sensing [Poon et al., 2023]. The BLASSO approach is characterized by its ability to promote sparsity in the
space of measures, enabling the recovery of discrete measures from continuous data. This framework has been
extended to various settings, including the estimation of Gaussian Mixture Models with known covariances
[De Castro et al., 2021a; Poon et al., 2023]. Algorithmic implementations are discussed in [Chizat, 2022] and
[De Castro et al., 2023]. One key modehng idea of this approach is to lift the parameter space onto the space
of measures according to the embedding

(aj,tj,uj)i_y = = Zaﬂ‘s(tw%)’
j=1

where (t;, uj)§=1 are referred to as the particles of p. Any discrete probability measure on R? x (0, 4+-00)¢ with
finite support, of size p for any p > 1, describes a set of parameters. We stress that the parameter p, the
number of components, is free and not prescribed. The law of the n-sample (X;)%_; (see (1)) is unambiguously
described by the target parameters (aj , t?, ) '_, (by identifiability of the model, see Remark 1.1), and hence
unambiguously represented by the so-called target measure p° = ijl agé(t?’u?).

Our estimator will be defined as a solution of a minimization problem over the space of measures, constructed

from the observations X1, ..., X,. It is designed to estimate the target measure p°. In particular, we want our
estimator to put a mass close to aJQ around the particle (t?, u?) We will consider a convex loss of the form
Fo (1) + £R(p) (2)

where F, r(p) is a data fidelity term, R(u) is a regularization term enforcing sparsity, and x > 0 a tuning
parameter. The data fidelity term compares a predicted density encoded by p with an empirical approximation



of the target density. This approximation is obtained from the empirical distribution of (X;)_; by convolution
with a Gaussian kernel of covariance 72Id, depending on a smoothing parameter . This approach is standard
in kernel density estimation [Tsybakov, 2008], but the main difference here is that 7 will not be necessarily
chosen to match some nonparametric rate. Its calibration will sometimes answer to an alternative purpose. The
regularization term R(yu) is the total variation (TV) norm, analog of the ¢!-norm for measures, and aims to
concentrate the mass of our estimator in a few regions. We refer to Section 2 and (P,) for a complete description
of the BLASSO procedure.

1.2 Contributions

Our primary contribution is the extension of the BLASSO framework to estimate GMMs with unknown diagonal
covariances. This setting introduces a key challenge: the associated kernel (see Section 5) is not translation-
invariant, departing from many standard BLASSO applications. We address this by:

e Introducing a reparametrization of the measures to work with a normalized kernel—an object essential for
the theoretical analysis of the BLASSO, describing the correlation between 2 location parameters (¢, u)
and (', ).

e Establishing recovery guarantees through the construction of non-degenerate dual certificates. This in-
volves proving a modified version of the local positive curvature assumption (LPC) from [Poon et al., 2023,
Assumption 1] for our specific non translation-invariant kernel.

e Using a semi-distance naturally aligned with the kernel-induced geometry. This allows us to formulate
more tractable conditions for the certificate construction, relaxing the reliance on the Fisher-Rao distance
used in related works.

e Establishing conditions on the separation between the components of the mixture (i.e., the particles of u°)
with respect to the semi-distance. These conditions depend on bounds on the variance, the sparsity s, the
dimension d, and the smoothing parameter 7. Higher sparsity levels or looser bounds on the variances
necessitate a wider minimal separation between the components of u°. See (17) for a precise condition.

We also provide novel prediction guarantees for the target density, achieving nearly parametric rates of conver-
gence in different regularization regimes.

Informal results on error bounds We define p as a reparametrized version of the target measure u°,

S
pl = Zw? O(0,u0)  with wJO» = W(x?) a27
j=1
where W is a positive function that will be specified later. According to the procedure displayed in Section 2,
we estimate p rather than p°. Our estimator is given by the argument minimum of a function Jy of the form
(2) over nonnegative measures with support restricted to a compact set X C R? X [tpin, +00)? (see (P,) for a
formalized version). Here, uyi, denotes a lower bound on the diagonal elements of the covariance matrix.
Most of our results remain valid for approximate solutions, that is for any measure u satisfying Jy () <
Jw (112), and not only the exact argument minimum solution of Jy,. Accordingly, we will use the notation Hor
when an exact solution is required, and [, ., when an approximate solution suffices.
We evaluate the estimator by comparing its mass against the mass of 0 within “near regions” Xj"e”(re)

centered on the true parameters (¢ u]Q), and in the complementary “far region” within X'. Near regions

Vi )
correspond to balls of radius 7, for a semi-distance 4 (given by (11) below). Figure 1 illustrates this partitioning.

The near region Xj”e”(re) depends only on its radius r, x?, the dimension d, and the smoothing parameter 7.
Our estimator satisfies the following properties, given in expected value over X, ..., X,,.

Theorem 1.1 (Recovery guarantees for the estimation of u, informal result). Assume that the particles (t?, ug)
of u° are sufficiently separated, where the minimal separation constraint only depends on the dimension d,
the sparsity index s, bounds on the variance and choice of a smoothing parameter 7 < Upmin. Choosing as
reqularization parameter Kk = W, for any r. such that 0 < r. < r with r a fized constant depending

on d, it holds that, omitting the dependence on d,

E [|M3(X]near(re)) - ﬂn’w('){jnear(%))u <

?

Vi=1,...,s (3)

and

fin (X \ UXJTLEGT(T)) H < W .
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Figure 1: Schematic representation for Gaussian mixture models in dimension d = 1. Both parameters u
(standard deviation) and ¢ (mean) are in dimension 1, resulting in a 2-dimensional plot in location space (¢, u).
The discs represent the near regions, shown schematically: these regions correspond to balls defined with respect
to a semi-distance, not the Euclidean distance. The hatched area corresponds to the far region.

We refer to Theorems 3.1 and 5.1, Proposition 3.1 with Lemma 5.4 for precise statements and related discussions.
Our estimator allows us to locate the particles of the reparametrized target measure on fixed regions with a
parametric convergence rate. The radius r. can be chosen as desired (sufficiently small), leading to degraded
bounds (the rate depends on 7. 2). We give in Corollary 3.1 a variation of the previous result, for a direct
estimator of u°—and with decreasing size of regions.

Remark 1.2. Note that in the above result, x does not depend on s (unknown in practice). We call it the
s-agnostic choice. Making the s-dependent choice k = W, we obtain a rate of Wﬁ% for the
bound (3) (better dependence on s). See Remark 3.6.

We provide in the same time recovery guarantees for the prediction of the target density f. We achieve
an almost parametric rate (up to a logarithmic factor) for the prediction of the target density, in two distinct
regimes: under small regularization (Proposition 4.1) and with larger regularization (Theorem 4.1) when the
assumption of Theorem 1.1 is verified. We present an informal version of these results.

Theorem 1.2 (Recovery guarantees for the prediction of f°, informal results). Let 7 = % We construct

an estimator h,, of f° from fin .. We consider two regimes.

V2(Inn)4/4
(2m)d/4(2u2; )4/ /n’

o Assume that the particles (t‘;,ug) of u° are sufficiently separated. Choosing k = omat-

ting the dependence on d and on bounds on the variance,

N 2 d/2
E U o fo) ] < s(lnn) .
L2(R4) n
. . . 0 0 . _ 4(]n n)d/z .
e Without separation assumptions on (tj, U; )j, choosing k = )72 (20 ) omitting the dependence on d

and on bounds on the variance,

}Aln_fo‘

/2
2 <(lnn)/ '
~ n

E U
L2(R4)

The regularization parameter x is allowed to depend on n. Its value has some importance on the performances

of the procedure. It is calibrated according to the objective to be achieved: estimation, prediction or both. Under
some conditions on u°, large regularization provides good estimation and prediction. Small regularization allows
the BLASSO to focus on minimizing the data fidelity term, yielding good prediction without any separation

condition on the particles of u°. For theoretical purposes, we will also briefly discuss an s-dependent choice

(Inn)¢

/2
of x, which leads to improved bounds in the large regularization regime (the bound is of order n for s

reasonably small, see Remark 4.4 below).

We finally derive an alternative result for uy ,, an exact solution to (P,), under some specific conditions.
We provide below an informal result, formalized in Corollary 6.1.



Theorem 1.3 (Sparsity of the estimator for a large sample size, informal result). Let 0 < 7 < umin (fized).
Assume that the particles of 1° are sufficiently separated, where the minimal separation constraint only depends

aVinn

on d,s, 7 and bounds on the variance. Choosing k = e for any a > 0, there exists ng € N depending

on ul, X, T, «, such that if the sample size n verifies n > ng, then Mo 8 S-sparse with probability greater

e
than 1 — Crn °t , with Cr a universal positive constant and ~o depending on p°, X, 7. Moreover, writing
Moy = Z;zl w;ém;, omitting constants depending on pu°, X, we have for all j =1,...,s

1 1
W —wil Say/ == and d((tu), (149)? S ay/ =, )

n
where d(s,+) is the semi-distance between location parameters defined in (11) below.

The result displayed here provides a different flavor on the BLASSO performances. First, this bound holds
provided the sample size is large enough (and under separation conditions that are slightly stronger than those
required in Theorem 1.1). In such case, we first establish that the measure M. has, with high probability,
exactly the same sparsity index s than the target u°. Moreover, the bound (4) provides theoretical guarantees on
the estimation of the mixture parameters themselves instead of a control on far and near regions (Theorem 1.1).

Outline Section 2 introduces the statistical framework and the BLASSO estimators fin w, p;, ,, used for re-
covering Gaussian Mixture Models. In Section 3, we establish recovery guarantees for the estimation of the
target measure, relying on the existence of non-degenerate dual certificates. Section 4 focuses on prediction
guarantees for the density f9, providing rates of convergence under different regularization regimes. In Sec-
tion 5, we construct non-degenerate dual certificates by analyzing the kernel properties and deriving sufficient
conditions on p°. Finally, Section 6 demonstrates that, for sufficiently large sample sizes and under sufficient
separation between components, the estimator yuy, , is, with high probability, a discrete measure. Section 7 pro-
poses a concluding discussion including possible extensions, algorithmic issues and open problems. The main
results are summarized in Tables 1 and 2 with corresponding assumptions, choices of smoothing parameter and
regularization. Table 3 summarizes notation used throughout the paper. All proofs and technical results are
gathered in the appendix at the end of the paper. To facilitate verification, we also provide a notebook (the
associated Zenodo repository can be found at [Giard, 2025]) implementing our calculations using a symbolic
computation library.

2 Statistical modeling

Our approach operates in the space of Radon measures, targeting the recovery of a sparse (i.e. discrete) measure.
Each particle of this discrete measure encodes the parameters of a Gaussian component, and its associated mass
corresponds to the component’s proportion in the mixture. In this section, we introduce the necessary notation,
describe the statistical model, and present the BLASSO estimator.

2.1 Radon measures

We first start with some definitions allowing for a rigorous introduction of the BLASSO principle.
For A C R? locally compact, we denote C(A) the set of all continuous functions from A to R and Cy(A) the
set of continuous functions that vanish at infinity, ¢.e.

Co(A) = {fGC(A) : Ve >0, 3C compact s.t. |f| <eon A\C}.

When A is compact, Co(A) = C(A).

Definition 2.1 (Radon measure on A C RP). Let A C RP be locally compact. The space of (real-valued)
Radon measures M(A) is defined as the dual of (Co(A), ||*||,)- Its dual norm is the total variation norm:

.

lullpy = sup / n()du(z).
WECO(A) A
1]l o <1

We denote M(A)T the set of nonnegative measures: p € M(A)T if for all n € Co(A4) such that > 0,
1) 4Mdp > 0. A discrete mixture measure, or a sparse measure, is a measure that can be expressed as a finite
weighted sum of Dirac measures:
S
n=>_a;d,
j=1



where s > 1, ay,...,as € R, x1,...,2, € A. Remark that ||u| = Zj‘:1 |a;| when the (x;); are distinct.
Other details about the functional framework can be found in Appendix A.

2.2 Model and estimator

Model Our aim is to recover the target measure measure encoding the Gaussian Mixture distribution:

S S
uoz E a?ém? where a?7...a2>0, E a?:l.
Jj=1 j=1

0 0

We assume that the location parameters (z7,...,z3) are distinct points, each of the form m? = (t%,u?) with

VAR
9= )i_; eRYand uf = (uf,)f_; € [Umin, +00)* where umi, is some positive lower bound on (u ;. )x. The
parameters t]Q and u? represent respectively the mean and square root of the diagonal covariance of a Gaussian

component with weight aj.

2
We denote ¢ the standard Gaussian density in R, and o := F [p] = e~ = its associate Fourier transform. We
can rewrite fO = ®u° where ® : M(R? X [tmin, +00)?) — L?(RY) is the linear operator defined by

d
1 —1
du:zeR H—ap (Zk k) du(t,u) V€ MR X [umin, +00)%).
Rdx[uminy"l‘oo)d k=1 Uk U
Our aim is to recover p0 from a n-sample X1, ..., X, "X f0 (see (1)), considering that the weights {af};,

the location parameters {x?} j and the sparsity index s are unknown. The empirical density associated with our
sample X1,..., X, is defined as
. 1 <
fn = E Zl 6Xi .
=

This empirical measure is smoothed, hence allowing for a comparison with any prediction ®u. We will use a
Gaussian convolution with smoothing parameter 7 > 0, introducing

=13
d 6—722 7213
)\:ZER HW and A::]:[/\]ze 2

Then, we set R R
Lo fo=MAxf, and Lof=Axf VYfeL*R%.

The term Lo fn is related to Kernel Density Estimation (KDE, [Tsybakov, 2008]). The choice of 7 is important
if we want to estimate f© in addition to u°, and will be discussed in Section 4. Our setting differs in this respect
from super-resolution [Candés and Fernandez-Granda, 2014], where the analogous parameter A, is imposed by
the experimental conditions (namely, the frequency cut-off in that paper).

Hilbert space for the data fidelity term The Hilbert space . in which we compare the observation and
the prediction is the RKHS associated with A. We define it using Mercer’s theorem:

2
L= {f:Rd%R . f € LARY) s.t. Hf||[2L:/Rd md§<+m},
with dot product
VfgelL, (f.g) = 1 [F1(©)F 9] (§) dc . (5)

@2m)? Jra  FIAI(S)

Problem We will search the target measure over the space of nonnegative Radon measures M (X)* where X
is a compact set of R? X [umin, +00)¢. We will restrict the possible values of the covariance even further later.

The BLASSO problem constructed in [De Castro et al., 2021a] can be generalized to our setting. We may
consider the following optimization problem:

1 R 2
argmin J(u) where J(p) == HL ofn—Lo (I’,LLH + 6 pllpy s £>0. (P)
HEM(X)+ 2 L

. 2
The data fidelity term % HL ofp,—Lo (IJMH]L compares smooth versions of the empirical density to any candidate

for the predicted density function ®u. The regularization & ||p||p, promotes the sparsity of the solution. The



choice of x will be discussed in Section 3: a balance must be found between the data fidelity term and the
regularization term.

However, we do not work with the loss J defined by (P). Indeed, the model we consider is more complex
than that of [De Castro et al., 2021a]. Specifically, the addition of diagonal covariances in the parametrization
of p renders the problem (7P) unsultable for the use of standard proof techniques from the BLASSO literature
[Poon, 2019]. In fact, a key object is the associated kernel K describing the correlation between 2 features, i.e.

K(z,2') = (Lo ®5,,Lo®d,),
for ,2' € X. This kernel is not normalized, namely K (z,z) is not constant (it depends on u), which causes

issues in the investigation of recovery guarantees for a solution of (P).

Reparametrization To address this, we reparametrize the problem to work with a normalized kernel. This
is achieved by introducing a positive weighting function W (z). First notice that if W :z € X — W(x) € R} is
continuous, then as X is compact, W is continuous and bounded on X. Hence we can reparametrize the weights
of a measure by . We will work with

—1/4 2u + 7 ) V4 gy = ((t1y- oy ta), (U, ... uq)) € R? x [umin,+oo)d. (6)

H::&

This function allows us to renormalize the kernel (see Section 5). The BLASSO problem we consider from now
on is therefore

. M 2
i v s eedsea () e 2

with £ > 0 and where we define, for all 4 € M(R? X [tpin, +00)?), & as the measure such that

o 1
Vn € C R? X [tmin, +00)%), / nd (= :/ —n(z)du(x) .
O( [ ) ) Rdx[umina"l‘oo)d <W) Rdx[umin;+00)d W(.’E) ( ) ( )

We can show that the optimization problem (P,) has a solution (see the appendix, Proposition B.1).

Estimator According to the problem (7P, ), we consider an estimator yy, ,, defined as

:unw € argmln JW( ) (7)
HEM(X)T
Most of our results also hold for an approzimate solution, and we will use the notation f,, ., for our estimator
when it suffices that

finw € {M € M(X)+ D Jw(p) < JW(/"S;)}) (8)

where 10 is the weighted measure defined as

= Zw?dm? with w;) = W(a:?)a? Vie{l,...,s}. (9)

Remark that y, , satisfies the relaxed condition (8). This flexibility allows us to obtain the guarantees presented
in Sections 3 and 4 without requiring the exact minimization of Jy —this is computationally advantageous.
While algorithmic details are beyond the scope of this paper, they will be briefly discussed in Section 7 (see also
Chizat, 2022; De Castro et al., 2023). In contrast to other sections, the results of Section 6 specifically require
an ezact solution puy, .

Remark 2.1. Historically, the BLASSO method has been applied to recover a sparse target measure that is not
necessarily a probability measure. As p¥ is a probability measure in our setting, one may instead consider the
constrained problem
1 . 2
arg min fHLofn—Loqu . (Pc)
HEM(X)T, [pllpy=1 L
Such an approach deserves some comments. First, the unconstrained programs (P,) and (P) belong to a family
of convex potentials studied in optimization on the space of measures. A line of work, e.g. [Chizat, 2022; De
Castro et al., 2023], shows convergence of various gradient descent strategies (particle, Wasserstein gradient
flows, stochastic gradient), while such results do not exist for the constrained program (P¢) to the best of our

knowledge. Second, for the program that we deal with (see (P,)), the reparametrized target 0 does not verify

Mn w

= 1, and enforcing the constraint || =3

H“wHTV v 1 is an obstacle to establishing guarantees.



3 Estimation guarantees

In this section, we give guarantees for the recovery of p? and p® using the estimator f,, ., introduced in (8). We
provide bounds on the difference in mass assigned by the estimator and the target measure over relevant regions
of the space. Our guarantees hold under the existence of so-called non-degenerate dual certificates, which are
the key objects for analyzing the properties of the BLASSO estimator [Candés and Fernandez-Granda, 2014;
Duval and Peyré, 2015; De Castro et al., 2021a; Poon et al., 2023]. In a general context, they are functions
interpolating the signs of the particles of the sparse target measure, with some prescribed smoothness and shape
constraints. We investigate the construction of such objects in Section 5.

3.1 Non-degenerate dual certificates

In this section, we define non-degenerate certificates and introduce their properties, closely related to the
optimization problem at hand. These certificates are linked to the feature map, which is defined as the linear
operator

U M(R? X [tmin, +00)%) — L, M»—)Lo@%.

. 2
Remark that the loss function of (P,) can be rewritten as Jy : p € M(X)" — 1 HL o fn— \IluH + ||l py -
L
The adjoint operator of ¥ restricted to M(X') verifies

(WP, = (U i) ey acay = / Vpdp Vpel (10)

for all p € M(X). In particular, for all x € X, [¥*p] (z) = (p, Vi) .

Dual certificates are continuous functions of the form U*p for some p € L. Our estimation guarantees are
based on controls of these certificates on regions defined by u° and some appropriate distance. In [De Castro
et al., 2021a] the Euclidean distance is used. The latter is however not adapted to the geometry of our problem,
as we deal with unknown covariances. In particular, the associated kernel is not translation-invariant, see
Section 5. [Poon et al., 2023] work alternatively with the Fisher-Rao distance, which is however impractical to
use in our context. In fact, interactions between the kernel and the Fisher-Rao appear to be quite intricate to
manage. A key aspect of our contribution is to introduce greater flexibility in the control of certificates. We
relax the assumptions from [Poon et al., 2023] which are challenging to verify in our context, by expressing
controls using a specific distance on regions defined by a different semi-distance. More specifically, we use the
semi-distance 4 defined by

d 2
t _t/ 2 / 2 2
d(x,2')? = Z /(2"77216)2 +In Uy FURHT Va,z' € R X [umin, +00)¢. (11)
=1 \ Uk TU T V2uZ 724/ 2u? + 72

This semi-distance is symmetric, nonnegative, verifies d(z,2') = 0 <= x = 2’ for all 2,2’ € R? X [umin, +00)9,

but the triangle inequality does not hold. The connection between the semi-distance 4 and the optimization
problem (P,) will be made precise in Section 5.

Controls of the certificates also depend on some distance 94 on X, left unspecified in this section. We will
see in Section 5 that the Fisher-Rao distance is well-suited for this problem. To establish the existence of
non-degenerate dual certificates, we ensure compatibility between the semi-distance and d4 (see Section 5). Up
to the semi-distance &, the elements displayed in this section are quite generic in the BLASSO literature and
have been discussed in various contexts [Duval and Peyré, 2015; De Castro et al., 2021a; Poon, 2019].

First, we introduce the so-called far and near regions.

Definition 3.1 (Near and far regions). For r > 0, we define the near regions associated with each particle J:g,
je{l,... s} as
X (r) ={z e X : L{(,I,I’?) <r}

and the far region
Xfa7'(T) =X \ Xnear(,,,) where Xnear(,r,) — UXjnear(r) .
J

The jth near region identifies the points in X that are close to m?, the jth particle of u°. To ensure accurate
recovery, we require the existence of a (global) dual certificate n that satisfies non-degeneracy conditions. These
conditions are adapted below from [Poon et al., 2023, Definition 2], with modifications to account for the
definition of near and far regions, all based on the semi-distance 4 rather than the Fisher-Rao distance.



Definition 3.2 (Global non-degenerate certificate). Let g, e2,7 € R%. A function 1 € Im(¥*) is a (g9, €2, 7)-
non-degenerate certificate associated with the measure u° if

1. 77(:59) =1forallj=1,...,s,
2. n(x)] <1 —¢ for all z € X7 (r),
3. n(x) <1 —eg0g(x,29)? for all x € X" (r), j € {1,...,s}.

A global non-degenerate certificate is thus a function whose regularity is prescribed (it must be in Im(¥*)),
which interpolates (item 1 of Definition 3.2) and localizes (items 2 and 3) the particles of the target u°.

We will make use of additional non-degenerate certificates, localizing the jth particle of u".

Definition 3.3 (Local non-degenerate certificates). Let &y,&2,7 € RY. For j € {1,...,s}, n; € Im(¥*) is a
(€0, &2, 7)-non-degenerate certificate for the jth near region if

1. n;(29) = 1 and n;(29) = 0 for all i € {1,...,s} such that i # j,
2. nj(z)| <1 -4 for all z € X (r),

3. |1 —=m;(x)| < 5209(33,332)2 for all z € Xjnear(,r)’

4. |nj(@)] < Ex0g(x,20)? for all z € X7eer(r), for all i € {1,..., s} such that i # ;.

Note that the near and far regions along with ¥* depend on the parameter 7 appearing in A. The distance 04
will also depend on it. For the estimation of 1%, the choice of 7 is related via (29,...,2%) to the possibility of
constructing non-degenerate certificates (see Section 5), and influences the convergence rate (see Theorem 3.1).

For the estimation of the density f°, this choice is more critical: we suggest possible values for 7 in Section 4.

3.2 Error bounds

We extend here the results of [De Castro et al., 2021a] to our setting, where both means and covariances of
the mixture model are unknown. Providing estimation guarantees requires to bound the error we made by
approximating L o fO from our random observations (see Lemma 3.1). We give results taken in expected value

ji.d.
over X1,..., X, "~" f0.

Lemma 3.1 (Control of the noise. [De Castro et al., 2021b, Lemma 3]). We define the so-called noise term T,

as ~
In=Lof,—Lo®du’. (12)
We have 4f A
4
2 R4 _ . 2
E[Im] < i = TR = e

Moreover, universal constants Cr, Cr > 0 ezist such that
4 N 4
E[ITallt] < Cro

and
CE [, A CE
2 r . . -
Vp>0, [Tl <p n(27]1§)d = pnq—d(Zl;r)d/Z with probability greater than 1 — Cre™".

The proof is given in Appendix C. The constants Cp,C‘p in the previous lemma can be made explicit (see
[Houdré and Reynaud-Bouret, 2003, Theorem 3.1]).

The control of any estimator /i, satisfying (8) also involves the non-degenerate dual certificates introduced
in Definitions 3.2 and 3.3 above. Our recovery guarantees are based on the following assumption.

Assumption 1. There exists 1 = U*p a global (g9, €2, 7)-non-degenerate certificate associated with u°, and local
(€0, &2, 7)-non-degenerate certificates n; = ¥*p; (j € {1,...,s}) for each near region. Moreover, there exists
cp > 0 such that ||p\|i < ¢ps and ”ij]i <ep forj=1,...,s.



The dependence on s for ||pHi is quite natural (related to our construction of certificates, see Proposition I.1
in the appendix) and already appears in the literature, c.f. [Poon, 2019]. In Section 5, we show that As-
sumption 1 holds under some conditions on X and u° by explicitly constructing certificates. In particular, we
consider X C R? X [tmin, Umax]? and we impose a minimal separation between the particles of u° depending
on 8, Umin; Umax, d, 7. We provide fixed values for r,e;, €;, ¢, depending only on the dimension d. For a precise
statement, see Theorem 5.1 below.

Now, we have all the ingredients to provide our first results concerning the performances of our estimator.
We present a control of the mass of fi,, ., on the near and far regions (Definition 3.1) in the next theorem, whose

proof is displayed in Appendix D.
Theorem 3.1 (Estimation error). Assume that Assumption 1 holds. Selting k = % in (P.), we have the
following controls on [iy,,,.

1. Control over the mass of the estimator on the far region:
o ar c
B [ (77 ()] < L0 (14 V5.

2. Accuracy of the mass reconstruction: for any j € {1,...,s},

@pn(l +/5)%.

E[Jwf = finao( X7 ()] < 2y/Gppn(1 + V/5) + max { e } 2

€0 13}

3. Stability of the mass:

C
~2yeipn (14 V) < B [linley] — [ ]y < 5200

We present below several remarks on this result and its proof.

Remark 3.1 (A Bregman divergence approach). The non-degenerate certificates from Assumption 1 allow us to
derive recovery guarantees from the control of the so-called Bregman divergence, defined for € C(X) by

Dn(ﬂn,wvﬂg) = ”ﬂn,w”Tv - HN?UHTV - -/X nd (/ln,w - ﬂaou) : (13)

In particular, if i is a global non-degenerate certificate, we get | Py ndul = Hug HTV. In such a case, the Bregman
divergence is nonnegative: Dy (finw,pd) = [(1 = 1) dfinw > 0. The proof of Theorem 3.1 is based on lower
and upper bounds on the Bregman divergence with 7 from Assumption 1. First, using that n = U*p with the
Cauchy-Schwarz inequality, we get

/X (i — 10)] = [ (9 L0 ®(fin e — #0)) | < ol £ 0 ®(fin — 1)), -

We control this quantity by using the inequality Jyw (fin) < Jw (u0) (recall (8)), along with the control on the
noise term established in Lemma 3.1. This leads to the following upper bound on the Bregman divergence:

E [Dy (finw: 13)] < @pn(l +/s)?.

In the same time, since 7 satisfies Definition 3.2, we get

s
D’f} (/ln,wa ,LL?.;) = /(1 - 77) dﬂn,w > Eo,an,w(Xfar('f‘)) + &9 Z oo )Dg(x,x?)Q dﬂnaw(m)
g=17"%

from which we deduce the control of the estimator on the far region. The local dual certificates enable us to
retrieve the control on the near regions, using again the lower bound on the Bregman divergence.

Remark 3.2 (Choice of k, dependence on s). The regularization parameter & is chosen as £z in Theorem 3.1.

Ver
In particular, it does not depend on the sparsity index s of ©°, unknown in practice—we call this choice s-
agnostic. As a result, the user does not require prior knowledge of the target measure to select the regularization
parameter: the proposed value can be directly used to solve the BLASSO numerically. The s-dependent choice

K= \/";7 results in better rates for the estimation (i.e., for the bounds presented in Theorem 3.1)—linear on /s

rather than on s (see Equation (33) in Appendix). In all cases, the estimation error depends on s; recovering
a mixture with a larger number of components incurs a higher estimation cost. To conclude this discussion,
we stress that these possible choices for k are proposed according to theoretical considerations. For practical
applications, this regularization parameter can be calibrated via cross-validation.
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Remark 3.3 (Soft-thresholding effect). It is known that the LASSO estimator has a soft-thresholding effect,
e.g. [Friedman et al., 2007]. It suggests that the ¢;-regularization is biased in the sense that each of the s
weight components is under-estimated by an additive factor proportional to the regularization term x. Having s
components, we expect this bias to be of the order of sx. Our result in (3) (Theorem 3.1) is aligned with this

comment since
ov] = 8]l | = OCs).

B [

up to a constant that may depend on c,,.

Remark 3.4 (Choice of 7). Although this section focuses on the estimation of u°, an additional objective that
can be pursued in parallel is the estimation of the associated density f%—a task we refer to as prediction.
This prediction objective influences the choice of the smoothing parameter. As we will see in Section 4, when
X C R* X [umin, +00)¢ the choice 7 = \/ﬁjﬁ results in almost parametric convergence rates for both the

estimation of fO (Theorem 4.1) and the estimation of 2. In fact, under Assumption 1, Theorem 3.1 entails

that with 7 = V2 \7;‘1‘;1%, setting k = 5—61, keeping only the dependence on n and s we have
P

s(Inn)4/4 vy
\/ﬁ

If we do not need to predict the density f°, we can alternatively take 0 < 7 < Upi, fixed. This leads to a rate
of = for the estimation. Note that Assumption 1 is more difficult to check when 7 is large, c.f. Theorem 5.1.

E [Jw] = fine (X7 (r)]] <

Also note that the near and far regions depend on 7 through the semi-distance 4.

3.3 Effective near regions

Theorem 3.1 describes the performances of the BLASSO estimator in our setting. It provides control over the
proximity between fi,, , and p? on associated far and near regions. However, our initial target is u° instead

of ul. Using Theorem 3.1 and (9), we can easily give a bound for E Hag finsy (Xfear(r) }, but we cannot

access W(x?) without knowledge of ;0. In this context, a fair estimator of u° is the renormalized measure “"7“

Providing recovery guarantees for “7“ requires to control W on the near regions.

Another restrictive aspect of Theorem 3.1 is that we consider controls on regions with a fixed radius r (which
is directly related to the dual certificate). We would like to locate the mass of fi, , more precisely.
However, we can overcome these initial limitations by providing controls of the estimator on

X[ (re) ={z € X : d(x,2)) <re} (14)

for r. < r. Such regions are called effective near regions, and have been introduced by [De Castro et al., 2025].
To extend controls on XJ***"(r) to controls on X[**“"(r.), the choice of 04 plays an important role. It should be
indeed compatible with our semi-distance 4 in a sense which is made precise in Proposition 3.1 below.

Proposition 3.1. Let r > 0. Assume that Assumption 1 holds. Assume that there exists Es > 0 such that for
all0<re <r, forallj€{l...,s}, we have

o N

Dg(a:?,z:)2 >

Va € X107 (r) \ X7 (1) (15)

(“11‘%
w

Then, for k = L= and for any 0 <r. <r,

Cp

ﬁ

B [l — i (577 )] < 20Gaa(14 8+ {2 2 (B ) Lo FEa 4 vap. o)

o €2 @
The proof is similar to that of Theorem 3.1, and is presented in Appendix F.1.

We check the assumption (15) in Lemma H.5 (in Appendix), for 94 chosen as the Fisher-Rao distance. For
the specific choice of r which is made in Lemma 5.4 (depending on d) it can be shown that £5 can be chosen
as a constant not depending on d. Note that, as we decrease the size of near region r. towards zero, the bound

(16) grows as &, omitting the dependence on ¢y, €o, €2, €0, &2 and £3.

Remark 3.5. We can make choices for . that depend on n in Proposition 3.1. We give the associated bound
for E [|w? — fin,w (X" (re))|] (see (16)), that holds under the assumptions of Proposition 3.1 and with n large
enough such that r. < r. We only keep the dependence on n,7 and s. Let a > 0.

11



e For r. = (Inn)~2,
E [[w§ = fine (X" ((Inn)~*)]] <

« 1

e Forr, =n"% a <y,

S

ns—2ard/2°

E [Jof = finw (X" (0 )] <

These choices provide an overview of possible convergence rates, and show the trade-off between localization
and control of the mass.

The above proposition provides, as Theorem 3.1, guarantees on the estimation on p rather than on u°.
However, by combining Proposition 3.1 and a control of the function W on the effective regions, we can derive

guarantees for the estimation of u® by f, = “;I;“’, as displayed in the following corollary.
Corollary 3.1. We work under the same assumption as Proposition 3.1. We choose k = % and ro = n~1/6.
P
Assume that 0 < re < r. Omitting the dependence on d, cp, €;, &;, T we have
E { a? — H;,/w (Xjnear(nl/ts))’} < (Sde/ZW(xg)fl + a?) n=1/6.
An,w

The proof can be found in Appendix F.2. The difficulty that appears here is that providing control on =
requires local control of the function W, which slightly deteriorates the bound for the estimation of the weights
(a?)§:1~ The rate n~/ provides the best compromise for the size of the effective near regions 7. when dealing
with this upper bound.

Remark 3.6. Making the s-dependent choice of regularization x = \/pc%, a modified version of Proposition 3.1

yields, keeping only the dependence on re, 7, s,n,

N
742y

c.f. (38) in Appendix. With this choice of &, the result of Corollary 3.1 becomes
d

Remark that all the results given in this section are controls in expected value. Controls with high probability
could also be given, using Lemma 3.1. Also note that the target u° is fixed (does not vary with n).

B [Jof = fna (7]

0 ﬂn,w near(,,—1/6 —d/2 0\—1 0 —1/6
o = B e )| < (Ve awa ) o,

see (42) in Appendix.

4 Prediction

In Section 3, we provided controls for the estimator i, ,,. In this section, we look at the prediction ®fi,, = L i

made by the BLASSO of the target density ®u° = f°, and we derive bounds for the so-called prediction error
||<I>(/1n — MO)HQLQ. This is a question that has been quite overlooked in the BLASSO literature. We can however
mention [Butucea et al., 2024] where the prediction error is investigated in a different context and for a slightly
different problem.

We establish in this section almost parametric rates for the bound on the prediction error, in two distinct
regimes characterized by the value of the regularization parameter k. With small regularization, no assumptions
on p° are needed (Section 4.1). With stronger regularization, we show in Section 4.2 that the BLASSO achieves
a good prediction when dual certificates exist (namely when Assumption 1 holds).

4.1 Prediction under small regularization

We can achieve good prediction results with small regularization, using control of the low frequencies of the
estimated density (using Lemma 3.1) and of its high frequencies, resulting from an appropriate choice of 7. These
controls require an upper bound on the variance. We hence assume from now on that X C R x [tmin, umax]d.

Proposition 4.1 (Prediction error under small regularization). Assume that X C R X [Umin, Umax]?. Choosing

T = % and Kk = p2, keeping only the dependence on n we have

2 nn d/2
E e, — )] <
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We do not make any assumption on the existence of dual certificates in the above proposition. The proof is
given in Appendix G.1. This result shows that in the small regularization regime corresponding to xk = p2, we
obtain a quasi-parametric rate (up to a log factor) for the estimation of the density f°.

Remark 4.1 (Choice of 7, bounds on the variances). Keeping 7 fixed does not lead to a good prediction rate:
to control the high frequencies of the predicted density with Lemma G.1 in Appendix, we need to lower bound
the variances of X with a parameter not depending on n, while 7 must decrease as n grows. In Proposition 4.1,

we also use an upper bound on the variances in & to control E [|| ﬂn||r2rv}

Remark 4.2 (Comparison with Kernel Density Estimation). Note that Lo fn is itself a kernel density estimator
of the density (see [Tsybakov, 2008]). However, the resulting rate of convergence deteriorates very quickly

with the dimension: it can be shown that with X C R? X [umpin, +00)%, setting 7 = L omitting the
Vinnn4+d

dependence on d we have

(Inn)/?

2
S
L2 - d+4
nd+a Umin

E [HLofn _ qmo‘

The proof is in Appendix G.2. This bound can be explained by the fact that the Gaussian kernel is not appropri-
ate for the estimation of so-called super-smooth target densities. Nevertheless, as displayed in Proposition 4.1,
an almost parametric rate is obtained for ®/i,, which is based on a regularized version of Lo f,.

Choice of regularization Proposition 4.1 does not take advantage on the fact that p° is a discrete measure.
This is not surprising, as the considered regularization is very small. The choice k = p2? is not suited for
the estimation of the target measure u° (see Section 3). In fact, the result displayed in Proposition 4.1 does
not take into account the trade-off we would like to have between making a good prediction and guaranteeing
a good estimation of the target measure p°. In particular, choosing x = p2, we have no control over the

proximity between ||, and || finw|lpy as n grows: we only know that E [[|fiwlpy] < ||u8,||TV + 1 (as

HTV 2

2
KE [ onwllov] € 2+ 5 Hug||TV), which is enough to control the high frequencies of ®/i,,. For an estimation
purpose, we need more regularization (i.e. a larger ). This is exactly what has been done in Theorem 3.1
where k = \%L.
P

Remark 4.3. This property of the BLASSO estimator, i.e. obtaining a good prediction rate under small regu-
larization, highlights a strong difference from the LASSO framework. In the LASSO setting [Tibshirani, 1996;
Tibshirani, 2023], regularization plays a greater role in controlling the prediction error: to get a parametric
rate, we need to use bounds on the estimation error.

4.2 Prediction under large regularization

Provided that non-degenerate dual certificates exist, one can obtain appropriate bounds for both estimation
and prediction, with x chosen as in Theorem 3.1. The following theorem presents the prediction bound in this
regime.

2
Theorem 4.1. Assume that X C R X [Umin, Umax)?. Let 72 = % If Assumption 1 holds, choosing k = 5;‘7,
keeping only the dependence on s and n we have

s(lnn)?/?

E [Hq:’/ln - q)/fLOHiz(RdJ /S n

The proof is given in Appendix G.3. The upper bound on the prediction error displayed here is slightly larger
than in Proposition 4.1. In particular, this bound depends linearly on the sparsity index s. We refer for instance
to [Butucea et al., 2024] for a similar bound in a different context. We recall that this specific choice for x
allows us to control the estimation performances of the estimator (see Theorem 3.1).

Remark 4.4. Similarly to the estimation task (see Remark 3.2), a choice of regularization depending on s leads

/

to a better rate. With xk = \/%, we get E [H@ﬂn — (ID,uOHiZ(Rd)] < (h”;L)d ? for s — O(n(Inn)¥2). We refer to
Equation (45) in Appendix G.3.

5 Dual certificates

The proofs of Theorem 3.1 and Proposition 3.1 rely on the existence of non-degenerate dual certificates associated
with p® (Assumption 1). In this section, we explain how to construct such objects and the assumptions needed.
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Connection with previous works In the general framework of BLASSO, the objective is to recover a sparse
target measure from the observed signal. A key analytical tool in this setting is the dual certificate—a smooth
function associated with the underlying feature map of the problem at hand. These certificates identify the
locations of the target particles by interpolating the signs of the target measure.

Dual certificates can be traced back to super-resolution [Candés and Fernandez-Granda, 2014] and minimal
extrapolation [De Castro and Gamboa, 2012]. They are related to the dual solutions of the BLASSO when the
observation is noiseless, c.f. [Duval and Peyré, 2015] (in our framework, the noiseless observation corresponds
to E {L ) fn} = Lo f°). Our particular construction of dual certificates is inspired from the BLASSO literature
(e.g., “vanishing derivatives pre-certificate” in [Duval and Peyré, 2015], “limit certificate” in [Poon et al., 2023]).
Although our setting differs—we observe a sample drawn from some mixture distribution—the construction of
the dual certificates follows the same principles: they depend solely on the target measure ;¥ and the feature
map V¥, and not on the observed data nor the regularization. Let us mention that other constructions exist for
translation invariant kernels (e.g., pivot certificates in [De Castro et al., 2021a; De Castro et al., 2025]).

The existence of certificates requires assumptions on u°, mainly on the separation between its particles. In
[Poon et al., 2023], precise conditions are proposed, based on controls on the kernel. In this section, we adapt
and check these assumptions.

Contributions Our main contribution is the construction of dual certificates for a BLASSO problem involving
a kernel that is not translation invariant.

In Section 2, we have adapted the data fitting term to obtain a normalized kernel, and introduced reparametrized
measures (see (Py)). It is however challenging to check that Ko satisfies the Local Positive Curvature as-
sumption [Poon et al., 2023, Assumption 1] with the Fisher-Rao distance. We therefore consider regions for
controls defined instead by the semi-distance 4 introduced in (11). Even so, controls of the certificates are ex-
pressed with the Fisher-Rao distance, since they are carried out using Taylor expansions along the Fisher-Rao
geodesics.

A technical contribution is the derivation of bounds and local controls for the Riemannian derivatives of the
normalized Gaussian kernel. Additionally, we establish the compatibility between the Fisher-Rao metric and
the semi-distance. It is essential to control the Fisher-Rao geodesics within the balls with respect to 4 in order
to make use of the local bounds on the kernel. Combining these elements, we derive sufficient conditions on the
target u¥ that guarantee the existence of non-degenerate dual certificates. The next subsections are dedicated
to the proof of the following theorem.

Theorem 5.1 (Main result: existence of certificates under a minimal separation). Assume that X is a compact
set of R X [tmin, Umax)?- Let s > 2, 0 < 7 < Upin and {m?—}jzl C X. We set d4 as the Fisher-Rao distance
(associated with the metric g defined by (20)). If

U2, + 230252 (202 4 72) 03025\ u u2
rgg?z{(x?,x?) > max — (A + Nz ) ) 2umin Ap+y/dn (uglax) (17)

where A = 2,/11.9 + 31In(d + 6.62) + In(s — 1), then Assumption 1 holds with r = 0'?}55, (€0,82) = (70'0?[’1911 , 0.06158),
(€0, €2) = (% VA0 0.004106) and ¢, = 2.

This result stems from Theorems 5.2 and 5.3 below. The calculation of the parameters is detailed in [Giard,
2025, Section VIL.3].

Theorem 5.1 ensures the existence of non-degenerate dual certificates when the particles {z?}jzl are suf-
ficiently separated. This separation, involving both means and covariances of the Gaussian components, is
expressed via the semi-distance 4, rather than the Fisher-Rao distance.

Note also that we give explicit constants, but a less constructive approach could be considered, based on the
continuity of Kyom and its derivatives.

5.1 Geometrical framework

Kernel Building on the work of [Duval and Peyré, 2015] and [Poon et al., 2023], we consider dual certificates
of the form

Na,p = Zaanorm(x?v') + Zﬂflenorm(wgy‘) (18)

j=1 j=1
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where a; € R, B; € R24 for all j € {1,...,s}, and Kuorm is the real-valued kernel defined, for all z,2’ €
Rd X [umirn +Oo)d7 by

(tp—t3)?
. YA 2uL? 4 7)1/ eim
Krorm(z,2") = (U6, Ud,/) H (2ui + 7)Y 2u),” + ) ESTEEE (19)

The kernel Ko is normalized according to the definition of W (involved in ¥). It is indeed easy to check that
Kunorm(z,2) =1 for all 2 € R? X [upin, +00)%.

The gradient of Ky orm with respect to its first variable is written as V1 Kporm (V2K norm denotes the gradient
with respect to the second variable).

Remark 5.1 (Smoothness of the feature map). Note that Korm is O on (RY X [tmin, +00)?)%. By iteratively
applying [Christmann and Steinwart, 2008, Lemma 4.34], it comes that

(z — ¥6,) € C°(R? X [tmin, +00)%, L)
and that (01V0,,02¥0,); = 0102Knorm(x, '), where 0 (resp. 0») denotes here any derivative w.r.t. to «

(resp. z').

The next lemma shows the relevance of constructing n of the form (18): such functions belong to Im(¥*).

Lemma 5.1. Let o € R®, B € R2¥*5. The function 1, 5 introduced in (18) verifies, for all x € R X [umin, +00)%,
Na,8() = (Pa,p, Vo),  with papg = Zaj\lﬂzg + Zﬁjvm (ﬁléx?) el.
j=1 j=1

Furthermore, 1.5 € C*°(R% X [Umin, +00)9) and in particular, na,g|, € Im(¥*).

The proof is an immediate consequence of Remark 5.1 and of the definition of Koy in (19).

The construction of a non-degenerate (global) dual certificate follows several steps: first we construct a
function 7 of the form (18), choosing «;, f; such that n(z9) = 1 and Vn(z}) = 0. This amounts to solve some
linear system (see (63) in Appendix). Then we use Taylor expansions on geodesics associated with the distance
0, to control 7 on the near and far regions, in the spirit of [Poon et al., 2023]. The Fisher-Rao distance appears
to be well suited for this purpose.

Fisher-Rao metric We work in a Riemannian geometry framework, and we use the Fisher-Rao metric
induced by Ko (c.f. [Poon et al., 2023, Lemma 1]), defined for z € R? X [umpin, +00)?¢ by

1 1 2u? 2u?
22 + 7277 202+ 72 (202 4+ 72)27 7T (2uZ + 72)2

x = V1V2Kn0rm(x7x) = dlag ( (20)

We will use the associated norm, defined by

o], = VvTgzv Yo e R, 2R X [upin, +00)%.

Details about this metric are provided in Appendix H, together with a description of the associated geodesics. We
recall that a geodesic for the metric g between x, ' € R? x [upin, +00)? is a piecewise continuously differentiable
function 7 : [0,1] = R% X [tmin, +00)? such that v(0) = x,v(1) = 2, minimizing the quantity fol 17l dy-
In dimension d = 1, our Fisher-Rao geodesics share the same paths as those of the Poincaré half-plane model
(c.f. Lemma H.2 in Appendix): they are portions of straight lines parallel to {¢ = 0} and semicircles whose origin
is on {u = 0}. The notation d4 refers to the associated distance. It is defined by d4(z,2’) fo [RAC211 ) dy
with ~ the geodesic between x, 2’. This Fisher-Rao distance is not practical to define near and far regions since
it is not directly linked to the correlation between 2 features calculated with the kernel. This motivates the use
of another distance on X’ to express the recovery results: we use the semi-distance defined by

= /=2In(Kporm (2, 7)), (21)

whose expression is given by (11).
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Riemannian derivatives Following the work of [Poon et al., 2023], we will show that the dual certificates
we construct are non-degenenerate (see Definitions 3.2 and 3.3) by controlling the Riemannian derivatives of
Kporm. For details about this framework, see [Poon et al., 2023, p.263].

Riemannian derivatives involve the Christoffel symbols associated with g. We will use the notation I'*x, "+
and refer to (46) in Appendix H.1 for a precise definition.

Definition 5.1. Let 1) € C?(R? X [tmin, +0]9). Let 2, 2" € R? X [umin, +00]%.
Riemannian Hessian: we define

d d

HO(z) = V2(x) = Y TH01p(x) — Y T 0y, ().

k=1 k=1
Covariant derivatives: Let v,v’ € R??. We define
Do[y](z) = p(x), Di[g)(x)] = v"Vi(x), Do[p](x)[v,v'] = v Hop(x)'.
Operator norms: For j € {0, 1,2}, we define the operator norm

I1D; [}l = sup Dj[y](z)[V].
V=[v1,...,v;]€(R?%)J
Vi=1,....5, vl <1

Kernel derivatives and associated operators: Let 7, j € {0,1,2}. We define the covariant derivative of the kernel
of order ¢ with respect to the first variable z and of order 7 with respect to the second variable 2’ by

QUK (z, ") [V] = (D;[W](2)[Q], D;[W](2)[V]), VQ € (R*)',V € (R*).

norm

The associated operator norm is

ot Sup [QUE I (. 2)[V] .
BT Q=[Q1,....Q:]ERY), V=[V1,...,V;]€(R>)
v Qull, , Vil <1

‘ K (z,1")

norm

Simplified expressions are given in Appendix (Lemma J.1).

5.2 Construction of dual certificates

In what follows, we give some results allowing us to adapt and check the hypothesis of [Poon et al., 2023,
Theorem 2], which shows that the (global) non-degenerate certificate exists under some conditions on the
kernel. The corresponding proof can be adapted (see for instance [Poon et al., 2023, Section 6.7]) to show the
existence of additional certificates for the near regions, under the same conditions.

Local positive curvature assumption The following definition allows us to adapt [Poon et al., 2023,
Assumption 1] to our framework. In particular, we require some smoothness and structural properties for the
kernel that enable the construction of dual certificates, as stated below.

Definition 5.2 (Kernel of local positive curvature with parameters s, A, r, &y and &;). Let K be a real-valued
normalized kernel of positive type, in C?((R? X [tmin, +00)9)2). It is said to satisfy the local positive curvature
assumption (LPC) if the following holds:

1. Forall 4,j €0,1,2 with i + j < 3,

sup
z,x" ERE X [Upin,+00)4

K(ij)(x,x’)

SBij < +00.

o,z
For i =0,1,2, we denote B; := 1+ By; + By;.
2. There exists r > 0 such that K has strictly positive curvature constants &y and &5 with
K(z,2') <1—-5), V2’ €R? X [upin, +00)? s.t. d(z,2') >r,

—K©) (2,2 [v,0] > &|v|2, YoeR*, V2’ €R? X [umin, +00)? s.t. d(x,2') <r.

3. There exist s > 2, A(s) > 0 such that for all {2;}]_; € Sa(y),
S N 1 — —
Z HK(”)(ﬂfl,xl) min (50(7”) g2(r)
1=2

T > V(z,j)E{O,l}X{O,l,Q},
where Sa = {{xl}f:1 C R? X [tmin, +00)? : ming,; d(Tm, 27) > A}.

<
T1,T] 64

By ' B,
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Such kernel is said to verify the LPC with parameters s, A(s), r, £9(r) and &(r).

Remark 5.2. This definition differs on some points from [Poon et al., 2023, Assumption 1]. First, since we solve
(Py) for nonnegative measures, we do not have to control the negative part of the certificates, and thus do not
require r < Bogl/ 2, Moreover, we use controls on regions defined by the semi-distance 4 instead of 9,. We
need to provide bounds on the kernel on R x [tmin, —|—oo)d and not X', because a Fisher-Rao geodesic between
2 points of X could be outside X. The use of a semi-distance, which better describes the correlation between
2 features (as expressed by the kernel), also leads to difficulties. We need to ensure that 4 is compatible with

the Fisher-Rao distance. This is detailed in the paragraph below.

Compatibility between the Fisher-Rao metric and the semi-distance For x € R4 x [tmin —|—oo)d and
R > 0, we denote
By(z,R) = {2’ € R? X [umin, +00)? : d(x,2') < R}

and )
By(z,R) = {2’ € R? X [upin, +00)? : d(z,2') < R}.

For A C R% X [tumin, +00)¢, we define the set containing all points from geodesics connecting 2 points of A,
G(A) ={y(y) : v is a Fisher-Rao geodesic, y € [0,1], 7(0),v(1) € A}.

Lemma 5.2 (Fisher-Rao geodesics remain within balls w.r.t. the semi-distance). Let r > 0 and zo € R? x
[tnin, +00)2. Then
g (BL{(:EOaT)) C BL{(anT) :

The proof is detailed in Appendix H.3.1. This lemma allows us to use the controls we have on the balls B, (x ,7)
on the paths of the geodesics between 2 points in a ball. It entails that 4 and 94 are in some sense compatlble.

To control the certificates, we also require that certain balls (with respect to the semi-distance) around the
particles be disjoint. We restrict the possible values for the variances to establish this property: we need upper
and lower bounds to establish a “pseudo-quasi triangle inequality” for 4 (see Appendix H.3.2).

Lemma 5.3 (Separation of the balls w.r.t. the semi-distance). Let r,A > 0. Assume that X C R¢ x
[uminaumax]d- If

2(2u2
min 4 (29, 2 )>max{\/uma’(+r Ymex

79
i#] J

2 2
+T)(A+T),2umaXA}+ dln <m>:;AT7

Umin Umin min

then the balls éd(w?, A)NX are disjoint, and for all j # i, G(By(2Y,7) N X) does not intersect By(29, A).

The proof is given in Appendix H.3.2. We stress that this lemma leads to the separation condition in Theorem
5.1. It is crucial to manage the kernel on the far and near regions according to the local positive curvature
assumption.

Non-degeneration of certificates under a minimal separation Using the compatibility between the
semi-distance and the Fisher-Rao metric, and controls on K o.m, we can show the existence of non-degenerate
certificates under some condition on the minimal separation between the particles of p°. This is what the
following theorem entails.

Theorem 5.2. Assume that X C R x [umimumax]d and that Kyomm satisfies the LPC (Definition 5.2) with
parameters s, A, r, &y, &.

If {29}, C X satisfies mingz; d (2),29) > Ar (defined in Lemma 5.3), then there exists a (g9 = 180,69 = $389,7)-
global non-degenerate certificate n of the form (18).

Under the same assumptions, for all j = 1,... s there exists a certificate n; for the jth near region of the

Bo2+£2/16
2

Moreover, 1|, = V*p and n;|,, = ¥*p; where ||p||, < V2s and [|p;|, < V2.

form (18), of parameters (50 = L5060 = »7“)-

The proof is based on an adaptation of [Poon et al., 2023, Theorem 2], and is given in Appendix I.

It remains to prove that K o.m satisfies the LPC—this is the purpose of the following theorem, whose proof
is provided in Appendix J. We give general bounds for K,y in dimension d > 1, and we provide a tighter
constant for A(s) in the case d = 1.
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Theorem 5.3. Let s > 2,d > 1. Assume that X C R¢ x [umin,umax}d and that T < Umin. Then Knomm satisfies

the LPC with parameters s, r = %, E9(r) = 0.13139, &o(r) = 228M and

A(s) =24/11.9 + 31In(d + 6.62) + In(s — 1).
Moreover, we can take Boa = v4d? 4 10d (item 1 of Definition 5.2).

Remark 5.3. When d = 1, the minimal separation consition can be improved: Ko.m satisfies the LPC with the
same parameters 7, 2o, &2 as in Theorem 5.3, with A(s) = 2,/13.88 + In(s — 1) (Appendix J).

Remark 5.4. Note that the assumption on the separation between particles given in Theorem 5.2 depends on
7 through the semi-distance. We write 4 = 4. to emphasize this dependency. At first sight, the separation

2
condition thus appears to depend on n when choosing 72 = % However, as 7 € RT — &, (x,2') is decreasing
and 7 € RT — AL is increasing, if {29 }5_, satisfies min;; &, (27, 23) > A,, for some 71 > 0, then it also satisfies
min;»; dr, (gc?7 mjo) > A,, for 0 < 7» < 7. This motivates the introduction of the following assumption:

min &, (2%, 29) > A
0 0 max ]
xﬁéxj

and Vj=1,...,s, :17? € X C R X [Umin, Umax]?s  Tmax < Umin - (22)

Txnax

The recovery guarantees are not expressed using this assumption, but it is useful when thinking about the
convergence of the solution towards p’ as n — oo. The target is fixed, but for a good prediction 7 must
decrease with the number of observations. The constraint (22) provides in this context a condition on u° that
does not depend on n.

Controls on the effective near regions Theorem 5.3 sets the size of near regions we consider for the
certificates. We can lower-bound the Fisher-Rao distance with the semi-distance on these regions, allowing us
to extend the control of the estimator to near regions of smaller size (Proposition 3.1). This result is key to
provide recovery guarantees for the proximity of x° and the renormalized estimator £ &> (c.f. Corollary 3.1).
Its proof can be found in Appendix H.4.

o

Lemma 5.4. Assume that z,79 € R? X [tmin, +00)%. If 1o < d(z,20) <7 = 23025 then 0g(w, )2 > 2= with

Vd £
&3 = 2.84.

6 Sparsity of the solution under large sample sizes

The certificates constructed in Section 5.2 satisfy the requirements of Assumption 1. Handling such certificates
allows us to obtain the non-asymptotic recovery guarantees presented in Section 3. These results are stated in
terms of control of the mass in the far and near regions. Nevertheless, they say nothing about the sparsity of
the estimator.

In this section, we present results of a different nature. Our estimator is here an exact solution p}; ., verifying
(7). Following [Duval and Peyré, 2015], we show that for large sample sizes and with high probability, Moy o 18
sparse and has exactly 1 particle in each near region. We stress that in the following, 0 < 7 < wp;, is fixed
(does not decrease as n — 00).

Non Degenerate Source Condition We present here the key tool of our analysis, based again on non-
degenerate dual certificates (Definition 3.2), with additional properties. We show the existence of a global non-
degenerate certificate nypsc verifying nypsc > —1. It is said to satisfy the Non Degenerate Source Condition
(NDSC).

Lemma 6.1 (Non-degeneration of nypsc). Let s > 2 and assume that X C R? x [umin,umax]d. There exist
rypsc > 0 depending only on d, and Aypse > 0 depending only on Umin, Umax, d, S, T such that if {a:? i1 satisfies
0

minwgygl.g cf(w?,xj) > Aypso, then there exists a (€0, wpscs €2,xps0, T'vpsc) -on-degenerate certificate of the form

(18) (of parameters only depending on d), that we denote by Nypsc, verifying
Mwosel <1, mose(@)| =1 <= w e {a)};, Vnuwse(a)) <0 Vi=1,...,s. (NDSC)

It is said to satisfy the Non Degenerate Source Condition (NDSC).

Under the same assumptions, for all j = 1,...,s there exists a certificate nj ypso for the jth near region of
the form (18), of parameters (€0, npsc, E2,npscs Tpse) 0nly depending on d.

Moreover, nNDSCIX = U pypsc and nj,NDSC‘X = U*p; npsc where ||pNDSCH]L < \/ﬂ and ||pj,NDsc||[L < \/E
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The proof is in Appendix K.1. We construct nypsc in the same way as in Theorem 5.2. The main difference with
Theorem 5.1 is the condition nypsc > —1, which is verified under a stronger separation condition on {x?}jzl.

The certificate nypsc from Lemma 6.1 is—as the global dual certificate constructed in Theorem 5.1—the
vanishing derivative pre-certificate of [Duval and Peyré, 2015, Section 4]. We can then show (see Lemma K.2
in Appendix) that nypsc corresponds to the minimal norm certificate [Duval and Peyré, 2015, Proposition 7]:
we have Nupsc|y = ¥*po,o where

po,o ==argmin {[|p[l, : ¥ped HuOHTV} , (Po,0)
pel

with O|+||p denoting the subdifferential of the TV-norm. This certificate allows us to control the sparsity
index of py, ,, for large sample sizes, leading to the following theorem.

Theorem 6.1. Under the assumptions of Lemma 6.1, there exists kg > 0 and 79 > 0 (depending on X, T
and p°) such that for all k < ko and if Tyl < yok, then p} , is s-sparse and has exactly 1 particle in each
Ajrear (TNDSC) .

J

The proof can be found in Appendix K.2.

This result should be seen in conjunction with Lemma 3.1. The latter indicates that the assumption
ITnll;, < ~oko is verified with high probability for n large enough. We detail this in the following corol-
lary.

2
Corollary 6.1. Let ¢, > 0. Assume that the conditions given in Lemma 6.1 hold. Let n > W and
0

_ [ 20¢k
K= m With probability greater than 1 — Cre ( or ) ,

S
P = Zw;c;m;_ with w; >0, x; € Xj"ear(rmsc) Vi=1,...,s.

j=1
Moreover,
W — ] <o (23)
where ¢g > 0 depends on X, 7 and u°. In addition, if c. is chosen as Crn = n_g_oo(\/ﬁ), there exists ng € N

depending on (Cxn)n, X, T, n° such that for all n > ny,

(05,0007 < 2052

N

YOCkK,n

2
with probability at least 1 — C’rei< °r ) , where & depends on X, T and u°.

The proof is given in Appendix K.3. The result is established for a generic value of ¢, but different specific
choices can be considered. For instance, choosing ¢, = avInn with a > 0, there exists ng, € N depending

1202

on X, 7, 1%, a such that for all n > ng o and with probability at least 1 — Crn = % | uf , = > wjd,: where

forall j=1,...,s,
Inn Vinn

vn vn o
Compared to Theorem 3.1, Inequality (24) yields more classical results in parametric estimation. We indeed
obtain parametric rates of convergence (up to a logarithmic factor) for the estimation of both weight and
location parameters. Moreover, the estimator has a sparsity index exactly matching that of the target measure
1Y, These bounds hold under slightly more restrictive conditions and for sufficiently large sample sizes. We also
stress that these results are obtained under a specific tuning of the parameters x and 7, which differs from that
used in the previous sections.

and 4 (z%,29)% < G

|w§ — wj| < coa AR

(24)

7 Discussion and open problems
In this paper, we have described some theoretical properties of the BLASSO in the framework of Gaussian

mixtures. In particular, we have considered the case where each underlying component has an unknown diagonal
covariance. At this stage, further improvements and extensions are still possible and are discussed below.
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Algorithmic considerations Recall that Theorems 3.1 and 4.1 apply with any [, ., that verifies Jy (fin o) <
Jw (12): our estimator is not necessarily the solution of (P,). So we can restrict (P,) to any subset of M(X)*
containing 10

This remark is interesting from an algorithmic point of view. We do not know how to solve (P,) numerically
on the entire measure space M(X)T, due to the absence of a parametrization of this space. In Hardy, 2023,
a version of the BLASSO over the space of K-sparse measures (discrete measures with less than K particles)
is considered. This problem, although not convex, is closer to a realistic algorithmic framework, as we can
parametrize the space of K-sparse measures. If K > s, u? belongs to this space.

Several algorithms have been proposed to solve the BLASSO on sparse measures, such as the sliding Frank-
Wolfe algorithm [Denoyelle et al., 2019] or the Conic Particle Gradient Descent (CPGD, see [Chizat, 2022]).
Adapting the latter to our framework could form the core of a future work.

Non-diagonal covariance matrices In this contribution, we are only dealing with the case where the
covariances of the mixture are diagonal. Note that we can easily extend our model and results to the case where
all covariances share the same (known) orientation, i.e. we can diagonalize them in the same basis. However, we
are not yet able to process general covariances with varying or unknown orientations. Indeed, the Fisher-Rao
metric seems impractical to work with, mainly because it might be tricky to prove the compatibility between
the associated distance and the semi-distance, and obtain the desired controls on the kernel. A possible outcome
could be to consider an alternative metric.

Minimal separation condition Our results are established under a separation condition for the mixture
components. In [De Castro et al., 2021a], the separation between the particles can go to zero as n grows
because a translation-invariant kernel is used. Such kernels have been investigated in [De Castro et al., 2025]
and this analysis enables the construction of certificates based on a “pivot” kernel, whose decay can increase

when dealing with closer particles. This is not the case here: our kernel is not practical to build a pivot, and
B (tft')Z

its decay does not allow us to consider A — 0 (for (¢t,u) # (t',u') € R X [tmin, +00), € 2&Z+«+7%) cannot be

as close to 0 as wanted by changing 7). Moreover, the use of the semi-distance & imposes a larger minimal

separation.

Statistical learning of Gaussian Mixtures Gaussian mixtures have been at the core of several investiga-
tions and it is not possible to provide a complete state of the art in a single paragraph. Different tasks can
be considered, ranging from clustering [Chen and Zhang, 2024], testing [Donoho and Jin, 2004] or estimating
the component parameters. For the latter, different settings and related assumptions have been considered.
Estimating the mixture parameters is an hard task [Anandkumar et al., 2012; Doss et al., 2023], even in the
case where the component covariances are known. Our approach, based on convex optlmlzatlon on the space
of measures, leads to specific bounds related to the mass of the estimator on far and near regions. A complete
comparison with alternative approaches may require additional investigations that are outside the scope of this

paper.

Technical side notes We have used the semi-distance 4 to define the near and far regions, and the Fisher-Rao
metric to control the certificates with Taylor expansions. These are somewhat arbitrary or improvable choices.
The semi-distance & seems appropriate to control the kernel, because it measures precisely how 2 points are
spaced for the kernel. But the downside is that it does not satisfy the triangle inequality. As a consequence, we
need to take A, much larger than A. The Fisher-Rao metric allows us to retrieve quite easily global bounds
for the kernel (i.e. evaluations of the bounds B;j, see item 1 of Definition 5.2), but we could have used the
Euclidean metric—although it leads to controls that depend on bounds on the variance.

Summary of the main results

The target measure is u° = Z;Zl a?é(tq w0y € M(X). We assume in the following that & is a compact set of
A

R? X [Umin, Umax)?, and that n > 2, s > 2, 0 < 7 < Upin. The results displayed in the following table require
more assumptions, that we explicit here. Keep in mind that 4 depends on .

Assumption 2.

min o (9, :c ) > max

1%£] Umin

VB + B2 (202, 4 72) 0.3025
(22

Ymax A i (U
, 2 + n max
T (=)

umln mln

where A = 2,/11.9 + 31In(d + 6.62) + In(s — 1).
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Assumption 3.
min zf(:vg, x?) > Aupsc
i#]

(see Lemma 6.1—A ypse depends on s, T, d, Umin, Umax)-

Some constants are omitted in the bounds, this is expressed using <. when the dependence on ¢ is not taken
into account.

Table 1: Recovery guarantees, x not depending on s

Parameters Asm. Bounds
Estimation For 0 < r, < %’
(rop. 3.1, 2 E [|fino (X7 (re)) = n (X7 (re))|] Sat grgizars
Thm. 5.1, K= Grr2)diiyn 2 For n—1/6 < 0.3025 i
Lem. 5.4, T Va
Cor. 3.1) E [[a? - B (7 (079)|| Su (sormirgeny +9) n
For n > ng (depends on u®, X, 7, (Cio.n)n),
. Crn >0, 7(mcm,n>2
Sparsity _ with prob. > 1 — Cre r
Con = o(\/7) 3 .
(COI‘. 61) o Cryn ‘u* = Z,_ w’fézf and
K= 2Vd/4 n,w J=1"7"%;
(2772) Vn 4 (x> 0\2 < Ck,n 0_  * < Cr,n
(xjaxj) S0 X T |Wj Wj‘ TR S
with omall 7= Lt
Inn frnew _ &,,012 | < (Inn)
regulariza- = - 4(1n"7)d§2 none I [”(I) W Pn HL?} o Umin Umax "~
tion (Prop. 4.1) (A2 )20
affl?lgté(())r:)d T = % i on2 < s(In n)4/2
estimator K = 7‘/5@271):/{;2 ’ " [”(I)T G HLQ} ~dtmin tmax T
(Thm. 4.1) (drumin®)¢/1y/n
Table 2: Recovery guarantees, x depending on s
Parameters Asm. Bounds
For 0 < . < 0.3025’
Estimation, ' X fe="Va o N
v2 (Rk. 3.6, B 5 , E [l (re)) = (X (r))]] Sa 2lsar
Thm. 5.1, "7 R A For n=1/0 < 03025,
Lem. 54) 0 fin,w near(,,—1/6 /s 0 —~1/6
B [|a - B (09 | Sa (ot + ) n
Prediction S
with a good T = 2 5 If s = O(n(lnn)%?), /
estimator, k= V2 E |:H(I)/ln,w — 02 } < _ (Inn)d/?
T sn w L2 ~5d,Umin ,Umax n
v2 (Rk. 4.4) (2rr2)?/tsn
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Notation

Table 3: Table of notations

Global notation

X compact of R? X [tmin, +00)% With Umin, Umax > 0
M(x)*t nonnegative Radon measures on X
w reparametrization function. For z = ((t1,...,tq), (u1,...,uq)) € R? X [umin, +00)%,
d _ _
W(z) = [T, (2m) Y4202 + 72)~1/4
u°, ul resp. the target probability measure > °_, agérg where 29 = (t9,u}) € X; its
reparametrized version W = 25:1 OJJO»(SwQ
w, o, d resp. the function z € R +— e&; ; its Fourier transform; the operator
Sl [zt
p = |zeRi— H(p(k k) dp(t, u)
Rdx[umim_;'_oo)d Ee1 Ul UL
X100, X, i.i.d. observations in R%, drawn from f0 = ®&p°
E expected value w.r.t. Xy,..., X,
fn empirical density = > | 0x;,
K regularization constant
fin s By foy resp. a measure of M(X)* such that Jyw (inw) < Jw(pl) (see (Py)); the measure
Erse: an exact solution of (P;)
. P 2
T, 02 resp. the noise Lo f, — Lo fY; a bound on E [”F"HL} equal to m
Kernel, differential geometry
B Hz||2%
T\ AL resp. the smoothing parameter 7; the function z € R? — W; its Fourier trans-
form; the operator f +— A x f
L RKHS associated with A (scalar product given by (5))
U, Kporm resp. the feature map u € M(R? X [umin, +00)¢) — Lo ®f; the normalized kernel
(z,2') € R X [Upmin, +00)% > (¥, U6, ),
d semi-distance (z,2’) — \/—=2In(Kporm(z,2’)) (expression given by (11))

e (1), 21 (1)

n
Dy (ftn,w» 1)
9,04
a2l

d(x,2%) < r}; the far region

resp. the jth near region of radius r, {z € X , T

X\ Ujy Apeen(r)

dual certificate for u, of the form ¥*p with p € L

Brogman divergence [inolley — [12ry — [ 74 (A — 1)
resp. the Fisher-Rao metric (see (20)); the associated distance

geodesic for the Fisher-Rao metric (parametrized on [0, 1] and by arc-length respec-
tively)
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Appendix

A Functional framework

The BLASSO operates on the space of Radon measures. In this section, we provide definitions of the operators
on measures used throughout the paper.

Let A C R% In the following, £>°(A) is the set of bounded functions from A to R; L'(A) (resp. L*(A))
the set of functions whose absolute value (resp. square) have a finite integral. The notions of convolution and
Fourier transform can be extended to measures.

Definition A.1 (Convolution g * u). Let A C RP. The convolution between g € £L>*(A) and p € M(A) is
defined by

gxp= /Ag(- —z)dp(z).

Definition A.2 (Fourier transform over L'(A) and M(A)). Let A C RP. We use the Fourier transform defined
for g € L1(A) by
Flal(©) = [ e gla)da.

We also use its extension to M (A):

Fid(©)= [ ) dua) Ve M(4).

The standard properties of convolution and Fourier transform apply, such as Flg*pu] = F[g] F [u] for all
g € LY(A) N L>®(A) and all y € M(A) (see, for example, [Rudin, 1991, Part 2]).

B Existence of a solution to the BLASSO

Proposition B.1. The problem (Py) has a solution.

Proof. Jw is lower semi-continuous on M (X)* for the weak* convergence: The TV norm is lower semi-continuous

for the weak* convergence. It then suffices to show that p +— Lo ®{ is weak™® to weak continuous. Let ; S
in M(X). We want to show that for f € L,

(1o0tis), ~ (1o 88,

Using [Christmann and Steinwart, 2008, Lemma 4.29], as

O Oy
Koo (5:2') € (R x [unia, 4000 > (Lo 32, L0077 >L

is continuous (see (19)), we have

0z
Lod— X, L).
<x»—> o W)EC( , L)

(x — <Lo @I(i;,f>L> eC(X).
As M(X) = C(X)*, it comes

/<Lo<1>€;,f>L dp;(z) %/<Lo¢€;,f>ﬂd du(z)
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which concludes this part of the proof.

Conclusion: The result follows noticing that Jy (1) | H—> co: we can restrict the problem to a closed
M|y =700

ball of M(X)*. By the Banach-Alaoglu theorem, this ball is weakly* compact (a ball of M(X) is weakly*
compact, and M(X)T is a weakly* closed subspace of M(X)). We deduce the existence of a minimizer of Jy

on M(X)*. O

C Proof of Lemma 3.1

Expected value of ||Fn||]i1 Note that, according to the definition of T',,,

lz Lodx, — Lo f%).
i=1

3

For all h € L, for all i € {1,...,n}, we have E[(L o dx,,h); ] = (Lo f° h), . This entails that E[(T',, k), ] = 0.
Defining
Zi=Loéx, —Lof°

(where we recall that f© = ®u°), observe that Z1, ..., Z, are ii.d. Since for all i € {1,...,n},

4 [ga A
(2m)¢

1
122 = gz [ AF o, = 7] P <

we have

1 « 1
2 2
ITnll, = ﬁz 1Zilly, + pz (Zis Zj),

i

4 fle
S nz Z Zi, Zjh
i#]
We deduce that E {HF,LH } % using that E[Z;] =0 for all ¢ € {1,...,n}.
Control in probability: The control in probability of ||I‘n||]i comes from [De Castro et al., 2021b, Lemma 3], and
stems from results on U-processes (see [Arcones and Giné, 1993, Proposition 2.3]). In particular, we have

02
2 _
Vp>0, P (HFnH]L > p,m;)d/z) < Cre™”, (25)

for some positive constant Cr > 0.
Expected value of ||Fn||fi: Using (25), it comes that

E[Ieatt] = [P (et > o) ao,
= [ B (irz > ve) a,

d d/2
_Jzrriend/? (27r)
/ Cpe dx s

SO

s c4 © 203
E [”FnH]L] < CFQF)Qd/O € fdx = L

n272d (2w n272d(2m)2d

This proves the desired result.

D Proof of Theorem 3.1

The following proof is standard when dealing with the BLASSO procedure. Its main arguments can be found in
[De Castro et al., 2021a]; we adapt their proof to our setting. It is based on bounds on the Bregman divergence
introduced in (13). With W defined by (6), we denote in the following fi,, = “"—“’ We also recall from (9) that
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lu‘w

10 =
Upper bound on the Bregman divergence: Since Jyw (finw) < Jw (12), we get
. 2 R . oll2 0
L0 fa = Lo @ +26linuley < [|Lofa—Lop| + 2|l ]|y (26)
which can be rewritten as
. 2
[z odu = Lo + 20D, (nwsl) + 2% [ 90— 1) < I (21)
x

for any dual certificate n satisfying the requirements of Assumption 1. As n = U*p, recalling (10) we have

/){nd(ﬂn,w - :LLz,Ou) = <p7L © q)(/:Ln - HO)>]L .

So using Cauchy-Schwarz inequality, (27) leads to

o 2
|Efa = Lo ®ita| 426D, (inwn i) = 2Pl |11 0 ®2® = Lo Bjtal, < Tl

The triangle inequality

|Lo®u® — Lo ®jinly, < ITull, + | Efa — Lo ®jin|

then leads to

~ 2
(|Lo fn = Lo @in|| = wlpl) +26Dy (fin: #2) < (ITall, + 5 Ip])?

As the Bregman divergence is positive, we deduce from the previous inequality that

1T ”]L
)_ 2K

K 2 ~ R
Dy (fim o 1 + 1Pl + Tl ol and || Lo fu— Lo @,

LSl +26lpll, - (28)

The bound in expected value on the Bregman divergence follows by applying Lemma 3.1 and using ||p||;, < ,/¢ps.
We have
Py . S
E [Dy (jinw: 13)] < G+ 6778+ pun/Eps (29)

Pn

N

Taking k = gives

E [Dn (ﬂn,w,ﬂg)] < \/> pn(1+ \/E)Z (30)

Lower bound on the Bregman divergence: We use the controls of the non-degenerate certificate n on the near
and far regions. Since fi, ,, is nonnegative, according to Definition 3.2 we have

DT] (ﬂn,wa:u?u) = /(1 - )d,udnw > gOﬂn w(Xfar( + £2 Z/ g(m7$2)2 dﬂn,w(x) . (31)

Xnea'r‘(,r,)

Combining (30) and (31), we deduce the bound for the far region (item 1 of Theorem 3.1). To control the mass
of the estimator on the jth near region, we make use of the local non-degenerate certificate ; (Definition 3.3).

We have, for all j =1,...,s,
02 = i (75 (1)) = |2 / ;i dfimw + / 1 Qim0 — / i
j s

< ‘ / 0y A2, — fin)| + / 1051 dfin s + / 11—yl ditn
Xnear(,,.)\x]ﬂeur(,r) X]near(r)

+ / |nj|dﬂn,w ;
X far(r)

p7Lo(I)/1’ _LO¢IU”I’L +52 / z,x d,unw
<1{p; ol wam 0, )2 dfin,(2) )

)

+ (1 - EO)Mn,w(XfaT(T)) )

1—-¢o &2 .
< oyl 200l + 2l + max {122, 21 D, ()
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where for the last inequality, we have used (31), and

[(pis Lo ®® = Lo @), | < ol (ITall + |20 fu = Lo @i,

) < lpslly @1l + 26 )

together with (28). As [|p;ll, < /&, [Iplly < \/6ps and k = 527,7 we finally have

~ near 1_50 52 ~
8 = o7 1) 2010+ 0 8) 4 i {2, 2 A D (7 00)

The result in expected value follows from E [||T'y]|;] < p, (Lemma 3.1 used with Jensen’s inequality) and (30).
For the stability of the mass (item 3), we use a similar but simpler reasoning. As n < 1 and fi,,, is
nonnegative, we have

HM?UHTV - ”ﬂn,wHTv = /n(dﬂg - dﬂn,oJ) + /(77 - 1) dfinw

< /77 (dﬂg - dﬂn,W) )
=(p,Lo®u’ —Lo®y,), ,
< llplly, 2 [ITally, + 25 ([pll) -

Using (26), we also have ||fin.|lpy < HMSJHT\I + 5= ||1"nHi We can conclude by taking the expectation in these
inequalities and using Lemma 3.1.

With an s-dependent choice of regularization: Choosing x = \/”#, (29) gives E [Dy(finw, 1d)] < 2pn\/cps. It

comes that
1—-£&y &9

B [l = i (3 ()] < 20/ (1 + V5) + ma{ ban, s, (33)

=
€2

E Basic inequalities

The following lemma gives inequalities useful when dealing with the semi-distance 4. We will use them in
various proofs.

Lemma E.1 (Basic inequalities). Let a,b € R* , ¢ > 1. Then

@+ <c¢c <<= ac [b(c— V2 —1),b(c+ \/627—1)} (34)

2ab

and 2 b2 | 2 b2|

a” + a“® —

< <21
2ab = 7 a2t - Ve (35)
along with
a? 4+ b? 2a>
< < Vez—1.

2ab =S¢ T @Erm STV (36)
Proof. Let a,b € R and ¢ > 1.
Proof of (34): We have

a? + b2

<c <= a?+b>—2cab<0.
2ab

As 4c2b? — 4b? = 4b*(c? — 1) > 0, the roots of this polynomial in a are

2cb & 2b/Z — 1
e = b Ve - 1)

from which we deduce (34).
Proof of (35): Using (34) and 2ab < a? + b2, we get

la? — b?| < |afb||a+b|7

a2+ ~ 2ab
< min{a, b}(1 + ¢+ v/c2 — 1) max{a, b}(1 — (c — V2 — 1))
- 2ab ’
(4 ce+VE-D1+VE-1-¢)
= 5 ,
=+/c2—1.
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Proof of (36): Using again (34) with 2ab < a® + b?, we have

2a? < 2ab(c+ V2 —1)
a?+b — 2ab ’

<c++Vc2-1.

O

F Proofs related to the control of the estimator on the effective near
regions

F.1 Proof of Proposition 3.1

The proof is similar to that of Theorem 3.1 in Section D. Let j € {1,...,s} and 7; a corresponding local
non-degenerate dual certificate satisfying the requirements of Assumption 1. According to Definition 3.3, for
all z € X" (r), we have |n;| <1+ &504(x,2})?. We deduce that

w? — /nj dfin, . +/77]- dftn, e —/ dfin w
XJ_TLSO/V‘(TS)
< ’/773' d(,ug - ﬂn;w) +/ |77j‘ dﬂn,w +/ |77j| dﬂn,w
Xnear(r)\xjnear(r) Xjnen,r(r)\xf,ear(re)

+ / |1 - 77j| dﬂn,w +/ |nj|dﬂn.,w )
)(Jnea?(,re) Xfav‘(r)

< Il @IT e+ 20 ol +2 Y [

0
l#j 1 (r)

+ 52/ 09(2,2%)% i + / (1 + 209 (2,29)?) dfins -
Xjnea'r‘(rc) X;LEG,T(T)\X]?ICG.T(TC)

)

‘WJO' - ﬂn,w(XJnear(re))‘ =

(2, 2))2 At + (1 = E0) fin (X7 (1)

From (15) we get 1 < f—gbg(x?,x)Z for all z € XJeo" (1) \ X1 (1), s0 1 4 &204(x9, 2)? < (f—g +§2> 0g(29,2)%

Using again (31), we deduce that

~ near 1750 1 53 ~ ~
o = i ()| < Il @ Tl + 2l + max {22 2 (S 20 ) L Dys). @7

We can conclude the proof using the controls on E [|[Ty].], Ipsll. IpllL: E [Dy(fnw, #d)] stemming from our
assumptions along with Lemma 3.1 and (30). Choosing x = £z

p near 1-¢ 1 13 - @
o = a7 )] < 214 V) + e {22 L (B ) 2,14 B2,

With an s-dependent choice of regularization: Choosing k = \/’%, using (37) and the control of E [ Dy, (fin ., 1)

stemming from (29) we get

. ear 1—&0 1 (&5
E [|w] — finw (X" (re))|] < 4/Cppn + max{ . <T2 + 52) } 2pn/Cp5
NG

S AR g 39
keeping only the dependence on s, T, 7, n.
F.2 Proof of Corollary 3.1
Let 0 < r, < r. We first prove that
ﬂn,w near — ~ near
W (Xj (re)) — a? <(1+ H(T)Te)W(x?) ! ’W? - ,un,w(Xj (TE))‘ + a(J)»H(’r)r‘e (39)
where ) )
r 2r2 1 a/2 __ 1
H(p) = Y Y (40)
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We use the triangle inequality

0 FPnw, vnear 0 fn (X7 (re)) P (Xpear(re)) finw  near
a; — (] (re))’ < |aj — Wj(x?) Wj(z?) -5 (&Xjeer(re))| -
=A =B

Control of B: We recall the definitions of effective near regions (14) and of W (see (6)). We have

fin, o W(3) © finw
s Xnear Te :/ J d 5 T
w ( J (re)) xpear(r,) W(x) W(xjo)( )
SO
fin w fon e (X]near (re)) W(x(g)) . W<3330) ﬂn,w(xj?war(re))
= (X (r,)) — —————""| < max su —-1,1- inf X
w ) T T e S e 2 W) rexthe ) W) W (@)

(u? w)2Hui+7? r2 . .
L = < e and as each term of this product is greater than 1, we
NN

< e forall k=1,...,d. Using (34), this implies

near d
For x € X7 (re), as [[_; el

(uj ) tui+7?
\/Q(u?’k)erTz \/Qui+72

2 2 2 .
\/u§+7 c l\/(u;{k)uT(erf — Vet Z 1) [l )2 + (e + 627"31)‘| Ve=1,...,d,

have

2 2

from which we deduce that

max { W@j?) 1,1 inf W(mg)

sup ,1— in <
sexpear(r,) W(z) vexpear(r.) W) }

where we used that (e’"f + Ve —1)%2 > 1 to establish that

1_ (erg et _ l)d/z —1_ (erg + ez — 1)—d/2 < (erg +/e22 — 1)d/2 _1.

Hence
ﬂn,w near _ ‘[Ln’“(XJnear(re)) < r2 2r2 _ 1\d/2 _ ﬂmw(}(}near(re))
Fos (e (r,)) e ((er2 + Verrz )2 — 1) el e w0 (41)

Control of A and proof of (39): As

0o Fin (Xgnear (re))

a -
’ W (27)

| = W($Q)71 |w? - ﬂn,w(Xjnear(Te)” )
from (41) we get

ﬂn,w T 0
i (X (re)) — aj

i < (67’5 + e2r2 _ 1)d/2W(1.2)—1|w§)_ﬂn’w(Xjnear(re»'+a(]) ((erz + e2r? _ 1)(1/2 _ 1) )

We conclude the proof of (39) by noticing that i : 7. € RT (erg +Ve2ri — 1)%/2 is convex (for all d € N*),
hence for r. < r we have

(erg + VeI —1)¥2 < h(0) + Mn — 14+ Mre.
r r

Conclusion: Taking r. = n~* with a > 0, (39) gives

?|

o) = B oo o) | < W) [l = s (A oD (1 HOD) +

J w
where H(r) is defined by (40). Proposition 3.1 gives E Hw? - ﬂn’w(Xj”e”(n_“))H S cammE = Tamarea-
We choose r, = n~1/6 to balance the terms.
With x = \/"%: Choosing k = \/’%, using (38) we get for n=1/6 < r
ﬂn,w near — — — —
E [ al — (e (n 1/6))H < (W(zg) Vsr—d/2 4 ag?) n~1/6. (42)
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G Proofs related to guarantees on the prediction

We will use the following lemma to go from controls of HL o ®(fi, — MO)HE to controls on H(ID(ﬂn MO)H2L?(Rd)'

Lemma G.1 (Control of the high frequencies). Assume that X C R X [upin, +00)¢. Let 7 > 0. We work with
AE) =e 27113 Let jiy, s € M(X). Then

2 2 T d 2 2u?n7in
[P (1 — p2)ll> < €l o ®(py — p2)lL + (2 T (HmllTerllquTv)We o

Proof. Let T > 0. First write

ot ) = g [, F G pl P g [ )

Ll]d
T'T

Then, remark that

R (@ - )],

<o /[_ . AF [@(u1 — 12))

11
T'T

dr? 2
< e2? |[Lo®(puy — pa)lly, -

Concerning the high frequencies of ® (i1 —p2), recall that uy, ..., ug > Umin for all ((t1,...,tq), (u1,...,uq)) € X.
Hence

1 2 2 2 / .2 2
FlD(1y — 2 < Uminlléll2 q¢
o ], e TR ]S sl sl [ e ;
2 T 2\
< galliliy + il (e #)
using
a2 2 1 a2 22 1 2. 22 _ i
/ e~ Umin® dz:2—/ e tminT? dz < 2— ze” tmint? dy = ——e” T2, (43)
R\~ 4. 4] T Ji+00) T too) Uinin
So

d
2 dr? 2 2 2 2 T 7ur2nin
1@ (11 — p2)| 72 may < €27 || Lo ®(u1 — po) I, + W(H/“”TV + llp2llry) (uge =)

min

Taking T = Tf we get

2 2 2 T d/ ,Qu?ﬂ
1D (1 — p2)llp2 < el Lo®(ur — p2)lL + W(Hmllw + ||u2HTV)W6 -

G.1 Proof of Proposition 4.1

We do not make any assumption on the existence of dual certificates in this proof. From Jy (fin.w) < Jw (1),
we have

1L o ®(jin — H]L<2HLofn—Lo<I>un

—1—2HLofn—Lo<I>u H
<ANTulE + 46 |1 || 4y -

Combining this inequality with Lemma G.1, we get

[90an — 1Ol% < e (4ITal? + 018l ) + g (sl + el e~
Hn — [ L2 = L Froo ||y (27 ) Hillv HzllTy 2d/2u2d e
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Remark that for p € M(X) we have ||& HTV el oy supy 7 < (2m)4*(2u? . + 7)Y || u) 1y, and in the
same way [y < (20)7YQ2uis, + 7)Y [ gy As Jw(fine) < Jw(pd) implies that ||y <
= HFnHi + H,ugHTv, we deduce that

2 R 2 2 1 2 2
ol + 63) < s (2012 + 70 (G Il + 220 ) + 1l )

2r)—4/2 (94,2 2\d/2 9 22 2\ /2
< B B 0 e+ o (2 (55 ) 1) Il
K2 (2m)d 2u2 . + 72 v

(27T)7d/2(2u?nax+7_2)d/2 4 2 Umax ¢ 0112
< ||Fn||L+W 2 o +1 H/“L HTV (44)

min

Qumax-l—f
T2
m|n+

using that 7 € RT — is decreasing. Hence

@G — 10)|[52 < e (4UTalIE + dr(2m) =4 (2udy, + 7274 [0y, )

2m) =422, + 72)%/2 2 Umax \ TAd4?
+ ( 7T) ( max T 7 ) Hl—\n”]l‘l‘_’_ 2 +1 H 0|| e -2 .
K2 (2m)d Umin TV ] 2d/2q2d

With Lemma 3.1, choosing 7 = % and k = p2 it comes

1\ /4
[0 — i)[}0] < ter?, (1 ) ) (14 1) HuOHTV>

2 d/2 d d/2
/2 Urnin 29 —d 0112 9 Umax 1 d—
<CF7T (umlx + Inn > - ( ﬂ-) HILL ||TV Umin * (hl n)d/zugﬁnn ,

d/2
< (Inn) .

~

n

G.2 Prediction with Kernel Density Estimation

Lemma G.2. With X C R? X [umin, +00)%, setting T = ———, omitting the dependence on d we have
Vinnnd+d
. 2 lnn)d/?
E {HL ° fn ] = (17“4
n drd mln

Proof. Control of ||Lo(I>,uO — <I>u0||L2 As |F[@pl] (9 < H”OH?rv e~ tminléls for ¢ € R and using (43), it
comes that for T > 0,

1
|20 @ = @2 = 55 / A©) — 1117 [on°] (€)1 dg,

! 1 d?rt
< (27)d /]Rd\[ n |F [@p”] (£)7 de + @m)i Tt /[ o |7 [@u°] ()] d¢,
0|2 d 2 d 42
H/J’ HTV T _ iy 2% d
< 2 -
= Temd w2 ¢ " Traari )

L2
where we used that for & € R, [A(E) — 1) = |e‘7“5”§ —1] <1 and

a2t 1 11¢
A —1]* < e” 2T2_1|<4r;4 er[— } .

. 2
Control of E {HL ofn— <I>MOHL2] : Using Lemma 3.1, we have

2
; 2 > 8 2| u| T w2y 24 7Ag2
]EHL nf@OH <22 +2|[Lodu’ — o, < TV -y 2 T4
{ °f L e e [Lo®p e < (Qﬁ)d/sznJr 2myd \w2d ¢ 7 T Td T

min
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To balance these terms, we choose T = “%\/ﬂg and 7 = —2——. Tt comes

nn mn4+d
O 2
ol } < 8(lnn)d/2 + 2”/“ ||TV ( d?/? + Qd(ln”)d/z > .
L2 (

2m)d/2p Tt (2m)4 \ ugy, (Inn)?2n — gqd/2 3ty ai

E[zod,

G.3 Proof of Theorem 4.1
Equation (28) gives
|10 ®(fin — 1), < 2/ITnlly + 2 lIpll

from which we deduce, using Lemma 3.1 and ||p[|;, < /5, that

E|:|‘L0(b<ﬂn Ol } < A(pp + K /Sp5)2 .
To go from a control of E [HL o ®(fiy, — M0>H]ﬂ to a bound on E [H@ﬂn - (I)/‘OHiZ‘(Rd)} , we use (44) with Lemmas
G.1 and 3.1. We get

~ 0112 ~ 0 T d /2 2“!2&

E {H@/‘n —ou HLQ(]Rd):| < eE [HLO(I)(“" gl } ( [H“nHTV} + e HTV) 9d/2920 e,

< de(pp + K,/cp5)2

9704/ 2 (94,2 2\d/2 /7 4 d 9y —drdgd/2 w2
+ (( 7T> ( Umax + 7 ) Crpn + 2(2(umax> + 1) HMOH?TV) ( 7T> 7% 672772 ,
Umin

2 d/2,,2d
K 2 / Umin

< de(pp + K\/cp5)?

u? 1 \¥2. (Inn)/2p? U d 2 (2m)~4d?/?
g max 4 ) Cp—— oo B2 1) || —_
+ ( (u2 + lnn) k2 + ( (umin) + > HH HTV) d. (Inn)4/2n’

min

— Pn_
With the choice kK = NG it comes

E[[[®in — 01°|[32 | < 4021+ V5)*

u2 1 d/2 (In n)d/2 9 Yo d (2 )—ddd/2
4 max L ¢ 9,0 9 max 1
- ( (u?nin - lnn) e n - HM HTV ( (umin) ” )) (lnn)d/gn

mln

This concludes the proof of Theorem 4.1. With the choice k = —£2=, we get

Veps’
2 d/2 d/2 d —d jd/2
~ 0112 2 Umax 1 2 S(lnn) 0112 Umax ( ) d
i [Hq)'“” —Pp HL%Rd)} < 16epy, + (4(u2 — + lnn) Crep " +2 HM HTV 2 min +1 (Inn)4/2n
s (Inn)/?
S 1 45
~ (n(lnn)d/2 * ) n (45)

keeping only the dependence on n and s.

H Properties of the Fisher-Rao metric

We present properties associated with the Fisher-Rao metric g, defined at point z € RY X [tmyin, +00)? by
9z = ViVaKnorm(z,z) (see also (20)). Note that this metric depends on the smoothing parameter 7 > 0
through K,orm. We recall the definition of the Riemannian norm: for v € R?? and o € R? X [uin, +00)¢, we

define ||v]|, = Vv gav.

H.1 Christoffel symbols

The non-zero Christoffel symbols associated with g are

—2uk
Ftku,t = Ftkt up —
Ktk KUK 2,11% 4727
P, =
tetey — — >
U
wn T2 —Qui
P oy, =

U, (Qui +72)
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with kK =1,...,d (see [Giard, 2025, Section I.1]). We define

(Tt ) 1<tm<d (T%tu, )1<tm<d (T 4yt )1<tm<d (T tyu,, )1<tm<d

‘s = and I = . (46)
(Tt 1<tm<d (% wu,,)1<tm<d (Tt )1<tm<d (T wyu, )1<tm<d

H.2 Geodesics and geodesic distance

The next lemmas provide the parametrization of the geodesics associated with the Fisher-Rao metric. We denote
4 a geodesic parametrized by arc length connecting the points z = 5(0),2’ = F(I) € R? X [umin, +00)?. The
parameter [ is the geodesic distance between x and ', denoted by d4(z, 2’). We also denote v : y € [0,1] — (ly)
(it is the geodesic such that x = v(0), 2’ = (1)) and * its derivative.

We do not use the formula of the geodesic distance 04 in this paper, but we give it in the next lemmas for
information.

Lemma H.1 (Geodesics of the Poincaré half-plane model). The Poincaré half-plane is {x = (t,u) € R x R% },
1

u2

on which we consider the metric defined by b, = for all v = (t,u) € R x R%.. The associated norm

S

is defined by ||v]|, = \/vTh,v for v e R?.

The Poincaré geodesics are circular arcs whose origin is on the axis {u = 0} and straight vertical lines
(parallel to {t = 0}). o

A Poincaré geodesic parametrized by arc-length, denoted by h = (hy, hy,), is of the form

Cs,
Cl tos cosh(C'2+y)\C1|

ﬁ:ye[o,Z]H(taﬂh(Cﬁy) 1 )

(semicircle) or 3 3
hiy€[0,l] = (Cs,|Cile’) or h:y€l0,l] = (Cs|Cile™)

(straight line), where C; € R*, C3,C3 € R, | € RT.
Moreover, writing 0y the Poincaré distance,

VE=)2+ (w+u)2+ /(=) + (u—u)?
V=124 (ut ) = /(=) + (u—u)?

Proof. The fact that the Poincaré geodesics are semicircles whose origin is on the axis {u = 0} and straight
lines parallel to {¢t = 0} is well-known (see for instance [Stahl, 1993, Theorem 4.2.1]). The formula for dj can
be found in [Beardon, 1983, Theorem 7.2.1].

We can check that the parametrizations given for the geodesics verify the geodesic equations

Db(x,x')ln< ) Va,o' € R x RY.

(ﬁt)z‘i‘(ﬁu)z — 1

h2
ilt — 27}12}3“ =0 )
() ()?
hy ==+ 57 =0

as done in [Giard, 2025, Section 1.2]. We found all the geodesics, because all the portions of Poincaré semicircles
and straight lines can be obtained with appropriate choices of Cy,Cy, Cs, . O

Lemma H.2 (Geodesics for d = 1). Let z,2" € R X [tmin, +00).

o Ift =1, the geodesic is of the form

_ t ey T - vy T
V) = e/ 5™ =5 | Yyelod] or A) =(es\[ge V) Vyelod]  (47)

where c1,c3 € R. It is a portion of a straight line parallel to {t = 0}.

o Ift#1t, the geodesic is of the form

+ V2 tanh (% + v2y) \/72Jr 1 — tanh® (2 + V2y)

Y(y) = | c3

Yy elo,l 48
%, D 2c2 ) ye0.]] (48)
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where ¢1 # 0, ¢a,c3 € R. It is a portion of a semicircle with center (c3,0) and radius

/1 —(t— t/ +u2—uw?\?
. 49
2c1 \/ —t ) Tu (49)

Moreover, the Fisher-Rao distance between x and ' is

2 2
\/(t—t')2+( u2+tj—\/u’2+ij) +\/(t—t’)2+ <\/u2+ij+\/u'2+ij>
V2In

V2(2u2 + 72)1/4(2u72 + 72)1/4

0g(z,2") =

Proof. Link with the Poincaré half-plane model: Recall that the variational formulation of a (Fisher-Rao) geodesic
v = (Y, Vu) connecting z, 2’ is

1
. . 1 . 27u(y)?
inf .S ST () . A\ 2—
»y<o>:x,w<1>:mf/o \/ e e U T e

We use the change of variable h = (h¢, hy) = <’yt, VY2 + T;) Noticing that (h,)? = M , it comes that

Y2+
the variational formulation is equivalent to the problem

. 1 1 . , 1 . , 1 . B ,, T2 e . T2
1nf{\/§/0 \/(ht(y)) ROE + (hu(y)) ) dy : h(0) = (t, u +2> h(1) = (t, u +2>} ,

di? +du

and we recognize the Poincaré metric tensor ( ) in this formulation. So h is the geodesic for the Poincaré

half-plane metric connecting (t JuZ+ I ) and < \/m)

Geodesic distance: In particular, using the formula for 9y in Lemma H.1, we have

e in{(375) )
\/(t—t')2+(\/u2+r;+ u’2+7-2"’)2
(

T

Parametrization by arc-length: We saw that <’yt, v2 + 22) is a geodesic for the Poincaré half-plane model.

(y),}LLu(y)Hﬁ(y) = 1. We deduce

that for the g-norm, writing g(y) = <Bt(y), ho(y)? — T;), we have [|g¢(y), gu (W)l 4,y = \% So defining

Lemma H.1 gives its parametrization by arc-length, h. For the h-norm,

F(y) = g(v/2y), it comes that H’yt (y), ﬁu(y)Hv(y) =1 for the g-norm: 4 is a geodesic parametrized by arc-length.

The geodesics we provide are of this form.
Radius of the semicircle connecting x and z’: The parametrization of the semicircle gives

1 72

X 2 ~2 — _
(ryt C3) +rYu QC% 2

which is the square of the radius of the semicircle. We also have
1 72

2

202 = (t - 03)2 + U2 = (t/ - CB)2 + u/2 )
1
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from which we deduce that c3 =

2
t24u? — (£ +u?) 1 T; _ i (‘(t — 1)+’ — ul2> + 2 O

ST—10) along with E - — T

We can extend this result to higher dimensions. By abuse of notation, d4(z, «},) will refer to the Fisher-Rao
distance in dimension 1 between zj and z}, for all k € {1,...,d}. The notation g,, follows the same principle.

Lemma H.3 (Geodesics in dimension d > 1). Let x, 2" € R% X [umin, +00)%. Fork =1,...,d, we denote 7y, the
geodesic in dimension 1, parametrized by arc length connecting x = (tx,ur) and z), = (t,,u},). The geodesic
connecting x and x’ is of the form

d
F=Ftrs s At Furs - Fug)  where (G, (), Y, () = T(VarY)  with g >0 and Y gi=1.
=1
Moreover,
d
0g(x,2") = 4| > vg(ar, )2
k=1

Proof. For all k € {1,...,d}, we denote 0 = 0q4(xk,x})? and Yx(y) = i ( o y) Then, for all v € R??

and x € R? X [Uupin, +00)%, we have
d

012 = 0" ge0 = > (vk, Vksa)8ay (Vk, Vksa) "
k=1

where (vy, vy4q) represents the k-th component of v in R? X [umyin, +00)?%. Using this, the geodesic 4 connecting
z and 2’ can be expressed as:

5/ = (ﬁ/tu cee ”?td”?ulv s 7r~yud)7
where each (9, ,Ju, ) corresponds to the geodesic 4y in dimension 1 connecting xj = (tx, uy) and z) = (¢}, u},).

This ensures that 7 is the geodesic connecting = and 2’ in R? X [tyin, +00)%.
O

H.3 Compatibility with the semi-distance
H.3.1 Proof of Lemma 5.2

Let 7 > 0 and xg € R? X [umin, +00)9. Let v be a geodesic between zg = v(0) and x = v(1) € R? X [tin, +00)?
for the metric g.

Lower bound on the variance We write v = (1, -+, Yty Yurs - - - » Yuy)- Recall that (v, ,vu, ) is a portion
of a straight line parallel to {t;, = 0} or of a semicircle with center on {uj, = 0}. As zg, 71 € R? X [upmin, +00)4,
we deduce that umin < vy, (y) forall k =1,...,d, y € [0,1].

The function y € [0,1] — d(x0,7(y)) is non-decreasing We can reduce the problem to the case d = 1.
Indeed, for each k € {1,...,d}, v = (Y&, Yu,) i the geodesic in dimension 1 connecting xo; = v4(0) and
21, = (1) (see Lemma H.3). Furthermore, d(z0,7v(y))? = S0, d(xox, 7 (y))?, where, by abuse of notation,
d(zo k, vk(y)) denotes the semi-distance in dimension 1 between zo; and 7vx(y). Hence, if the function y €
[0,1] — d(x0.k, Vk(y)) is increasing for all k, then y € [0,1] — 4 (zo,v(y)) is also increasing.

Until the end of the proof, we therefore concentrate our attention on the case d = 1. Let xg,x € R X
[tmin, +00), and let v and 4 be the geodesic connecting zy and x, parametrized by [0,1] and by arc-length,
respectively. Proving that y € [0,1] — d(xg,7(y)) is increasing is equivalent to proving that h : y € [0,1] —
d(xo,%(y))? is increasing, where | = 04(xo, ). We will consider alternatively the cases where the geodesic y
is a straight line and a semicircle. It suffices to show that A’ > 0 in both cases.

Proof for straight lines, d = 1: See [Giard, 2025, Section II.2]. Using the form of the geodesic given in Lemma
H.2, we can show that if ¥ is a straight line,

h(y) = In(cosh(v2y)).

We obtain this formula by deducing from 5(0) = (tg,up) in (47) that ¢ = 2u3 + 72 (the two formulas of (47)
give the same result). This function is non-decreasing on R*.
Proof for semicircles, d = 1: See [Giard, 2025, Section II.1]. If 4 is a semicircle, then

cosh? (%2) + cosh? (%2 + \/§y) sinh? (\/iy)
2 cosh (0—22) cosh (%2 + \/Qy) cosh? (6—22) + cosh? (%2 + \/§y) '

Mw=m<
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ﬁtanh(%)

We obtain this formula by deducing from 4(0) (to,uo) in (48) that ¢z = to — and ¢ =

= 2cy
I S— > 0. — ;
immsh(%) Let y > 0. We have h(y) = A(y) + B(y) with
sinh? \/iy
Aly) = (v2y)

cosh? (‘—22) + cosh? (% + \/iy) ’

and
o [ ot <%2) + cosh? (% + v2y)
Then,
"(y) = V2sinh(v2y) (cosh(cz + v/2y) + cosh(v2y)(2 + cosh(cz)))
Ally) = . : J L
(cosh? (2) + cosh® (2 + v2y))
and
B'(y) = V2sinh (2 + v2y) (cosh? (£ + v2y) — cosh? (2)) |

cosh (2 + v/2y) (cosh2 (2)+ cosh? (2 +v2y))
If ¢c; > 0, then as y > 0, cosh? (%2 + ﬂy) > cosh? (%“) so B’ > 0, hence d(x¢,75(y))? is increasing on R*. We
now deal with the case ca < 0. Remark that B'(y) > 0 if and only if y ¢ [;\% \/%2] We want to show that

A’ + B’ > 0 on the interval [;\%, ﬁ} First, using that for y € {;\%7 *\/%2}7 we have

cosh? (%2 + \/iy) < cosh? (%2) , sinh(\/iy) > sinh <_202) ,

cosh(ﬁy) > cosh (%) and 2+ cosh(ca) > 2 cosh? (%2) ,

we obtain a lower bound for A’ on {;\%7 *\/%2}

V2sinh (=£2) (cosh(ca + v/2y) + cosh(v/2y)(2 + cosh(cz)))
2cosh2 (72) (cosh2 (%2) + cosh? (%2 + ﬂy))
V2sinh (=£2) cosh (%) (2 + cosh(cz))
~ 2cosh? (%) (cosh2 (2)+ cosh? (2 + \/§y)) ’

v/2sinh ( ) cosh ( )
~ cosh? (6—22) + cosh2 (%2 + \fy) '

Ally) >

b

It follows that

/2 cosh (%2 + \/iy) sinh (_202) cosh (%2) + v/2sinh (%2 + ﬂy) (cosh2 (02 + \fy) — cosh? (72))
(cosh? (2) + cosh? (2 + v/2y)) cosh (2 + V2y) '

A'(y)+B'(y) >

The positivity of A’ + B’ follows, since

o () () 0 ) - ) (o (5 +5) o )
_ (smh (2 +3fy> — 2sinh (2 +fy> _Smh( Ve ))

1
T4

>;(smh( +\[y)81nh<+\f>)
0,

Vv

where we used

sinh (3;2 + 3\f2y> = sinh (% +V2 ) cosh(cy + 2v/2y) + cosh ( + \[y) sinh(cy + 2v2y) ,

> sinh (% + \/§y) + sinh(eg + 2v2y),
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smh(02+2\fy)*2s1nh( +\fy)cosh( +\[y)>2s1nh( +\f>

and co < 0 together with the fact that sinh is increasing.
We have just proved the following statement: if 4 (xg,z) < r, then
Vye0,1], y(y) € {a’ € RY X [umin, +00) : d(z0,2') <r}.

This concludes the proof of Lemma 5.2.

H.3.2 Proof of Lemma 5.3

Let r, A > 0. Assume that X C R? x [umm,umdx] The semi-distance & is defined by (11).
Control of the variance of the geodesics: Let 2§ € X. For 2 € By(x, r)NR? X [Umin, Umax]?, we have |ty 19,1 <

22, +712foral ke{l,...,d}. We deduce that

d

Bd(l‘?, )N (Rd X [Umin, umax]d) C (X [t?’k +rv/2u2 .+ 72]> X [Umin, umax]d
k=1

where XZ:1 denotes the d-ary Cartesian product.

For any k € {1,...,d}, the semicircle 7, = (94,,7u,.) (geodesic in dimension 1) connecting the points
(t?y,C —ry/2u2 . + T2, Umax) and (t?,k +1ry/2u2 . + T2, Unmay) satisfies v, (y)? < v, + r%(2u2,, + 72). This
follows because the square of the radius of the semicircle is u2,,, + 72(2u2,,, + 72) (see Lemma H.2). This is
the geodesic achieving the largest variance, i.e. all the portions of semicircles between points of the rectangle
[t?’ e — TV 2ul + T2, t?’ e+ 7V 2u2 o + 2] X [Umin, Umax) are below this geodesic. To see why it is the case,
one can note that 2 geodesics in our model have at most 1 intersection point, or their union is a geodesic. So
a geodesic of [t9, —ry/2u2 4+ 72,19, 4+ 7\/2u2,, 4+ 72| X [Umin, Umax] cannot cross two times the semicircle
connecting (5, — rv/2u2,ay + T2 Umax) and (17, 4 71/2u2 1 + 72, Umax)-

Using Lemma H.3, we deduce that

g(Btf('r_?7 T) N (Rd X [umiH’ umax]d)) C Rd umlﬂ’ \/umdx 2ur2n<1x + 7—2)]d

Pseudo-quasi triangle inequality: Let , 2, € R? X [tmin, tmax]?; Where @imyax is not necessarily equal to Umay.-
We have

up Fug 47’ 2~?mx +7° _ G

2
M is decreasing (because umin < Umax). Moreover, using the triangle inequality for

using that 7 € Rt g <

m in

2
the £%-norm in dimension d and that uf +af + 72 and u}? + G + 72 are smaller than 232 (uf 4+ w2 +72), we get

min

S < | 3 e
u2+u’2+7'2_ u2+u’2+72 u2+u’2+727

d d

amax (tk - tk t/ - tk:
< —= R
~ Unin kzuk—i—u e Zu’Q—i-u 24727
ﬂmax ~ /o~
< — (d(z,Z)+ d(2', 7)) .
Umin
Hence
/ Umax ~ a?nax
d(z,2') < (d(x, %)+ d(2',7)) + 4/dIn .
Umin umin

Umax Ulhin

So d(x,7) > tamin (L{(a:,x’) - dln( )) — 4, 7).

Conclusion: Let :Ej,l‘? € X. Firstly, replacing @imax by Umax in the pseudo-quasi triangle inequality, for & €

B,{(xg?,A) N, if Jmin <¢[(az0 29) — dln( "‘"")) - L{(CC,Z'?) > A we have 4(z0,%) > A. Note also that

70
J min

4(%,29) < A, hence it suffices that d(z9,27) > 29max A+ [dIn (u"”") for the open balls éd(mg, A)N X to be

disjoint.
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Secondly, for & € G(By(29,r) N X), taking tmax = v/UZay + r2(2u2,,, + 72) we have (2, %) > A as soon

79
Umax J min

as Lmin <c[(x0 29) — dln(u"”")) > A+ r. We used that G(Bs(xj,r)) C By(z;,7), so d(Z,x;) < r (see

Lemma 5.2). This condition can be rewritten as 4 (f,z}) > max (A 1) 44 /dIn (u’“a"). We proved that if

2(2u? 2 . u2
mlnd(xl,mj)>max{\/umax umaX+T)(A+r),2u 2 A}—i—”dl (max> = A,
i) Umin Umin umm

then the open balls 1034(339, A) N X are disjoint, and for all j # i, the ball G(B,(x9,r) N X) does not intersect
Be(a9,A).

H.3.3 Local control with the semi-distance

Lemma H.4 (Local control of 0y with the semi-distance, lower bound, d = 1). Let zg,z € R X [umin, +00). If
d(zg,z) < r, then
4 2
0g(a0,0)? > L0
€3
forés > 1+ R( with R(r) defined by (57) below.

Proof. Let xg = (to,uo),z = (t,u) € R X [tmin, +00) such that r. = d(z,x) < r. Without loss of generality,
we assume that ug < u.
We examine the case where u is “far” from ug, and then the case where t is far from tg and wu, ug are close.

Slsps LoQ: 2 (& 7t)2 w?tul472 )
Bounds on By(xg, ), exhibition of 2 cases: Since d(xg,z)? = W—&;w +In (\/WTZO\/W = rZ, we have
that for all 0 < w < 1,
o= D” 50
u2+u3+72_wr6 (50)
(first case) or
24,2 4 2
u®+ug+T > (1—w)r2
V2u2 +72/2ut + 72 ‘
0
(second case). The second case can be rewritten as
T2 T2 1 2 2
u? o 2 (T g et ) (51)

(see (34)).
Assuming the first case holds and the second case does not: Provided that (50) holds, then ¢, # ¢ and the
geodesic connecting x and 1z is a semicircle (see Lemma H.2). We suppose additionally that we are not in

the second case, namely that
2 2 -
w2+ T <\ fu+ Tt /e ),

In particular, using (35) we have

[ug — v’

170 71 2(1-w)r2 _ 1. 592
U(Q) + ’11,2 + 7—2 — € ( )

Denoting [ the arc length (i.e. | = 04(z, 20)), using (48) and (49) we have

|tanh(% + v/21) — tanh(2)|
V2

= |e1|[t — tol (53)

for some co and c; verifying

39



According to (50) and (52),

1 _ 1( 1+u%—u2>2+2ug+72
e[|t — tol 2 (t—1t0)? (t—1t9)?’

1 1(ud—u?)? ud4u?+72

=4/=+ 1 (g z + -0 5 (54)
2 2 (t—to) (t —to)

- 1 62(1—11))7"3 ~1 1

=\ 2 + 2w?2rd + wr2’
1 r2 1l—we?? -1

< D +1

Vwr, ?+ w 2r2

where we used that y — e?¥ — 1 is convex along with (1 — w)r? < r?, and wr? < r2.
So as tanh is 1-Lipschitz,

Dg($7x0) =1 Z |01Ht — t0|,
> Ten /W )
1'2_
Vitg s e

(55)

Assuming the second case holds: If (51) holds, we must consider the 2 possible geodesics (c.f. Lemma H.2).

If t = to, the geodesic is of the form (03, —%2 + Cge\/gy) As 7(0) = zo we have ¢ = 2u3 + 72. Since
Fu(l) = u, we have eV8! = gzzi:z from which we deduce that
0
2
1 u? + 7y 1 2
O (zg,2)=l=—<In| +——=| >—<In (e(lfu’)re + Ve2(—uw)rd _ 1) )

Y W T R

0T 2

If ¢ # to, ;}'/u is of the form \/—T;—f— m Using that 7}/”(0) = Up and ;)'/u(l) = u, we get

cosh? (%2)  oy2g2
cosh? (%-&-\/ﬁl) T 2uZ4r2

from which we deduce using (51) that

o (®) e, Jarer
cosh (2 +v21) —

cosh (“—22)
cosh (%2 + \@Z)

it comes that eV > e(1=wIre 4 \/e2(1-w)rZ _ 1 Jeading again to

sinh (%) sinh(v21)
cosh (%)

= cosh(v/2l) — < cosh(V/21) + | sinh(vV21)| = e!V2!I |

1 2
12— (070t y fe20mwrE )
V2

As % In (ey2 + Ve — 1) >y for all y € R, we get for this second case
y(z,20) > V1 —wre. (56)

Conclusion: We now choose 0 < w < 1 depending only on r to balance the bounds of the two cases (namely,
(55) and (56)). Writing X = =% we want to pick w such that

w
J

1—w e2r?—1
+ = oz

VIi—w=
1—w \/1+§

2
e —1

e
2r2

2 r?
X+ 1+5 X-1=0.
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This polynomial has exactly 1 positive root

= L5 WH e 657)

(20, 2) > V1 —wyre = Hlf(;;zr)re
d

Lemma H.5 (Local control of 9, with the semi-distance, lower bound, d > 1). Let 29,z € R? X [, +00)9.
If d(xo,x) <7, then

We can take w, = . Then

1
R(r)+1

O

d(xg,x)?

OQ(I()?I)Q > 53

forézs >1+ R( with R(r) defined by (57).

Proof. Let g, x € R? X [tin, +00)? such that d (zg, ) <r. For all k € {1,...,d}, d(zox,vx) <r. Lemma H.4
2 > f@o,kﬂ%)?

e i We conclude using that
R(r)

gives 0g(zk, o k)

d d d(zo g, x d(x9,7)?
0,k> k 05
0 (2,0)" = Y _ dg(wn, 708)* > ) 1+ A
k=1 k=1 R(7 R(r)

O

Lemma H.6 (Local control of 94 with the semi-distance, upper bound, d = 1). Let z,29 € R X [umin, +00). If
d(z,70) < V2, then d4(w,30)? < F(d(x,70)) (F defined by (62) below).

Proof. Let x,29 € R X [tmin, +00). Without loss of generality, we can assume that ug < u. We denote
l =04(z,20) and 7. = d(x, o). The proof is close to that of Lemma H.4.
First case: If t # to, the geodesic connecting x and xg is a semicircle. Recalling (53) and (54), we have

|tanh(% + v/21) — tanh(2)|

= |t — to|
V2lel]
for some co and ¢ verifying
1 1 T(ug—u?)?  ugFut 472
|ea||t — tol 22 (t—to)* (t—to)* ~
1
> — .
Te
Hence
‘tanh( +v21) —tanh( )‘ <\r.. (58)
Furthermore, using \/%zu—zj;zi < "t together with (34) and recalling that ug < u, we have
U T uo T
h( 24 2
< cos ( 2 ) _ 2u2 +7 < erg +Ve2r? 1. (59)
cosh (%2 + ﬁl) 2ug + 72
Using (59) along with the equality %’?Z?) = cosh(B) + tanh(A) sinh(B), we deduce that

cosh (\/il) + tanh (%) sinh (\@l) <1

and that

co&h(fl)—tanh( +\fl)51nh(\fl)<ee+ er: — 1.

It comes

2 cosh (\/il) + (tanh (%2) — tanh ( + \[l)) sinh (\@l) < ere + Vet —1+1,
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SO

2 cosh (\/51) — sinh (\/il) Vor, < ere + Ve — 141

where we have used (58). As cosh > 0 and bm?&?ll)) <1, we get

cosh(v/21) (1 - < 1 (erg +Verd —1+ 1) .

)s!

For r. < V2 we get,
2

1 %(6’”3+\/62r571+1)

l2 < 5 arcosh 1— L?”e (60)
V2
Second case: If tg = ¢, using (47) we get eVBl = gzziiz < (e e+ 2 —1)% so
0
2 1 r2 o2 2 1 r2\2
“ < iln(e ¢+ Verre —1)° = Earcosh(e <)”. (61)

Comparison of the bounds found, conclusion: Let 0 < r, < V2. As1-— \[Te <1and vVe2¢ —1>e" —1, the

bound found for the first case (see (60)) is larger than the one found for the second case (see (61)).
So if d(z,20) < V2, 04(x,20)% < F(d(x,20)) with

i (692 +Ve® — 1+ 1)

1- 759

1
F:y€R+r—>§arcosh

Lemma H.7 (Local control of 9, with the semi-distance, upper bound, d > 1). Let z,z9 € R? X [tpin, +00)%.
If d(x,20) < V2, then d4(x,20)% < dF(d(x,70)) (F defined by (62)).

Proof. Let x, 20 € RX [upin, +00)? such that (v, 70) = 7. < V2. Asforallk =1,...,d, d(xy,w0%) < d(2,20),
by Lemma H.6 it comes that

where we used that F' is non-decreasing. O

H.4 Proof of Lemma 5.4
We use Lemma H.5. It comes that we can choose é3 = 1+ ——L— with R defined by (57) in the appendix. We
( 0. 30725 )
d
2
aim to find a more interpretable parameter. Remark that r € Rt — <=1
1+ 0.3025 +f
( 2%0. 30252) 1 . So 1+ (

0. 3020)

is increasing, along with i > 2.

We deduce that for all 0 < r < 0.3025, R(r) > < 2.84 (see [Giard, 2025

é

0.30252

Section IIT]).

I Proof of Theorem 5.2

Construction of the certificates by solving a linear system We give explicit formulas for 7, 7; of
Theorem 5.2. These certificates are of the form (18). In the following, we write n = 74,5 and n; = 745 gi-
Recalling Definitions 3.2 and 3.3, we want that for all j =1,...,s, 7a,(29) = 1 and V1, s(29) = 024. We also

want 144 gi (mg) =1, i pi(2)) =0 for all | # j, and Vn,s g (2}) = Oaq.
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These constraints translate to linear systems. Writing e; the vector of size s containing a 1 at position j,
and zeros elsewhere, along with 1, = 2221 ej, we want to solve

o 1, ol €; . .
T = =us and T | | = =ul Vj=1,...,s
ﬂ 032(1 ﬂj Os?d ( )
63
0 ,.0 (IANVA
where T = (Knorm(xl,-r]))i,j:L...,s (lenorm(xzaxj))i,jzl ..... s c Rs(1+2d)><s(1+2d) )

(V2Knorm($?7x?)) 1,J=1,...,¢ (v1v2 norm(xgaxg))i,jzl,...,s

The following lemma entails that these linear systems admit a solution provided that a minimal separation
condition holds.

LemmaI.1. Let {332};:1 C REX [tmin, +00)?. Assume that Kyorm verifies Definition 5.2. Ifmin;z; d(x?, x?) >
then T (see (63)) is invertible.

@ e ,
Moreover, =Y tu, and | = Y"1l are well-defined and verify, for all j =1,...,s,
J
1
\/ J
Ha” Ha Hoo - 1= 2h’
J
e 18y v o |3, < an (o4
2h
d — 15| V — 1]V
ond o= 1]l v led = 1]V maxaf] < T

where h = g5 min (533(0), EZB(:))

The proof can be found in [Poon et al., 2023, pp. 269-270]. This proof explicitly requires to handle normalized

kernels. This motivates the introduction of W in (P,).

Controlling the certificates via the kernel We provide controls on the certificates we constructed in
Lemma I.1 on the far and near regions, in order to show that they are non-degenerate (Definitions 3.2 and 3.3).
To do so, we use Taylor expansions on Fisher-Rao geodesics along with bounds on the kernel stemming from
the LPC (Definition 5.2).

Lemma 1.2. Letr > 0 and z9 € X C R% x [umin,+oo)d. We define
XJerr(r)y ={a' € X : d(2',m0) <r}.

Assume that there exists & > 0 such that, for all x € G(X2"(r)) and v € R%,

norm norm

— K2 (0, 2)[v,0] > & ||vHi and ‘K (02) xo,x)H < Byg .

Let 1 : R X [tmin, +00)? = R be a C? function. Then the following holds:

(i) If n(zo) = 0, Vn(zo) = 0 and || Da[n)(x)||, < & for all x € G(XF(r)), then |n(x)| < 604(x,x0)? for all
x € Xgea(r).

(i) Let a € {—1,1}. If n(xo) = a, Vn(ze) =0 and HaDg[n](x) - Kﬁ%f&l(zo,x)

for some § < &,, then

<0 for all z € G(XF* (1)),

Boa +6
1- %Dg(m,xof <an(z) <1-

Eg —

)
Dg(x,xo)Q Ve X3 (r).

Proof. This proof is based on [Poon et al., 2023, Lemma 2]. We only show (%), as the proof for (7) is similar.
Let € XAJ°“"(r). We denote by v the geodesic for the metric g between zy and z, parametrized between 0
and 1. We refer to Section H.2 for a description of the geodesic properties and related notations. By definition,
v(y) € G(X§°*"(r)) for all y € [0,1]. Hence, for all y € [0, 1],

a2l w) = KiRhmo v | <5 and - — K@ @ov@)BW) 1) = & HW)E )
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from which we deduce that

aD2[n)(v() (), 3 ()] < (=82 +6) [y -

By a Taylor expansion, we get

an(a) = an(ze) + aVi(z0)T4(0) + / (1 - )aDalm (v ()W) /()] dy
1
—14 / (1 - )aDalnl (V) F W), 4 ()] dy
<1-(5-9) / A=) IFWIP ) d,

Zy — 0
= ]_ — £2 Dg($,$())2 .

Using the same reasoning, we also have an(z) > 1 — B%”Dg (m,20)2.

Note that we do not have (unlike in [Poon et al., 2023, Lemma 2]) the bound an(z) > —1 + 220, (x, z0)>.
This is not a problem in our framework: as we work with nonnegative measures, we do not need to control the
negative part of the certificate. O

Theorem 1.1. Let {x? i CcXC R X [tmin, Umax]?. Assume that Kyom verifies Definition 5.2.
If min;; z{(ﬂc?,x?) > A, (defined in Lemma 5.3), then the certificates constructed in Lemma I.1 are non-
degenerate. The global certificate 0o, g is ( o, ég E2,7)-non-degenerate and the local certificate 1, gi is (%50, B”%w, T)-

non-degenerate.

Proof. This proof is largely based on [Poon et al., 2023, pp. 270-241]. First remark that Lemmas I.1 and 5.3

. o(r) &a(r)
hold under these assumptions. We denote h = 6—4 min (3’3—0, QB—2>

Control on the far region: Let € X% (r). As the open balls B,(29, A) N X are disjoint (Lemma 5.3), there

exists at most one index j such that d(x,x?) < A and for all i # j, d(x,29) > A. So using bounds displayed
in Lemma I.1 (see (64)),

0,8 (2)] = |0 Konorm (5, 2) + Y @i Knorm (a7, 2) + B K@y (a5, 2) + BT KD (27, )]
J#i JF#
< Nl { Koo (@5:2)] + 3 | Knom(al )| | +max 8l | [ K000 @5, o) +ZHK§£‘33M D),
VE w Ty
1
< 1—& +h)+4h(B h
_1—2h( €0+ h) +4h(Bio + h),
Eo — 3h
<1- 4h(B h
< 1= +4h(Bo + h),

<1—§0+3h+4h(310+h)

<15y +350 1450 450
ot 95y T T2

7
<1-—-¢gp.
= 860

We can apply the same reasoning to show that [7,s g (z)| < 1 — Z&.
Controls on the near regions: Let z € G(X[**?"(r)). We have

D2[7704’B](‘T> = Kr(lgfzn(xjﬂx)—"_( )Kr(l(c))fm +ZQZKI(1(C))3m >+[ﬂj]Kr(1(1)%2n ZC 217 +Z Bl Kr(li)%m )
i#] i#£]

As G(By(29,m)NX) is disjoint from By (29, A) for i # j (Lemma 5.3), we have & (z,20) > A for all i # j. Using
Lemma I.1, it comes

| P2l sl(@) = KE2 @ 0)|| < lay = 11Boz + [l h +max|Bill o (Bra + 1),
2h
< 4h(B h
ST °on 02+ 2h+ (Biz +h),
&2
167
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Using Lemma 1.2 with 6 = we deduce that for all z € X*°"(r), 1 p(x) <1 - 325209( 0)

16’

With the same reasoning, for all z € G(X]*“*"(r)) we can obtain || Da[n,s g:](%) — norm H <

from Lemma 1.2, for all z € XJ***"(r) we have [1 — 145 g ()| < wbg(x 29)?. We used that Bya > &.
We also have, for i # j, and x € G(X°*"(r)),

[ Dalnas 55 )(@)[|,, = || od KD (2, 2) + D o] K2 (2 @) + [B]1K S (2, 2) + Y [B1K D (ad, 2)]||
) I#1 -
< |od|Boa + |||, b+ max 87| | (Biz+ 1),
2h h

<——8B 4h(B h
S Togp Bt gy T AMB R,

572
167

Lemma 1.2 ensures that for all & € X (1), (94 gi (2)| < $204(x,29)?2. This concludes the proof. O

Norm of the certificates We use bounds on the norm of the certificates to get the controls in estimation
and in prediction (¢, in Assumption 1). The construction of certificates presented in Lemma I.1 allows us to
obtain the bounds displayed in the following proposition.

Proposition I.1. The certificates constructed in Lemma 1.1 verify, for all x € R X [umin, +00)%, for all
e {l,...,s},

Na,8(x) = (Ve Da,p)y,  and g gi(x <\I/§z,pa7 57> with  ||paglly, < V2s, Hpaj,mHL <V2.

Proof. From Lemma 5.1, for all j € {1,...,s},

Da,g = iai‘l’%g + iﬁivm (‘1159;9)
i=1 i=1

and s s
Pai,pi = 205‘1’5@3 + Zﬂfvz (‘I’5a:?) :
i=1 i=1

So recalling (63) and defining

Id,
_1
90 -

Dg — Ty c Rs(d+1)><s(d+1) ; T = DgTDga
_1
gxgz

T
! a -
using the results of [Poon et al., 2023, p. 268] we have Hpa,BH]i = T 5 = ul' Y lu,. We can apply
p

Poon et al., 2023, Lemma 3] that gives T-1 < 2. So ||pa 2 < |7t Usg 2 <25 We repeat the same
Bl = 2

: we have ||paj7ﬁ7 HL

reasoning to bound Hpa_g@j HL

(u)TY 'l < HT 1H HuJH2 <2. O

The combination of Theorem 1.1 and Proposition 1.1 concludes the proof of Theorem 5.2.
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J Proof of Theorem 5.3

Lemma J.1. Let z,2" € R? X [umyin, +00)%. We can establish that

Kr(l(c))gr)n(‘r xz ) = |Knorm($>-73/)|a

K9 (z,2) 0,2V Koorm (2, 2) ||

KD, (w,2") g;mvlvszﬂorm(x,x')g;}“H

K@) =l HS Koo (g

Kr(lgzn(x x) o <V 2de:nlaX {‘ gtk%ng/l/QatkHQ Knorm (7, x 1/2H

Proof. To get the simplified expressions for the operator norms (Definition 5.1), we use that ||v||i =vTg,v.

The result for HKIS})?,)H(HC, z') Kr(;gx)n(% z') n?ﬁln(x, ')
(27)].

To deal with HK&?%(% ')
= /0 V2, we have

9;k1439;/1/28UkH Kyorm(, ' 9;/1/2H }

is stated by [Poon et al., 2023, Equation

)
! T,r

x,T x,x’

, we also use that our metric is diagonal. Denoting § = /9.4, Vi =, /Bs' V1,

x,x’

d d
HKr(lgm I , = sup Z qulTatkHQQKHOFm(xv xl)VQ + Z qurdVlTauk HQBKUOTm(xv x/)VQ )
z,% Vil sllVall, <1 54 k=1
la=(a1,...q2a)l, <1
d
—1/2 27
= B ~Sup (quV1 gtkti gx/ / 8tkH Knorm(x € )g;c// ‘/2
Vil Vel <t llall, <1 N k=1
1/2 1/2
+ ZQk+dV1 Gu,ﬂlﬁgx/ / Oy H3 Korm (2, 27) g, / V2>
k=1
= 2dk$laxd = SuP “71 tki£2gw 1/2atkH2 norm(m T )ga:’ /2‘/2 ’
LIVl Vel <
sup ‘VT L2920, HY Ko (2, 2')g, 1/2‘72‘ :
giving the desired result. O

Global controls To check the first condition of Definition 5.2, we give global controls for the Riemannian
derivatives of the kernel. We take advantage of the metric used, which allows us to have uniform bounds on
R? X [tmin, +00)4.

Lemma J.2 (Global controls). For (i,7) € {0,1} x {0,1,2} we have

sup (.2 < By
z,2’ ER? X [umin,+00)4 z,z’
with
By =1,
By = Bop1 = V2d,
B =2d,

Boz = Bag = \/4d? + 10d,

B3 = Bg1 = vV2dBys .
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Proof. The bounds are based on the expressions given in Lemma J.1. We make use of the relation between the
Frobenius norm and the 2-norm:

VM = (mij)1<icn €ER™™ M|, < | Y m3 < \/nmmaxm?j~
1sjsm 1<i<n “J
1<5<m

Let z,2" € R? X [tmin, +00)%.
Byg: Using Cauchy-Schwarz and since the kernel is normalized, we have

[ Knorm (2, 2)] = | (W, Wopr)y | < sup W6, |17 = sup Kuorm(@,@) =1.
TERL X [Umin,+00)4 ER? X [Umin,+00)¢
Bip: We use that g, is diagonal, and name its diagonal elements by diag(gs,t,,- - - Otuty> Gusurs - - - » Guguy) = G-
Remark that V1 Kuorm(2,2") = (VU,, Wy )y, along with, for all k& € {1,...d}, [0, Wduly, = gt’{i and

10w, W, = gukuk We use Cauchy-Schwarz to write

Hg;1/2v1Knorm(x7 ZL'/)

2
L= ngk (8, 96,, Ui, +Zgukuk Dy WOz, U)o

d d
2 2
SN 2 R L 24
k=1 k=1

<V2d.

Bi1: We use the same reasoning. With g, /2 ViVeKporm(z, 2')g,, 1/2

gb_klb/fgbl,l)l/2 (Op, Wby, Oy, Wdyr)y where by, stands for u, or t,, 1 <m < d. So

= (mij)lﬁi,jSde we have mij of the form

2 2
Z] = gbkbkgblbl ||abk\1’5m”L Habz\l/(sz/”]L <1,

from which we conclude that ||M||, < v4d? = 2d.
Bys: Here, we denote (m;)1<i j<2d = g;,1/2H§Knorm(x7x’)g;,l/Q. Recall that

d d
HS Kporm (2, 2') = VaKporm (2, 2') — Zrtiat/k Knorm(z,2") — ZI‘“;@% Knorm(z,2').
k=1 k=1
Using that Fbkblbm # 0 implies that by, = b; = tg, b, = ug or by = by, = tg, by = ug or by = ug, by = by, =ty or
b = by = by, = ug, we can treat the 4d terms my;, mia;, Mo, Ma2; (0 € {1,...d}) separately from the rest of
the matrix.
The other terms are of the form
8oy, S}y Fnorm (. 2)

where k # [ (i.e. the derivatives are associated with different dimensions). By abuse of notation, we denote
Knorm(Tm, z,,) an evaluation of the kernel in dimension d = 1 at points ., = (tm, um), 5, = (t,, ul,), and we
consider in a similar way ¥¢,, . Remark that gy 5., = ||Op,, Uiz, ||]i As Kyorm(z,2") = an:l Korm (Tm, Th,),
for k # [ we have

Ay by Knorm (2, 2") = Oy Knorm (T, ,) Oy Knorm (21, 27) H Krorm (Tm, Thy) - (65)
me{k,l}
So using Cauchy-Schwarz, for m;; such that ¢ # j and 7 # 235, j # 24,
m?j < 91;11)/ 91?11,/ (31/ Knorm(xk,x;f)>2 (5b/Knorm(:cl,x;)>2 H Koorm(Tm, 2 )2 < 1.
S l mé{kl}

This quantity bounds (2d)? — 4d squared coefficients of M.
The terms my;, myo; and ma;;, Mmoo (¢ € {1,...d}) are of the form

gt/ t (at t Knorm(, 117/) — T et 8u§€ Kuorm(, xl)) o
or g, 1'/29 1/2 (at’ ’ norm(x7 m/) - Ft;vt;cu;cat;cKnorm(xa l‘/)) (67)
or gyl <0u;u;Knorm(%$') - Fukuk“ka“?cK“‘“m(m’xl)) ' w
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These forms concern respectively d, 2d, d coefficients. We can again reduce the problem to dimension 1 using
the decomposition of the kernel:

/ , ! / /
at;ct;cKnorm(xvx ) - Fukt;tL8 Knorm {E QIJ (at/ t’ norm xkvxk) Pukt;t;au;Knorm(xk’ xk)) H Knorm(xlaxl)u

I#k
atjcu;c Knorm(x» QE/) - Ftk t;‘u;c at;& Knorm ( " norm xka xk) Ftk it;cu;C at;c Knorm (SL’k, x;f)> H Knorm(xla .’E;) )
I#k
au;cu;c Knorm(x, xl) - Fuku%u;au;cKnorm(xa x/) = (augcu;cKnorm(xky x;c) - Fuku;u;au;& Knorm(xka l‘;g)) H Knorm(l'lv ’l}';) .
1%k
(69)
So for the first form (66),
2
= Qt’ t <‘Ii5z78t’ t, Wi, — I kt’ t, Ou ‘1’5 >]L )
-2 4
< Gy ([P0, Wouy, — F“’“t;ct;ﬁu;c‘ll%; )
= gt/ th (6tktkt’ th, Knorm(xka xk;) t’ th, aukuk I]OI‘IIl(x;(ﬂ x;q;) - 2Fukt;€t;atktku;€Knorm(x;ga x;c)) )
=1

where 0y, Kyorm (resp. 8% Kporm) denotes a derivative w.r.t. the first (resp. the second) variable of the kernel.
We can calculate this quantity, which is constant equal to 1 (see [Giard, 2025, Section IV]). In a similar way,
for the second form (67) we have

2
M2 m2” < gt’ t, 9 th ul, Vo, L re kt’ ’ at’ \I/(Sxk

3
- — t ro t! ro
- gt;@t;gu;u; (atkuktﬁcu%Knorm(wm !Ek) +T kt;ukatkt;cKnorm(xk> :Ek;) =2T kt;ukatkukt; Knorm('rka xk)) ;
=3.

For the third one (68),

2 -2 roo w) roo w) ro
Moo, S gu;u; (aukukukuLKnorm(mkzxk) + Tr K2 ’ ! 8uku nOrm($k7:I:k;) —2r ku;cuggaukuku;cKnorm(Ik;axk)) 3

=7.

Hence |M|, < V4d? —4d +d + 2 x 3d + 7d = V/4d? + 10d.
Bis: Lemma J.1 gives

g_l/2 1/28ukH Kuorm (z,7)

norm UrUk gm

HK(12) x, 1;

<+v2d max {Hgtkltfgw 1/28tkH Ko (1, 2)g, 1/2H2 ’

! thour s k=1,

Forany k € {1,...,d}, by, = tx or by, = uy, the coefficients of the matrix M = gb:{fgylmé‘ HYKyorm(z,2')g,, 1/2

are of the form

9 1/1917/11)’/291; b, ab bt Knorm (2, 2 ") where k #1
—1/2 y
or 80,110yt (Ot Km0 2) =T ’“t;tgﬁbmu;ffnmm(m,x’))
“1/2 _—1/2 _—1/2
or gy » / gt, t’/ g / (8b,,bt ukKnorm<.'L‘ x) tu 8b,,bt norm(x,x/)>

or gb_l/Z gu/ ul, (ab uh uy Knorm(fE {E) FUkukU;abmu;cKnorm(l.vx/)> '

These forms correspond respectively to (2d)? — 4d, d, 2d, d coefficients. We can bound them with the same

s V/2dBys. O

arguments as before. We obtain || My, < Boa, so HKnorm(:r,x’)

T,x

Controls when d(z,2') is small

Lemma J.3 (Curvature constants in dimension d = 1). Let r > 0. Let z,2" € R X [umin, +00). If d(x,2') >,
then Kporm(z,2") <1 —&(r) where &(r) <1— e="*/2. Moreover, if d(z,2") <r where r < 0.32, then

0T HY Kyorm (2,2 )0 > &(r) |[0]2, Vv € R?

where &3(r) < *T2/2|G( )| (G(r) defined by (76) below).
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Proof. Obtaining &y: By definition of the semi-distance (see (21)), 4 (z,z") > r implies that Kyopm (x, ') < e /2,
Obtaining &5, general overview: We use that

— 0T HY Kyporm (2,2 )0 > & |[0])2, Vv eR? <« —ng;,l/ZHgKnorm(;v,x')g;,l/zv > & |lv]2 VoeR?.

Defining H%?(z, ') = Knorm(x,x’)*lg;,l/zHgKnorm(x,x’)g;/l/Q, we have (see [Giard, 2025, Section V.1])

H% (z,2") HR, (x,x")

H02(337$/> =\ 502 ~ 02 , where
Ht/u/(:ﬂ,:ﬂ/) Hu/u/(x,x )
H /t/( ) == _17
H02 ( /) _ (t o t/)3(2u12 + 7_2>3/2 B 3(t . t’)(2u’2 + 72)1/2(u'2 o uz)
V2(u2 4 u'? + 72)3 V2(u2 4 u'? + 72)2 ’
[:102 ( /) (t _ t/)4(2u/2 + 7_2)2 3(t _ t/)2(2u/2 + 7_2)(u2 _ u/2) N (u2 _ u/2)2 (2u2 + 7‘2)(2’&'2 + 7_2)
r,x') = —
u'u’ 2(U2 + u/2 + 7-2)4 <u2 + u/2 + 7-2)3 2(U2 + u/2 + 7-2)2 (u2 + u/2 + 7-2)2
(70)
If the maximal eigenvalue \ of H%?(z,2’) is smaller than some ¢ < 0, as Kyorm (2, 2/) > e /2,
~0" HY Ko (2,2)0 > ~Morm (2, 2') [0} > —ce™ /2 |Jo]}
and we can take &2(r) = —e~"*/2¢. Tt remains to bound \. We use that
A < max{H% (z,2'), H?,, (x,2")} + |HZ (z,2")|.
We will provide control of the three terms in the right-hand side of the previous inequality.
Basic inequalities: Using that & (z,2") < r, we have
t—t
| | <r (71)

V2t uZ+2

and ) s
AUt 4T 2

Vou? + 222 + 12 T

Using (35), we get
|u? — u’2| =
s S Ve L (72)
From (36) we also have
2u/? + 72 -2 3
u2+u’2—|—72§e + Ve — 1. (73)

Control of H%,: Using (71), (72) and (73), we get from (70) that

(2u'2 + 7_2)3/2 (2u'2 + 7_2)1/2|u2 _ u/2|
T
\/§(u2 42 +7'2)3/2 \@(uz 42 _|_7.2)3/2
< \%r3(eT2 e 1) g D e W (74
Control of HO? o Ag V2CET V272 o o

u2 +u/2 _;,_7-2 )

[HY (2, 2)] <

A2 (0. af) < ot (2u’? + 72)2 a2 (2u? + 72)[u? — u”?| (u® — u'?)? - (2u? + 72)(2u? + 72)
WS =T 92 fu? + 12)2 (uZ + w2 + 72)2 2(u? + u? + 72)2 (W2 +u?+72)2
1 1
< 3" rie” + Ve —1)% + 32/ e2r® — 1(67’2 +Ver* —1)+ 5(62T2 —1)—e (75)
where we have used (71), (72) and (73) again.
Conclusion: The previous bound is greater than HY? (x,2') = —1 (because —e27 > —1). It comes that

3(61” 627"2 3/2 + 7,, /€2T2 14/ €r2 627’2

1
e + Ve —1)2 4+ 3r2/e2? — 1(e” +Ve2? — 1) + 5(62T2 — 1) —e 2 = G(r).

A<
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The function G is non-decreasing on R* as a sum of non—decreasing2 functions. Itzis negative for r < 0.32
(see [Giard, 2025, Section V.2]). Then &(r) can be chosen as —e™" /2G(r) = e~" /2|G(r)| (or smaller) for
r€[0,0.32]. O

Lemma J.4 (Curvature constants in dimension d > 1). Letr > 0. Let z,7" € R X [umin, +00)%. If d(z,2") > 7,
7\2
then Knorm (z,2') < 1—E&o(r) where &y(r) < 1—e~ 'z . Moreover, if d(x,x") < r wherer = % with 0 < rg <0.32,
then
—vHS Kporm (7, 2" )v > &2(7) Hv||i, Vo e R?

M

where &3(r) < 67%|G(7’0)| (G(ro) defined by (76)).

Proof. To get £y(r), remark again that d(x,z’) > r implies that Kporm(z,2") < e /2 (see (21)).
Reduction to dimension 1: For &5(r), we use the same reasoning as in Lemma J.3.

We denote ]N{OQ(.’E,.T/) = Knorm(:mx')_lg;,l/zHgKmrm(xl x’)g;,1/2. It§ maximum eigenvalue A is smaller than

maxi<i<oa{ Hy (2, 2') + 37, |[HF (x,27)[}. We denote HY? (x,2') = Hy?, (z,2") to specify that this coefficient
- - k71

corresponds to the derivatives w.r.t. by, b, where 1 <k, < d (b can be u or t).

We then remark that we can reduce the problem to dimension 1. First, according to (21), 4 (z,z') < r
implies that 4 (zg,x},) <r forall k=1,...,d. Using (65), we get for | # k

|Hb’ b (z, )| < |gb/1b{29b/11,//2Knorm(xkax;ﬁ)ilKnorm(mlaxE)ilab’ Knorm(xkaz;c)ab{Knorm(xlaxm )
;117{2 norm(xkvl';g)ilab;C norm(xkal'k)”gb/l// Knorm(l'l,x;)ilabiKnorm(xlam;)‘ . (77)

For [ = k, using (69) we have
A%, (0,2') < AR, (o)) = -1, AR, (0,2) < AR, (wah), AR, (@,0)] < B, @oap)]. (79)

Bounds for f{gf% (z,2"): We use (78). From (74) and (75), we have

1
rie” + Ve — 12+ 3r2Ve2® — 1(e” + Ve — 1) + 5(62T2 —1)—e

- 1
|H?;i;€ (z,2")] < %T3(6T2 + Ve — 3/2 \/ e2r’ —1\/ e + €2T2

Bounds for ff?fb; (z,2"), I # k: See [Giard, 2025, Section V. 3] We calculate

l\J\H

H’%?t?c (x,2")V ng% (z,2") <

and

_ (tk—t;c)\/Zui—i-TQ
1/2 -1 Iy — uituiZ+72
gx Knorm(wka k) VlKnorm(xk»xk) = (tkft;)2(2ui+7'l§) k WZ—u?
ﬁ(ui+u;2+‘r2)2 \/i(ui+u;2+‘r2)

With (71), (72) and (73), it follows using (77) that for | # k,
|th, — tl 2u;3 +72 |t — t’|\/2u’2 + 72
uf + u? + 72 ul +uf? + 72

<r2(e” + /e 1)

| t, t’(xaxl)‘ <

b

and
92, (0.01)| < It — t] 2u22—z7’2 ((tk—t’ )2(2uf +72) uf — u? ) |
uf +uf 47 V2(u? +ul + 7122 V2(uk +u +72)
<r erz—l—mx % (r2(eT2 +\/€2T2 —1)—|—\/@2T2 —1)
along with

_ 1 2
|H3§uz (z,2")] < 3 <r2(e’"2 +Ve2r® — 1) + Ver® — 1)
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Conclusion: The bound found for |}~12qu (x,2')| is greater than the one found for |ﬂ'&2tg (z,2")]. In fact, using

that e > 1+ 72,

2
(7’2(er2 + \/e2r2 -1+ \/62’“2 - 1) > r2(er2 + \/627’2 - 1)\/62’"2 -1+ %(62T2 -1,

1
>r2ye2r® — 14 5(27“2 F1)(e? —1),

| =

> 1
> r2y/e2r —1+§(2r2+1)(er2(1+r2)—1),
1 1
> r2/e2® — 14 0% + S+ e ~ S+ 1),

By 2
> r2y/e2m? — 14 r2e” .

Hence

1 : 1
A< §T4(6r2 + Ve —1)2 4+ 3r2/e2r® — l(e’"2 +Ver? —1) + §(€2T2 -1)- o2

1 2
+(d-1); (2 + Ve =+ Vet - 1)

+(d—=1rye + Ve —1x \% (7"2(6’”2 +Ver? —1) 4 Verr? — 1)

1 2 3
+ET3(6T n 627"2—1)3/”@’"%\/%,

d 2
= —e 2" pop2\/e2r? 1(eT2 + Ve — 1)+ 3 (7‘2(e’°2 +Ve2r? — 1) + Vezr® — 1)

+ j% e’ +ve2? — 1 (T2(6r2 1+ e2r? 1)+ Vezr® — 1)

+V2r\V e — 1\ e + Ve2* —1 = Gy(r).

Furthermore, r € RT — ve2r* — 1 is convex. In fact, for r > 0, using that 2’ > 1+ 2r?, we have

4 Ver? —1 227 (2122 — 4r2 4 27 — 1) > 202 (22 — 4r2 + 1+ 2r2 — 1)
e2r? — 1 =

or2 (€2 —1)3/2 = (€2 —1)3/2 =0.

[ 2r2
Let 19 > 0. Asr = % <rg, Ve’ —1< ef/dgfl and we deduce that G4(r)

<

'r2

ro < 0.32, this quantity is negative (proof of Lemma J.3). We can take &, (%) = —e‘ﬁG(ro). The choice of
T0 _

the dependence on d for r = Vi is intended to compensate for the term d(e%'2

Controls when 4(z,2’) is large The constraint 7 < up;, is used in the following lemma.

Lemma J.5 (Bounds under a large separation, in dimension d = 1). Let A > 0. Let z,z’' € R X [upin, +00).
Assume that 7 < umin. If d(x,2") > A, then
A2

< V2153.05¢ .

z,T

K (G (1)

mox |
(4,5)€{0,1} x{0,1,2}

Proof. The calculations in this proof are presented in [Giard, 2025, Sections VI.1 and VI.2]. Let z,2’ €
R X [tmin, +00) such that 4 (z,z’) > A. The following bounds on the operator norms are based on the simplified
expressions from Lemma J.1. We will use the inequalities

V2u? 4 724/2u'? 4 12 |u'? — u?| 2u? + 72 22 + 72
’LL/2+’U,2+7'2 u12+u2+7-2— ’ u/2+u2+T2— ’ u2

<3, (79)

y2

which holds since 7 < upijn. As it holds yle™ 1 < (%q)q/2 for all y > 0, ¢ > 1, we also have that for all
z,2" € R X [tmin, +00),

2
Vg>1 i K ) < (gq)q/ (2u? + 72)1/8(20/2 + 72)1/8
- ’ norm\ <, >~ ,

(u? +u2 4 72)% e (w2 + u2 4 72)7

(?) " (80)

IN
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We will also use that \/Knorm (2, 2') < e=2%/4 for d(z,2") > A (see (21)).
In what follows, we bound the 2-norm of a matrix M = (m;;);; by its Frobenius norm />, . mg;.

HK&%?En(x, z')||: We have |Kyorm (2, 2")] < ¢=2%/2 which is an immediate consequence of (21).

HKr(ul)?l)n(xv 2')|| : First,

Hl(](x x/) 1
Hflo( | ’) - Hlo(x?x/) = Knorm(xvxl) 9;1/2lenorm(x7xl) )
u x?‘r
(t—g/)\/@
2
= Knorm(l‘,x') (tft/)2(2u2+’u‘ll'2<§u +T u,27u2

V2(uZ+u2+72)2 V2(u2+u2+72)

Using (80) and (79) along with \/Kyorm (z,2') < 1, it comes

(81)
4v/2 1
and |H%(z,2")| < ( + > ,

hence HHlO(x,:c’)H2 < \/‘é + (% + \%)2 and

HK(U)) 2,1

norm

4 442 1 ?
= VKo@) [ HO (o, 0|, < 8774 2 4+ ( ' ﬁ)

HK&iﬁn(m, x') : We have

x,x’

rrll rrll
Hll LU (ﬁ \/ norm (E {E 1/2v VZ norm(x X )gI/ 1/2 = Knorm(m LC/) ~ ~tu
H

where

V2u2 + 72202 + 72 (t—t')2V2u2 + 72/ 202 + 72

HY(z,2') =

u? + o2 + 72 h (U2 + u'? + 72)2 ’
A (. ') = —(t — )%/ (2u® + 7%)V2u? + 72 N V2(t — ) (2u? + 72)V2u% + 72
tu/ \ s - \/ﬁu(zﬂ + w2 4 72)3 u(u2 + w2 4 72)2

N (t — ' (u'? — u?)(2u? + 72)
V2uN2u'? + 72 (u2 4 u/? 4 72)2
1L (o) = HLL (. 2),
(t —t)*(2u? + 72)(2u? + 72) N —2(t —t)2(2u? + 72)(2u? +72)  (t —t')*(u? —u?)?

Hip (2,2") =

2(u? + u? + r2)4 (u2 + u'? + 72)3 (U2 + u'? + 72)3
(2U2+T2)(2ul2+7’2) (U27’U/2)2
(uZ + w2 + 72)2 2(u2 + u? + 72)2

The constraint 7 < umin is used here, to control Y24 +7- 2“ +7° i 1 H}L. Using again (80), (79) and the normal-

tu’>

ization \/Knorm (2, 2') < 1, it comes

e T Ve

4 1
|HLL (z,2")] < 8) +8++1+> :
€ € &

2

3/2
|Hyp (2, 2)| V| Hp (2, 2")| < (ﬂ <€> 23 f) (82)



w

Honee A0 (e, < /(1042742 (57 28)"+ (34 242)7 ana

el (B0

: We use (70) to get the expression of
xl

™)

HK(H) x, x

norm

HKI(lgfx)n(fr,x’)

—1
02 02 ~1/2 779 N —1/2
H(x,2") = \/ Knorm(x, 7') H (x,2") Kporm(z,2") 9, ' "H3 Knorm(z, 2 )9, "~ .

NG

3/2\ 2 2
2 6 128 24 3

e |1 [3Y2 o8 =440
o= * \/E+ e + €2 + e +2

Using the same techniques as before, we find ||H02(:c,:v’)||2 \/ 142 (3\f +2(8 )3/2) + (B2 %)2 SO

HK(O2) x, :c

norm

: We denote

z,x’

HKr(llofzn(x x')

H12 ! J) J} \/ norm l‘ x gtt gz 1/28tHgKnorm(x x )g 1/2

and

H"?(2,2") = /Ko (@.0) 8?0200 H Korma (2, g, 12
Htl’i’l( ,I/) gwtl’i”l(‘r7x/)
Htl,i,l(x,a:’) H'2 (2, 2))

uuw

We find H!2:1 = Ko (z, x") with

(t — t)V/2uZ 1 72
U2 + u/2 + 7—2

12 (g, ) - ML OPVIT TR 4 202 (1 )T TP 1 )

Htl’%’l( Z, /):

Y

\/§(u2+u’2+7'2)3 \/§(u2+ul2+72)4
3(t —t)2V2u2 + 72v2u2 + 72(u'? —u?)  3vV2u2 + 72202 + 72(u? — u'?)
V2(u? + u'? + 72)3 V2(u? + u'? + 72)2
and
~12.1 , —(t =t 2u? +7)2V2u2 + 12 2(t —t)3(2u? + %)%V 2u2 + 72
Hyi (2, 2") = 2 L2 25 + 2 L2 24
2(u? +u'? + 72) (u? + u'2 + 72)
n 3t —t')3(u? — u?)(2u? +72)V2u2 + 72 (t—t )m(u —u/?)?
(u2 + w2+ 72)4 2(u2 + u? + 723
(t —t)(2u"? + 72)(2u® + 72)3/2 6(t —t')(2u"? + 72) (u? — u’z)\/m
+ 2 2 2)3 + 2 2 2)3 :
(u? +u? 4+ 72) (u? +u? 4 72)

Using the same ideas as before to bound the coefficients, we get

2 2
4 18v2 64 3 10\ /2 6\*? 15
12,1 / < = — —
| H2 (2, 2")]], < e+2< . +\f262+\/§> +<\@<e> +7\/§(e) +\/é
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ﬁllz’l(z, x') f{lz’l(x, x')

We also have H'22 = \ /K, o (, x') vr ! with
12, 12,1
H ,2) Hyl (@)
—(t—t)2(2u? + 12) u? —u'?

H5 2,2 =
t't ? \/§(u2—|—u’2+72)2 \/i(u2—|—u’2+72)’

lfftlli’,l(x,xl) _ (t —t")°(2u? + 72)3/2(2u® + 72) . (t—t)32u?+71 )1/2(2u +72)(u? — u'?)

2(u? + u'? + 72)° (u? +u? 4 72)4
4(t =) (2u? + 1232 (2u? +72)  (t—t)3(2u? + 12)1/?
(U + w2 + 12)3 (U2 + U + 72)2
3(t —t)(2u? + 7'2)1/2(2u2 +72)2 n 21(t — ') (2u? + 72)1/2(2u2 +72)(u'? —u?)
(u + u2 + 72)3 2u2 +u? + 7123

(t _ t/)(2u/2 + T2)1/2(u2 _ u/2)

+ 22 + u? + 72)2
and
ﬁlz’l(a: ) = V2(t —t)0(2u? + 72)2(2u? + 72) n 5v2(t — ) (2u? 4+ 72) (2u? + 72) (u? — u'?)
wu \ T A(u? + u? + 126 A(u? + 2 + 72y
3 2V2(t — ) (2u? + 72)2(2u® + 12)  V2(t — ) (2w 4 72) (u? — u/?)?
(’LL2 +u/2 +7-2)5 2(u2 +u/2 +7—2)
B 5v2(t — )2 (2u'? + 72) (u? — u'?)? n 5v2(t — )2 (2u? + 72) (2u'? + 72)2
A(u? + u? + 728 2u + w2 + 72)
N \/i(t o t’)2(u2 _ u/2)3 B 7\/§(t _ t’)2(2u2 + 7_2)(2u/2 + 7_2)(“2 _ u/2)
2(u? +u'? + 72)4 (u? 4+ u'? + 72)4
7V2(2u'? + 72)(2u? + 72) (u? — u'?) B V2(u? —u?)3
2(U2 +u/2 + 7 )3 4(u2 +u/2 +7-2)3
We get
2 5/2 3/2 2
44/2 1 10 6 36
<f+1> +2< () +6\/§() +>
e V2 \ e e Ve
| H?(z,2)], < < 153.05.

e3 e? e 4

2
. (432\/ 272\/ 60v/2 . 15\/§>

As this bound is greater than the one found for |H'*!(z,")||,, we deduce that

I+

nggzn z2)|| < V2153.05e 274,
This bound is the largest we obtained for I(lojr)m(x x') , hence it is an upper bound for all the derivatives
z,x’
investigated by this lemma. O

Lemma J.6 (Bounds under a large separation, in dimension d > 1). Let A > 0. Let z,2' € R? X [umin, +00)%.
Assume that 7 < umin. If d(x,2’) > A, then

K (x,27)

< V2d(170.5 + 25.78d)e 2/

’

wx |
(i,7)€{0,1} x{0,1,2} T,T

Proof. Let x, 2’ € R¥X [umin, +00)% such that (x,2’) > A. We use the decomposition of the kernel K orm (2, 2") =
szl Kporm (T, x},) to reuse the results proven in dimension 1 (see Lemma J.5). As in Lemma J.4, we use the
expressions for the operator norms given in Lemma J.1 and we bound the 2-norm of a matrix M = (m;;);; by

D 2- The calculations in this proof are presented in [Giard, 2025, Section VI.3].

3
(21), we still have |K{00, (z,2')| < e=2%/2.

HKnorm x, .13

HKnlogm(x,-T )

: We recall that the notation Oy, Kporm (resp. 8b;cKnorm) refers to a derivative w.r.t. to the
X
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first (resp. the second) variable of the kernel, where by is tx or ug. The decomposition of the kernel gives
Oy, Knorm (7, 2') = O, Knorm (T, ) Hi&k Kyorm (21, 2}). Using (80) for Kyorm(xk, x},), we get that

2

It — t4 7 2\

>1, — Rl i < (A .
va=1, (u? +up +72)% norm (2, ) < e

We have

d _
—1/2 1/2
|gbkb<c abk‘Kvnorm(:Ey33‘/)| S HKnorm((Elum ) Knorm(xka'r;c) ‘gbkb{c 8kanorm(xka$;g) .

The term in the right-hand side has already been dealt with in Lemma J.5: (81) gives a bound for

‘ \/ norm xkvxk gbkb,\ norm(mkaxk

that we denote by BH&“ (note that this bound does not depend on A). So
k

= |Hbl;?(xk>$;c)| )

— A2
185,06 Knorm (,2')| < €2/ Bppso

Hence HKS,%I(J;, x’) <d Bzm + BH10 e—A%/4 < 3.05\/E€_A2/4.

HK,%QH(x, x') We use in the same way as for BH<10) the notation BH(11) , denoting the bound obtained in

z,x’ by b,
Lemma J.5 for gfﬂk 6bk bi. Krlorrn(xk’xk)gil/z Knorm(xk"rk) = |}Ibkb§C (‘xkvxk” (See (82))' For k 7é l7
d
1/2 1/2
‘gbk by abkb’Knorm(fEkaxk)gb/b// | < H Knorm xma m ‘ norm(mk»xk) gbkb/k akanorm(irk‘»x;g)

X

)

—1
’ -1/2 ’
Knorm(xlvxl) gb;bz ab; Knorm(zl; 'Tl)

2 2
<e A /4BH10BH01 =e A /4BHloBH10 .
by b b by
For k = [, we have in the same way

|g_1/26ﬁkt;C norm(xk;zk)gt/lt/Q‘ S —a? /4BH11

trtr ;0
toth,
1/2 —
|gukuk ukt;CKnorm(-Tlmxk)gt/ t’/ ‘< € A? /4B ii 0
k
|guk11{;?auku;cKnorm(xk7xk)g /1//2‘ <e - /4BH11 ,
uk u
So
d(d — 1)3;*110 +d(d — 1)3;*{10 +2d(d — 1)B%10B¥o
R
norm z,x’ - + ZdBHll + dBHu —+ dBHll

the, u T t Ul s u

< (9.25d + 6.95)e 2/

HKI(lgfl)n(x,x’) 1/2

: With the same arguments, the terms of g;,l/ 2H29Kn0rm(x,x’ )8,/ '~ corresponding to deriva-
1:/

tives taken in b}, b, with k # [ can be bounded by e‘A2/4BH1oBH1o. We bound the terms corresponding to

2 2 . .
k = [ with e=2” /B> or e /*Bpoa  or e /4BH02 y , where BH02 . denotes again the bound obtained
Ttk TV ug k b3 bl

in Lemma J.5. We get

d(d — 1) B0 +d(d — 1)3;510 +2d(d — 1)B%10 B30
HK(OQ ) tk B Tk

norm

' + QdBHoz + dBHoz + dBHoz
thou! [ w! u!

kk Ttk k7K

< (9.25d + 45.9)e27/4.
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: We denote M, = gb:b{fg;,lmﬁbkHgKnorm(:z,x’)g;/ /2. The terms at positions b}, b, where

1"Ym

HKI(ﬁl)n(x, x’)

x,x!

I # mand [, m # k can be bounded by e~ /4BH10 BHloBHlo . The terms at positions b}, b, or b}, b] where ! # k

can be bounded by 6_A2/4BH11 BHw or e=2’ /4BH11 BHm The terms at positions b}, b/, where | =m # k
b uk

can be bounded by e=A%/4 BHmBHoz . The terms at positions b}, b!, where [ = m = k can be bounded by

’Ym

2
e 2/ B a4, or e~A’/4pB

’
A

A4 o _
Ht1/2 by or e / BHl? b - Writing M, = (mb’b’m)b’ bl €€t .y} WE USe the
K"k Yk Uk

following bound for its 2-norm: ||M,, ||, < max; \/m v mt, ,+ m? we T m? wu T \/Zl;ﬁm mb, b It comes that

’

2
||MtkH2 < e_A /4 (max {\/B?{mB?{?Qt/ + 2BH10B?_102 L + BHloB?{321 s \/23?_112,1 + B?{m,:/ + le?,l ) }
ke

(d® = 34 +2) B30 (Blyo +2B30 By + By )
tr th up Uk
+
+2(d—1) (BHH Bi,m +BH11 BHm +BH11 Bipo + B pr())
t Uk

tpul

and

2
HM’lMcHQ < e_A /4 (max {\/B?_IIO Béoz + 2BHm B?{r)z " + BHm BHO? L \/23?112,2 + B2HIQ,2 + lez,z }

Uk .ty Uk th, uf ug

(¢ = 3d+2) B (Bl + 28330 B0 + Blno )

U bl Ele up up
+
+2(d—1) (BHM Bi,m + BHH Bzm + B3 Bi,m + B BHN)

ukt uku uku

e~ 2741705 + 25.784) .

r(ﬁr)n(x x’)

< V/2d(170.5 + 25.78d)e =2 /4, O

z,x’

As this last bound is greater than the previous one,

Choice of r, A for the LPC

Proposition J.1 (Ko satisfies the LPC, d = 1). Let s > 2. Assume that X C R X [Umin, Umax] and that
T < Umin. Then Kyom satisfies the LPC (see Definition 5.2) with parameters s, A(s) = 2\/13 88+ 1In(s — 1),
r = 0.3025, £5(0.3025) = 0.13139, £¢(0.3025) = 0.04472.

Proof. To establish that K, ..., satisfies the LPC, we first determine the size of the near regions r, giving the
constraint on the minimal separation A (see Definition 5.2).

go(r) &2(r)
By Bo

J.2. This allows us to get the smallest A (see item 3 of Definition 5.2). Graphically, we choose r = 0.3025 (see
[Giard, 2025, Section VII.1]). We can take £5(0.3025) = 0.13139 and £(0.3025) = 0.04472. Then

We want to pick r such that &(r),&2(r) exist and g; min{ } is maximal, using Lemmas J.3 and

1 . <0.04472 0.13139

> 0.000204618 =:
By ’ By ) - “r

(see [Giard, 2025, Section VIL1]).
Let s > 2. The minimal separation A(s) must satisfy item 3 of Definition 5.2. Using Lemma J.5, it suffices
that

(s —1)V2153.05¢" "1 <e¢,,
i.e. that A(s) > 24y/ca + In(s — 1) where ca = 13.88 > In (%) (see [Giard, 2025, Section VIL1]). O

Proposition J.2 (K, satisfies the LPC, d > 1). Let s > 2. Assume that X C R% X [tmin, Umax|? and
that 7 < Umin. Then Kpom satisfies the LPC with parameters s, r = %3925 z)(r) = 0.13139, &o(r) = 29894

Vd 2d
A(s) = 24/11.9 + 31In(d + 6.62) + In(s — 1).

Proof. We take Proposition J.1 as a starting point. We make use of Lemmas J.2, J.4 and J.6. Setting r = 0.?/0325’

2
we can take &»(r) = 0.13139 (as in dimension d = 1) because d € N* +— e~ 2¢|G(rq)| with ro = 0.3025 is non-
decreasing.
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Furthermore, for r < 0.3025 we have 1 — e T/2 > 0.977§. In fact, for 0 < ¢ < 1, denoting
+ 77,2/2 T
e:reRT—1—e —c—

we have £ 90.(r) = r(e —m*/2 _ ¢) so O, is increasing then decreasing. Then remark that 0.(0) = 0 and
Oo.o77(0.3025) > 0. So we can take &(r) = 29894 < 0.9772:3025 3025 (see [Giard, 2025, Section VIIL.2]).

Moreover, 1+138’2<51)Bm < 1+§§2(l312 (see [Glard, 2025, Sectlon VIL.2]). So

1min< 50(7“) 52(7“) ) > i Eo(’l“) > i 0.0894
64 1+ Boo+Big 1+ Boas+Bia) ~ 641+ Bog+ Big — 642 (2+\/

= Cd,r -

The minimal separation should verify (s — 1)v/2d(170.5 + 25.78d)e’A(5)2/4 <ca,r, i.€.

A(s) > 2\/111 (0.(?;194) +In ((170.5 + 25.78d)2d(2 + \/ﬁ)\/ﬁ) +In(s—1).

It suffices that A(s) > 2,/11.9 + 31In(d + 6.62) + In(s — 1) (see [Giard, 2025, Section VII.2]). O

K Proofs of Section 6

K.1 Proof of Lemma 6.1

We construct nypsc in the same way as in Theorem 5.2, but we do not track the constants and dependence
on d. We first determine rypsc such that nypsc can satisfy (NDSC). Then we prove that Kom verifies the
LPC (Definition 5.2) with r = rypsc and a sufficiently large minimal separation, showing the existence of the
non-degenerate certificate nypsc-

Choice of rypsc: Given rypsc > 0, according to Lemma 1.2 it suffices that

Bos + é2(""NDSC)/16
2

1—

%(m,w?)Q >—-1 Vze XJM“T(TNDSC) (83)
to have nypsc > —1 (the existence of this certificate is proven later). Lemma J.2 gives By = v/4d? + 10d. To
bound 04(z, %)%, we use Lemma H.7. If 4(z,29) < V2, we have d,4(z, 2 0)? < dF(d(x,z})) where F is defined

by (62) in the appendix. We remark that F is continuous on [0, v/2[ and that F(0) = 0. Furthermore, if r < %

we can take &5(r) = e~ |G(0.32)| (see Lemma J.4). This quantity does not depend on r. So there exists
0 < rypsc < % (that depends only on d) such that (83) is satisfied.

032

LPC and existence of nypsc: It remains to show the existence of nxpsc, a global non-degenerate certificate of
the form (18) satisfying Definition 3.2 where the near regions are of radius rypsc. We first prove the LPC with
this choice of radius, choosing A large enough, and then make use of Theorem 5.2.

The curvature constants &o(rypsc) and &2(rypsc) are given by Lemma J.4. The separation A(s) should
satisfy

_A)? 1 . éO(TNDSC) éQ(TNDSC)
—1)v2153. .
(s —1)V2153.05¢"~ 1 < o ( B B

s 2
Such a A(s) exists as e~ =7 A )—> 0. It depends only on d (through &y(rxpsc) and &2(rypsc)) and s. Then
s)—+00

Kporm satisfies the LPC (Definition 5.2) with these parameters.

Finally, Theorem 5.2 applies. The minimal separation Aypsc follows from Lemma 5.3. It depends on d,
Umin, Umaxs T, Txpscs A(s). Under this separation, we can construct a non-degenerate certificate nypsc verifying
Tnose > —1. We can also construct local non-degenerate certificates 1 xpsc for j =1,...,s.

Negative definiteness of V2nypsc( 0)' Let j € {1,...,s}. To show that VQUNDSC(l‘?) is negative-definite, first

remark that V*nupsc(2]) = Da[nxpsc] () because Vispsc(2)) = 0 (equality of the Riemannian and Euclidean
hessians, see Definition 5 1). Then, for v € R? such that [|v|| 0 = 1, using the control on the near regions (proof
J

of Theorem 5.2) we deduce that

B g 13
Ds[npscl(z9)[v, v] < K{92) (22, 29)[v, 0] + HDz[nNDsc](x?) — Ko (29,29 < —&+ 1; = %
J
So for all v € R??\ {0}, _
UTVZnNDSC(z?)U HU” :0 T5 <0.
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K.2 Proof of Theorem 6.1
We begin with a preliminary result.

Lemma K.1. Under the hypothesis of Lemma 6.1, Gg, is full-rank, where

Gy : (1, a),(B1,. .., Bs) € R® x R2%¢ 1y Zajwm? + Zﬁfvgc(\wz?) . (84)
j=1 j=1
Moreover, B = maxp—o,1,2SUP,cx HV’;\II(&C)H]L ,, < 00 where
HVS:(‘I’(SJU)HL,O = ||‘I"S ||]L )
HV;(\P&C)HL’I = ‘8tk \116 ”]L) a(”auk(‘lléw)H]L) = Hz )
V2w, , = |8t2ktl (Vo,) H 1<ki<a (||0F, (¥ J1<k,i<d
: - ’ tkul || 1<k,l<d ||8u;€u, 1<k 1<d

Proof. Gg, is full-rank: We used the invertibility of T (see (63)) to construct nypsc: we already know that
Zaanorm(x?,-)—|—Zﬂ.?V1Kmrm(x?,-) =0 = «a;=0,0=0RVYji=1,...5

B < 00: It can be deduced from the fact that z — W6, is C* on the compact X (Remark 5.1). O

Below we present the main steps of the proof of Theorem 6.1, adapted from [Duval and Peyré, 2015, Lemma
2, Proposition 7] and [Poon, 2019, Section 4.3]. We work under the assumptions of Lemma 6.1: there exists
Nnpsc Of the form (18) that verifies |nypsc| < 1, [Napsc(@)] =1 <= x € {w?}j and VQnNDSC(mg) < 0 for all
j=1,...,s (Non Degenerate Source Condition, or NDSC).

Dual, noisy and noiseless problems We denote D, ; the dual problem with regularization £ and noise b.
More precisely:
argmax  (Vug,,p); (Do,o)
PEL, | ¥ p|l o <1

is the dual problem of

arg mln @]y such that Wp = Wpl . (Poo)
HEM(X
For k > 0, the dual problem is
2
arg min Hg — pH , (Dr.p)
PEL, (| p|| <1 L

where we observe y = W0 + b (i.e. b =T,,). Its solution is unique. It is the dual problem of

arg min — Hy pll? + 5 ||l py - (Pr.b)
HEM(X )

We use the notation p,.; for the solution of the dual problem, and 7., = ¥*p, ;. For & = 0, we choose the
particular dual solution defined by (pg o).

The dual and primal solutions are connected via the subdifferential of the TV-norm: we recall that for
n € C(X) and pu € M(X),

n€dpullry = (Inlle <1, supp(u™) C {n=—1}, supp(u™) C {n=1}) .

Strong duality ensures that for u,ﬁ » a solution of the primal problem, 7, € 0||ttxp|lpy.- Moreover, for £ > 0
we have p,, = 77(\Ilu,.i p— Uud —b).

Lemma K.2. Under the assumptions of Lemma 6.1, pl, is the unique solution of (Poo). Moreover, mgo =
Nwose|l x» = ¥*Po,o where poo is the solution of (Do) with minimal norm, i.e.

Po,0 = arg min {HPH]L : U'ped ||p’g||TV} :
pelL
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Proof. As fxpsc|y €0 HngTw we deduce that pg o is a solution of (D), linked to any solution pg,0 of (Poo)
by ¥*po,0 = Nwosclxy € O |1o,0llpy- S0 supp(o,0) C {|Mwosclr| = 1} = {x? i_1. Using the injectivity of G,
(Lemma K.1), we have g9 = ul.

Moreover, as fypsc (which is of the form (18)) verifies the NDSC, [Duval and Peyré, 2015, Proposition 7] shows
that pg,o is of minimal norm. O

Lemma K.3 (Convergence of the dual solutions). It holds that ||p.0 — poolly, =, 0
K—
b
Moreover, ||p,<,,b *pn,OH]L < %

Proof. ||px,0 — poolly, mjo 0: Using that p o is the solution of (D, ) for b = 0 and pg is a solution of (Dy ),

writing y = Uud we have
K 2 R 2
(Y, Pr,0)y, — 5 loeoll” > (y,po,0)y, — 5 lpooll” and  (y,po,0)y = (¥, Pr0)y -

We deduce that ||psoll; is bounded by |pooll,. Given s, — 0, as the closed unit ball of a Hilbert space is
weakly sequentially compact, we can extract D, 0 that converges weakly towards p* € L.
We show that p* = pg,o. We have (y,p*);. > (y,P0,0);, 50

(1 TP7) > (i Opo.0) = (13| -
We also have that U* is weakly continuous from L to C(X) so

195 e < 27wy 0| =1,

hence p* € 9 H u&! Finally,

v

Ipooll, > limind ., of > 9"l

as if h, — h in L, then ||h||? < liminf ||k, |7. Hence p* = poo.

Then py,,, 0 — po,o strongly because Hp,{nk,o‘ — |lpooll;, and Prn, 0 — Poo- Finally, py o nkjoc Po,o strongly

L
because any convergent subsequence of (py o), has limit pg o.

1Pk — Prolly, < %: The mapping P : £ — p, p is the projection onto a close convex set so it is non expansive:
for hi,ho € L,

<h1 — P(hl), P(hg) — P(h1)> S 0 and <h2 — P(hg), P(hl) — P(h2)> S 0.
Subtracting the two and applying Cauchy-Schwarz leads to
(P(h1) = P(hg), P(h1) — P(h2)) < (hy — ha, P(h1) — P(h2)) < ||h1 — ha|[ || P(h1) — P(h2)]| .

Hence
<

Tl +b— 00
PR OSSR

K

L]
uly

O

Proposition K.1 (Sparsity of the solution). Under the assumptions of Lemma 6.1, there exists kg > 0, 7o
such that for all k < ko and b such that ||b||, < ~or, the solution .y of (P.yp) is a discrete measure and has
at most 1 particle in each Xj"e”(r,msc).

Proof. Using NDSC, the fact that X' is compact and that diam(X[**"(r.)) =, 0, we deduce that there
Te—>

exists &€ > 0, 7e €]0,7wpsc] such that |ngo(z)| < 1 —e for all 2 ¢ [JX*"(r;) and V2ngo(z) < —el for all
e JArer(re).
In light of Lemma K.3, we can choose &g such that for all & < &o, B ||px,0 — po,oll;, < § (where B is defined in

Lemma K.1). For [[b]|, < ok with 7o = ;5, using Cauchy-Schwarz we get that for all z € &,

||vk77r€,b(x) - VkﬂO,O(x)HLk < lei,b _p0,0HL HVI:Z\II((SOC)H[L,k s
b
<5 (P oo - ool )

<

DN ™

So [nsp(x)| < 1 for all & ¢ |J X" (r.) and V>, (x) is negative-definite for all z € |J X" (r.). Hence there
exists at most 1 point in each X[***"(r.) such that 7, p(z) = 1. As 9 € O ||ptspllpy, we deduce that pu,p is a
discrete measure and that it has at most 1 particle in each X7**"(r). O
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Lemma K.4. Under the assumptions of Lemma 6.1, there exists kg > 0, vo such that for all k < kg and b
such that ||bl|, < Yok, fup is a discrete measure and has exactly 1 particle in each X]”e”(r,wsc).

Proof. We take Proposition K.1 as a starting point. We show that p, ,(X]***"(rz)) > 0 for [|b]|, < yox and
k < ko with kg < Ko small enough.

It suffices to show the weak* convergence of i, ;, towards pu as k — 0 and for [|b]|;, < yox (this result is also
stated in [Duval and Peyré, 2015, Proposition 4]). We have

1 1
S0+ b= T v < 5 M2 + s ||y

since (i, , Minimizes

1
e 5 [0l +0 = WL+ £l -

Dividing by &, it follows that ||fx ||, is bounded by - %y + H,uw HTV So we can extract u; a weak* convergent

subsequence of . as k,b — 0 with ||b]] < yox. Let u be its limit. By the lower semi-continuity of the TV

norm for the weak* convergence, ||1*|| vy < Hminf ||l oy < |00 To establish p* = ul, it remains to show
llll

< lolly
K

e

that Up* = Wud (because pl is the only solution of (P ), see Lemma K.2). Recall that ||p. —
. . 2

and that p,p = f%(\llp,@b —Uud —b), giving [Wpiep —b— Wi ol < [|b]l. As ||\Ilu,.€70 — \IlugH]L < 2k ||,ugHTV

(because Ji 0(tr,0) < Jx0(pl)), it comes

W0 = Ol < 1Wpep = Wi oll, + [ Wro — Ul

<2l + /26 [y -

As U is weak* to weak continuous from M(X) to L, for all p € L we have
[ (0, (= ) | = 1 (o W (" = )y |-

Applying Cauchy-Schwarz, we have | (p, ¥(ux — p3y)), | — 0 from which we conclude that (p, ¥ (u* — pl)), = 0.
So Up* = Wpud, and pu,,, converges towards p, as £ — 0 and [|bl|;, < yor for the weak* topology. This concludes
the proof. O

K.3 Proof of Corollary 6.1

2
Ifn > W, choosing k = W we have k < Kg. Moreover, it holds that ||T'y| < ok with

Y0 2
probability greater than 1 — Cre ( r ) (c.f. Lemma 3.1 where we took p = 78,2“). Theorem 6.1 applies:
T

o =2 5-1 w}dgx where wy >0 and x5 € X" (rypsc) for all j =1,...,s.
From (28), using ||I', ||, < Yo and ||pxosc|l, < v2s (see Lemma 6.1), we have
K
‘DTINDSC (:u;;,wv Mg) < 5(’70 + ”pNDSC”]L)2 )
c
< V2s)?. 85

Bound for [w) — w?|: Recalling (32), as 115, o (X797 (rypse)) = 0 we have

527NDSC

D"7NDSC (N;,wvﬂg) )
sc

jw§ = wi| < llpjwosclly (21Tl + 25 Ipsoselly) +

€2 NDsc

S 2K ”pj,NDSCH]L (70 + ”pNDSCH]L) + D77NDSC (/’L:L,w’ :ug) ’

2,NDSC

(QW)d/ZTdﬂ\f (2\[(70 +V/2s) + (’Yo + \/»)2: :zzz> .

The second factor of this product only depends on X, 7 and Y.
Control of d(z%,z}): Using (85) together with (31), we get

1 Cr
04
Z“’ ) S e BT 0 V)

60



To control the proximity between x? and 27 with the semi-distance, we use Lemma H.5. It comes that

- <€~3 NDSC Cr
)’ < o 25)2
jzle (@}, 25)” < €2,npsc 2(27T)d/47-d/2\/ﬁ('70 + \/>s)

where £3 npsc only depends on 7ypsc. As wi > w? — |o.)§J - w}‘\, if \wJQ —wil < wJQ then

1 0

d(z%,29)? < ——————wid(x%,29)?,
AR w;)_|w§)_w;f| RS AR
1 €3,npsc Cr 2
: + V2s)°.
S T~ ] eamac 2R 0 V2S)
Recalling (23) and the condition 2 > W, if ¢, is chosen as ¢, = o (v/n), there exists ng € N
k olem T ’ n— 400
depending on (cx.n)n, 1%, X, 7 and & > 0 that depends on p°, X, 7 (through o, w?, s etc.) such that for all
) o K J
> 0 w¥| < W and Zampse Crot/2s) < & with probability at least 1 — Cre” ("6
n > np, [wj —wj| <w; an =2 Npsc 3EN A7 0w < Co with probability at least re
Then d(z},29)* < & c\“/’g.
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