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Abstract

We investigate the global optimization of the objective function arising in continuous sparse
regression, specifically the Beurling LASSO (BLASSO), over the space of measures. While
Conic Particle Gradient Descent (CPGD) methods are computationally efficient, they may
become trapped in local minima due to the non-convexity of the parameterization. To
overcome this limitation, we introduce Fast Spawn&Prune (FS&P), a stochastic algorithm
that extends FastPart introduced in De Castro et al. (2025a) and combines CPGD with
a birth-death process. The birth mechanism ensures asymptotic global exploration by
introducing particles in regions where first-order optimality conditions are violated, while
the death process preserves computational efficiency by pruning non-informative particles.
We provide the first theoretical guarantee of global convergence for this class of discrete-time
stochastic algorithms, without requiring exponentially large initializations. Furthermore,

1
we derive explicit convergence rates for the excess risk, which scale as (’)( (log K/ K )2@+a) ),
where K denotes the number of iterations and d the dimension of the domain, thereby
quantifying the trade-off between global exploration and local refinement. Moreover, the

sample complexity is O(N B 4<21+d>) (up to logarithmic factors). We also propose a horizon-
free variant that does not require prior knowledge of the iteration budget.

Keywords: continuous sparse regression, conic particle gradient descent, birth and death
process, global convergence, stochastic optimization

1 Introduction

Continuous sparse regression has been at the core of numerous studies in statistics and signal
processing. In particular, it encompasses a wide range of models and problems, including
statistical mizture models, deconvolution problems, and neural networks. We refer to Candes
and Fernandez-Granda (2014); Azais et al. (2015); De Castro et al. (2021); Duval and Peyré
(2015); Giard et al. (2025), among others.

In this paper, we do not focus on the statistical properties of the estimator p*, but
rather on the underlying optimization problem. Indeed, attaining the exact global minimum
is not strictly necessary in practice; approximate solutions are often sufficient to achieve the



desired statistical guarantees. While a thorough analysis of these properties lies beyond the
scope of this paper, we refer the interested reader to Appendix F for a brief overview.

From Over-Parametrization to Global Convergence The optimization of a non-
convex objective J via particle discretization has undergone significant theoretical advances.
The seminal works of Chizat and Bach (2018); Chizat (2022) established that, in the overpa-
rameterized regime—where the number of particles is very large—gradient descent dynam-
ics can benefit from a convexr optimization landscape. Specifically, in the mean-field limit,
the gradient flow converges to the global optimum, provided that the initialization assigns
strictly positive mass to every measurable subset of the domain &X'. This regime effectively
convexifies the problem by allowing mass to flow freely toward the optimal support.

However, the computational cost of deterministic particle gradient descent scales poorly
with both the number of particles and the dataset size. To address this issue, recent works
have investigated stochastic approximations (De Castro et al., 2025a) and sketching tech-
niques (Poon et al., 2023; De Castro et al., 2025b). In previous work, the authors analyzed
Stochastic Conic Particle Gradient Descent (FastPart) in the overparameterized regime.
They showed that replacing exact gradients with unbiased stochastic estimators (via mini-
batching and random features) significantly improves time complexity while maintaining
strong stability guarantees, in particular the boundedness of the total variation norm along
the trajectory and local convergence rates.

Despite these advances, a critical gap remains regarding global convergence for discrete-
time algorithms with sparse initialization (i.e., with few to a moderate number of particles).
Standard gradient descent methods, including their stochastic variants, are primarily local
search methods and struggle to transport mass to remote regions of the domain when the
current support is far from the optimum. As a result, the discrete algorithm may remain near
stationary points where the first-order optimality conditions—namely, the non-negativity
of J],, the Fréchet derivative of the objective—are violated in regions devoid of particles.

Fast Spawn&Prune and the Birth/Death Process In this paper, we introduce
FS&P, an algorithm that augments stochastic conic particle gradient descent with a Birth
and Death process. This mechanism is designed to bridge the gap between local descent and
global exploration. The Birth Process acts as a global corrective mechanism. It detects
violations of the first-order optimality conditions—specifically, regions N, where the so-
called dual certificate J), satisfies J], < 0—and introduces new particles in these areas. This
mechanism ensures asymptotic global exploration and prevents the dynamics from becom-
ing trapped in local minima. Unlike greedy methods such as Frank—Wolfe algorithms, which
require solving a global minimization problem for J/, to add a particle, our approach simply
samples random points within the negative regions N, of the certificate J),, making it sig-
nificantly more computationally tractable. The Death Process maintains computational
efficiency by pruning non-informative particles. Exploiting the convexity of the objective
function over the space of signed measures, we show that removing a particle whose weight
is small and for which the dual certificate J), at its location is sufficiently large (i.e., in
the regions P,) strictly decreases the objective value. This provides a rigorous criterion
for reducing the number of particles—and consequently the computational cost—without
compromising convergence guarantees.



Our main theoretical contribution is to prove the global convergence of this scheme.
The Stochastic Conic Particle Gradient Descent with Birth and Death is a discrete-time
algorithm that constructs a sequence of measures (v4)r>0 from the discretized version of
the objective function J(-) by encoding the measures as a finite sum of particles (Dirac
masses). Let (g)r be a sequence of exploration parameters controlling the intensity of the
birth process at iteration k. At each iteration, the algorithm performs the following steps:

e Weight and Push-Forward Update: Each particle’s weight is updated via an
exponential weighting scheme based on the local value of the dual certificate J;, (the
so-called conic descent). Simultaneously, the positions of the particles are adjusted
using a so-called generalized gradient descent step to ensure they remain within the
domain X. A descent lemma (Proposition 2) quantifies the decrease in the objective
function due to these updates, giving the intermediate update vy — vp,+.

e Birth Process: New particles are introduced by sampling from regions Nyk + Where
the (updated) dual certificate Jl/’k . is negative (which can be done in practice using
rejection sampling, for instance). The number of new particles added is proportional to
the exploration schedule parameter €, which decays over time to balance exploration

and exploitation.

e Death Process: Particles located in regions P, , where J;k . Is sufficiently large are
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safely removed (with theoretical guarantees) from the measure. This pruning step

helps control the total number of particles, ensuring computational efficiency.

e Stochastic Gradient Estimation: To further enhance scalability, the algorithm
employs stochastic approximations of the gradient using mini-batches of data and
random feature mappings (sketching). This reduces the computational burden asso-
ciated with evaluating the full gradient at each iteration.

We start by presenting the continuous sparse regression framework and the key mathemati-
cal objects involved in the optimization problem. We then detail the Fast Spawn&Prune
algorithm, including the weight and push-forward updates, as well as the Birth and Death
processes. Next, we derive explicit convergence rates that depend on the dimension of the
domain X, reflecting the cost of global exploration. We show that, under suitable assump-
tions on the exploration schedule (gi)x, the sequence of iterates converges to the global
optimum.

1.1 Continuous sparse regression

Let X € R? be a compact convex set (equal to the closure of its interior) and consider
(M(X), ] - |ltv) the space of signed measures, defined as the topological dual space of the
space (C(X), || - l|so), the continuous functions endowed with the infinity norm. Let H be a
separable Hilbert space and let @ : M(X) — H be a linear map, referred to as the (forward)
measurement operator. We define the BLASSO problem (Candes and Fernandez-Granda,
2014; Azais et al., 2015) as

. . 1 2
p* € argmin J(pu) where J(p) = §Hy—<I>uHH+/<;HuHTV, (P)
REM(X)



where x > 0 is a regularization parameter and y € H is some observation. We assume that ®
is a bounded linear and weak-* continuous operator and one can prove (see Lemma A.1l in
the appendix) that

D VEM(X)|—>/ erdr(t) € H, (1a)

x
where t € X — ¢; € H denotes the feature map. One can define the model kernel K (-,-) as
Vs,t e X, K(s,t) := (s, p1)m - (1b)

We make the following assumption on the program (P) throughout this paper, which is
satisfied for standard kernels on compact sets X', such as the Gaussian kernel for instance.

Assumption (Hp). There exist constants ¢p > 0 and €p > 0 such that the observation
y € H is bounded in H, namely:

lylle < €p,

and the kernel K (-,-) introduced in (1b) is

e Smooth: Twice continuously differentiable
mac {|K ) oer [VoE (oo [ V2K (o } < €p, (2a-(Hp))

where || - || is the infinity norm (each case over all s,¢t € X') of the absolute kernel
value, the Euclidean norm of the kernel gradient with respect to the first variable and
the operator norm of the kernel Hessian with respect to the first variable, respectively.

e Normalized and positive:

Vs, t € X, K(s,t)>c¢p >0 and K(t,t)=1. (2b—(Hp))

Remark 1.1 Note that Equation (2b—(Hp)) yields K(s,t) € [cp,1], for any s,t € X.
Note also that (see Lemma A.2) the so-called kernel metric dg(-,-) (see (Steinwart and
Christmann, 2008, Eq. (4.80))) satisfies

Vsite X, di(s,t) = [lor— esllu < VEp|T— s, (3)
where || - || is the Euclidean norm on R%. We will use the Lipschitz property throughout

this paper.

1.2 First order optimality condition

Symmetrization trick Following Chizat (2022), we address the optimization problem
over the space of signed measures M(X') by lifting it to the space of non-negative measures,
denoted by M (X). This standard argument is presented in Section A.4 (in the appendix)
and, from now on, we assume that the feasible set of (P) is M4 (X).



Fréchet differentiation: the dual certificate For any v € M, (X), the Fréchet
derivative of J() is denoted by J;, € C(X) (referred to as the dual certificate). By Lem-
mas A.3 and A.4 (in the appendix), the dual certificate enjoys the following equality, for all

ve Mi(X) and 0 € M(X) such that v + 0 € M (X),
1
Jw+0) = JW) = (J),0) + Sll®(@)l% (4a)

and
Vte X, () = (¢, ®(v) — y)u + k. (4Db)

Remark 1.2 (Lipschitz continuity of the dual certificate) As established in Lemma A.5
(see the appendiz), the dual certificate J), is Lipschitz continuous with respect to the spatial
variable t € X. Specifically, its Lipschitz constant £(v) satisfies

£(v) < Vep(Cp +|lvfv)

where €p is the Lipschitz constant of the feature map t — @ (derived from the ker-
nel smoothness in Assumption (Hp)). This smoothness is crucial for the descent lemma
(Proposition 2), as it ensures the gradient does not vary too much between close particles.
Note that this bound depends on the mass of the measure |v| v, which we prove remains
bounded by a constant €y > 0 throughout the algorithm. We can define the uniform
Lipschitz constant £ of the dual certificates J), as

£:=/Cp(Cp + Cry). (4c)

Remark 1.3 (Bounds on the dual certificate) Note that the dual certificate (4b) sat-
isfies, for any v € M (X) and any t € X,

Wy + €p + > JL(1) = / K(s,t)du(s) — (oo + & > cplvllov — Ept 5 (5)
X

under (2). The bound (5) will be used to prove that the measure updates (Vi) have bounded
total variation.

Optimality condition The dual certificate J|, plays a central role in solving the prob-
lem. In particular, it enables the characterization of solutions to our optimization problem,
thereby emphasizing its importance. We have the following proposition; see, for instance,
(Chizat, 2022, Proposition 3.1).

Proposition 1 (Karush—-Kuhn—Tucker (KKT) conditions) A measure v* is a mini-
mizer of v— J(v) if and only if J).(t) > 0 for allt € X and J).(t) = 0 when t belongs to
the support of v*.



The KKT conditions in Proposition 1 provide a natural rationale for the particle birth and
death dynamics proposed in this algorithm. First, the requirement that J). > 0 implies
that any region where the current dual certificate is negative (J/, < 0) corresponds to a
local violation of optimality. This motivates a Birth process to inject mass into these
under-represented areas. Second, the complementary slackness condition implies that the
support of the optimal measure is contained within the zero level set of the dual certificate.
Consequently, particles located in regions where J), is strictly positive should be pruned or
down-weighted to reduce the objective value, thereby justifying a Death process.

1.3 Weight & Push-Forward update

To adopt an optimization perspective on the functional J(-), we can formulate an ideal
algorithm that recursively generates a sequence of measures (v)>0 via a so-called conic
gradient descent on J(-).

Generalized descent on X' While the dynamics of the weights of the measures are made
explicit through an exponential-weight descent, we also need to update the positions of the
support points of the measure. Since the measure is supported on X', we must therefore
constrain the particles to remain in X'. This is ensured by the following proximal approach,
which we briefly describe below. We refer to Ghadimi et al. (2016) for further details. Given
a step size § > 0, we define

. 1
Vie X, YveR?, t;rvﬂ = argm1n{<u,v>+%||u—t||2}. (6a)
uceX

The generalized gradient descent step associated with a descent vector v is then defined as

_l’_
t— tt,v,ﬁ

wx(t,v, ) = 5 so that t:vﬁ =t— Prx(t,v,p). (6b)

Descent Property By considering step sizes a, 8 > 0, whose values will be specified and
discussed throughout the paper, we introduce for any measure v € M, (X') the mappings
Wya: X —Rand T, 5 : X — R? defined as:

VieX,  W,o(t)=e O and T,5(t) =t — Bra(t, VJI,(1),5).

Definition 1.1 (Weight & Push-Forward update) For any v € M (X), define the
update as vt = Tﬁy /BW,,,O[V where the weight update W, (v € M (X) is given by, for any
Borel set BC X,
Wea)(B) = [ Waa(thdw(t) = [ e 0av),
B B
and the push-forward measure T?,ﬂ,u € M (X), for any u € M4 (X), is defined by:

Vi € C(X), /X BT gpu(t) = /X (T 5()dpu(t)

6



The next result provides a quantitative characterization of the effect of the W, , and T, g
updates on the value of the objective J(-).

Proposition 2 (Descent property) Assume that (2) holds. Then, for any v € M (X)
and €y > 0 such that ||v|rv < Crv and for any o > 0 and B > 0 such that:
1 1

< d B< )
0t 1S rraven) M P e st

(7)
it holds that

Jwh) = J) < —% <a/X|J,’,\2dV +6/XHTrX(t,VJ,’,(t),B)HQdV>.

where v 1= Tlﬁ/ﬁWMay.

The proof is deferred to Appendix B. This result highlights both the strengths and limi-
tations of the dynamics v — vT, thereby motivating the algorithmic modifications intro-
duced below. First, the Weight & Push-Forward update (Definition 1.1) enables the defi-
nition of an iterative sequence of measures (vj)r>1. Proposition 2 quantifies the associated
“descent” property: it establishes a lower bound on the decrease of the objective, guarantee-
ing a minimal energy reduction for the transition v — v*. Secondly, while Chizat (2022);
De Castro et al. (2021) prove that the sequence (vy)r>1 converges to a sparse measure Ve,
satisfying J), = 0 on its support, they do not guarantee J,_ > 0 elsewhere. Thus, standard
conic particle gradient descent fails to satisfy the full optimality conditions of Proposition 1
due to insufficient exploration of X', and global convergence cannot be guaranteed in this
setting.

1.4 Birth and Death Stochastic conic particle gradient descent

The particle swarms and their non-convex program We consider a generic non-
negative measure composed of p Dirac masses, referred to as a particle swarm. Let W :=
(Wi,...,wp) ERP, T = (t1,...,tp) € RP*? and k := (k,..., k) € RP. We introduce

p
v(W,T) =Y w;d,, (8a)
j=1

where, for any j, w; > 0 denotes the weight of particle j. Then, the parametrization of v
in (8a) yields:

1 1
J(w(W,T)) =F(W,T) + 5||y\|%HI with F(W,T) := (k — kp, W) + §WTKTW, (8b)

where ¢y € H is the feature map, kr := ((y, vt )H, - - -, (¥, ¥1,)m) € RP, and Kt is a (p X p)
kernel matrix with entries K (s,t) := (ps, ¢i)m-

While (P) is convex over the space of measures, the parametric formulation (8b) is non-
convex due to the joint optimization of weights and positions. Nevertheless, if a solution
to (P) can be written as a particle swarm (8a) then the minimizer (W*,T*) of F(-,-) is
a global solution to (P). The existence of such sparse solutions is well-established under
some conditions, see for instance Duval and Peyré (2015); Boyer et al. (2019).



The stochastic version of the dual-certificate and its gradients In the following,
we assume access to unbiased stochastic estimators of both the dual certificate J|, and its
spatial gradient V.J/. We will denote by jZ(, Z) (resp. ﬁ,(, Z)) the estimator of J!, (resp.
V.J)) for some random variable Z that captures the randomness of these approximations.
We refer to (De Castro et al., 2025a, Section 3) for examples and explicit constructions.
In the following, we will require some properties on these estimators, as described in the
following assumption.

Assumption (ﬁsto): Stochastic unbiased gradients. A random variable Z exists such
that:

o Vv e My (X)and Vt € X,

{JA;(t, Z) = J(t) + &, (¢, 2)

Do(t.2) = VL) + Gt 2) with Ez[¢,(t, Z)] = 0 and Ez[C, (t, Z)] = Oga. (9a)

e There exist positive constants H, G, Eo, > 0 such that, almost surely,

VX, |6t 2)| VG2 < B and Tt 2) > G v|oy — H + 5. (9b)

e Almost surely, the stochastic dual-certificate t — jZ(t, Z) is uniformly £-Lipschitz,
regardless of the value of Z (the constant £ may be taken to be larger than the one
appearing in (4c) if necessary).

Remark 1.4 In (9b), we assume a Hoeffding-type condition on the centered random vari-
ables, along with a lower bound on the stochastic dual certificate. The constant Eo stands
for the maximal size of the admissible noise level that perturbs the computation of J!(t,Z)
and D\,,(t, Z) at each iteration. Such a condition could be replaced by a sub-Gaussian as-
sumption on the distribution of the noise. Regarding the lower bound (affine in ||v||1v),
note that it holds for the deterministic dual certificate under (Hp); see Equation (5). This
assumption will be used to show that the stochastic measure updates (V) k>0 remain bounded
in total variation norm.

Interestingly, we can use these stochastic counterparts with a mini-batch strategy to
reduce the variance of the approximations. More precisely, at each step k > 1, given
my, > 1, a mini-batch sample size, we draw a my-sample of i.i.d. random variables Zj | :=
(Z1 k415 - -+ s Zimy, 1) satisfying (9a) and set

— 1 2k 1
Jlék (t) = leﬁk (t, Zl,kJrl) and Dk (t) = D,;k (t, Zl,k+1) . (10&)
my, my
=1 =1
Given a measure vy = f’“: 1 wfétk (as in (8a)) composed of py particles, the Push-Forward
J

update (Definition 1.1) leads to the following stochastic update Tﬁo"ﬁ at step k£ > 1.

Definition 1.2 (Stochastic push-forward update Tﬁaﬁ) Define vy,+ = Tﬁa”g(ﬁk) as Uyt =

Pk Et :
kw0 with
g=1%j “tkt
Ktk —ad) () KTk kT 4k
wi =uwje R0 and  t] =1 —57r;((tj,Dk(tj),B). (10b)

where wx (-, -,-) denotes the projection operator over X introduced in Section 1.35.



The mass tweaklng (Birth and Death) Given the stochastic push-forward update
U+ = p A wk ) et we now describe our stochastic update U+ — Upa1, whose evolution
involves both deletlon Uyt —> yk * and creation I/k — D41 of weighted particles. To
this end, we define the pushed dual certificate Jl{’w as in (10a) with a new independent my,

mini-batch Z,j 41 and the particle swarm 7+ (see Step 6 of Algorithm 1). We also need a
decision rule DR : R x R — 1 R that takes as input the pushed dual certificate values and

the push-forward weights (J ! (tk+) ;‘3+) and outputs a deletion intensity. Finally, we are

given some positivity (resp. negat1v1ty) schedules (C’k) (resp (Cr)k)-
Again, mass deletion only concerns regions where J/ I’jﬁ > 0 (given by (10a) with a new
independent my mini-batch Z,j ., and the particle swarm U+ ) whereas our algorithm adds

some mass in regions where J/;;_ < 0. For this purpose, we use the super-level (resp. sub-
level) set of positivity (resp. negativity) of J;W i.e., we define 73,,1C + C Supp(Py+) and
Ny, € X as:

Py = {t € Supp(7+) = DR(J], (1), oy ({t})) > ék} (11a)
Ny, = {t ex:J, (1)< ek} (11b)

where Supp(-) denotes the support of a measure and (cg)y is a sequence of (small) positive

+
numbers. We construct w — w by removing mass on 73,, L+ and 7 I/k — Ui4+1 adding

mass on N, . . Define

k++ kT kt
PEC
~ k
Uyl := ij 5t§.+ + Eklj\Afyk+ (Ukz—i-l) 5Uk+1 , (12b)

where the random variables (U;);cn are assumed independent from the other random vari-
ables sampled at step k and uniformly sampled over X', and, for any Borel set B C X', 15(-)
denotes the indicator function of B. The scheme (12b) is implementable as it only requires

the generation of a uniform random variable over the space X’ and a single evaluation of J !

Also, we emphasize that the Positivity (C), and Negativity (Ck )k schedules can be Chosen
adaptively depending on the stochastic dual certificate Jz//k+ and the weights w . For in-
stance, a valid strategy for the Death process is to target the particle with the largest ratio
certificate value over weight, i.e., by setting a threshold related to max; { tk+) Jw k+}

Examples of explicit decision rules and specific tuning for constants are prov1ded in Sec-
tion 3.2.

The Fast Spawn&Prune Algorithm We have now all the ingredients to design an
implementable procedure. The previous steps are gathered in Algorithm 1.



Algorithm 1 Birth and Death Stochastic Conic Particle Gradient Descent (FS&P)

Require: Learning rates «, § > 0; Mini-batch size schedule (my)g>1; Exploration schedule
(ek)k>1; Positivity (resp. Negativity) schedules (Cj)x (resp. (¢k)r); Decision Rule DR :
R xR — R;

1: Weights: W* and Positions: T*; > No specific initialization required
2: fork=1,...,K do > K gradient steps
3: Set Dy, «— v(WPF TF); > Particle swarm
4: Sample Zy 1 <— (Z1 k41 - - - » Zmy k+1) and compute stochastic values and gradients
k k .4k 4k
I} (tF) = p— I} (t5, Zogra) and  Dy(t)) = . > Do (th, Zogia);
=1 =1

> Stochastic mini-batch variables (10a);

Pk
Update weights and positions 7+ <— warét,ﬁ with
J

5:
j=1
_ 71 7k —~
wéﬁ = w;?e 5. &) and t?+ = t? — wa(tf,Dk(tf),B) :
> Stochastic push-forward update (10b);
6: Sample Z,j“ — (Zikﬂ, el Z;Lk’kﬂ) and compute stochastic pushed dual certifi-
cate
— 1k
+ .
J’é/ﬁ () — mik J;}H S Zf,k-H) )
=1
> Stochastic mini-batch variables (10a);
7 Sample U1 ~ Uy independent from the rest (Uniform measure on X') and compute
kt+ . > Lkt Lt -~ .
173”k+ (t] ) «— 1if {DR(J;H (t] ), wj ) > C’k} and 0 otherwise ;
1/\7%L (Ugy1) «— 11if {JZ;(U;CH) < Ek} and 0 otherwise ;
Pk . .
- k k
Vk+1 € Z (1- 1731,I€Jr (t ) Wj 5t§+ + 6761/\71,,{+ (Uk41) 0031 5
j=1
> Mass tweaking (12);
8: end for

1.5 Global convergence results

Our theoretical analysis proceeds in two steps. First, we analyze a deterministic version
of the algorithm with continuous updates (Section 2). Theorem 2.1 establishes that this
method converges to the global optimum p*, escaping local minima thanks to the Birth

__1
process. We derive an explicit convergence rate of order O(K 2@+4) ) for the minimum gap

10



ming< g {J(vx) — J (")}, where d is the dimension of the domain X'. This dependence on d
reflects the computational cost of global exploration in a non-convex landscape.

Second, we extend these results to the fully stochastic FS&P algorithm (Section 3). The-
orem 3.1 proves that, under suitable choices of learning rates, mini-batch sizes, and explo-
ration schedules, the expected excess risk converges to zero, yielding a global minimization

result. Specifically, we obtain a global convergence rate of order O((log K/K )m), con-
firming that FS&P achieves global optimization with computationally efficient stochastic
updates. The mini-batch size scales as m = K, resulting in a total sample complexity of
O(N -1/ (4(2+d))) up to logarithmic factors (Corollary 3.1). Finally, Theorem 3.2 provides
a horizon-free variant with iteration-dependent schedules (my, = k, e = 1/VE, B = 1/k)
that achieves the same sample complexity rate without requiring prior knowledge of the
total number of iterations.

1.6 Related works

Convex programming for sparse optimization on measures. Continuous sparse
regression, often framed as the BLASSO problem, has been extensively studied through the
lens of convex optimization. Early foundational works by Candes and Fernandez-Granda
(2014), Azais et al. (2015), and Duval and Peyré (2015) established exact recovery guar-
antees using semidefinite programming or grid-free methods, focusing on the statistical
properties of the minimizer. More recent contributions, such as Poon et al. (2023), Giard
et al. (2025), and De Castro et al. (2025b), have further refined these statistical error bounds
and extended the analysis to various geometries and metrics. However, these works gener-
ally analyze the static optimization problem rather than the algorithmic dynamics required
to solve it efficiently in high dimensions.

Over-parameterized Gradient Descent and Global Convergence. The dynamic
approach, which involves optimizing particle positions and weights via gradient descent,
relies heavily on over-parametrization. The seminal works of Chizat and Bach (2018) and
Chizat (2022) analyzed the mean-field limit of these particle systems. They established that
in the regime where the number of particles tends to infinity, the gradient flow converges to
the global optimum, provided that the initialization covers the entire domain. However, for
a finite number of particles, Chizat (2022) only guarantees local convergence to stationary
points, or global convergence under restrictive assumptions, such as an exponential number
of particles at initialization. The gap between the global convergence of the continuous flow
and the local convergence of the discrete algorithm remains a significant theoretical hurdle.

Stochastic Algorithms and FastPart. To address the computational complexity of
deterministic gradient descent, which scales quadratically with the number of particles,
stochastic approximations were introduced in De Castro et al. (2025a). This method, re-
ferred to as FastPart, utilizes mini-batching and random features to achieve a time com-
plexity of O(1) per iteration with respect to the number of particles. While De Castro et al.
(2025a) proved the stability of the algorithm (boundedness of the total variation norm)
and established convergence rates to stationary points of order O(log K/vK), it did not
guarantee global convergence from arbitrary sparse initializations. This work builds upon
that foundation by integrating a mechanism to escape local minima.

11



Birth and Death Processes in Optimization. The idea of adding mass to ensure
global optimality has antecedents in the Frank-Wolfe (conditional gradient) algorithm Bredies
and Pikkarainen (2013), where particles are added iteratively to the support. However,
Frank-Wolfe methods require locating the new atom at the global minimum of the Fréchet
derivative (the dual certificate, see (4b)), which amounts to solving a non-convex optimiza-
tion problem exactly. Our Birth process is considerably more flexible: it suffices to draw
a random point from a sub-level set of the Fréchet derivative (defined by the threshold ¢
in Algorithm 1). This flexibility comes at a price—a sub-linear convergence rate—but one
that is dimension-free up to the exponent 1/(2 + d), thereby quantifying the cost of global
exploration via the Birth process. The Death process is essentially harmless: it does not
prevent the loss from decreasing, yet it reduces the per-iteration complexity of the algo-
rithm. Our Death procedure is mathematically grounded in the Fréchet derivative and
provides a principled criterion for safely removing particles from the support. To the best
of our knowledge, this point of view is new.

1.7 Notation

Throughout the paper, € > 0 denotes a generic constant used for upper bounds, while ¢ > 0
denotes a generic constant used for lower bounds; both € and ¢ may change from line to
line. Both constants are independent of k and d. The Euclidean norm of a vector z € R¢
is denoted by ||z||. For any set A, we denote by 14 its indicator function. The support of a
measure p is denoted by Supp(u). A list of notation is provided in Table 4 in Appendix G.

2 Birth process for the deterministic CPGD

Our objective in this section is to develop ideas that enable an effective exploration of the
space X. We begin by focusing on a simplified setting in which the measures v, remain
continuous throughout the iterative process, and restrict to weight-only updates (8 = 0
in Definition 1.1). This framework is convenient for developing and understanding the
theoretical tools that lead to global convergence of the optimization procedure, which will
be extended to the stochastic setting in Section 3. The extension to position updates (5 > 0)
is carried out in Appendix E for completeness.

2.1 Update evolution

The limitations of Proposition 2 lie in the fact that it provides no information about the sign
of Jl’,k on the entire domain X. The core idea we pursue is to explicitly add some mass, at
each iteration k, on subsets of X where Jl/’k is negative. To this end, we design an iterative
algorithm that generates, at each step k, a triple of positive measures (vg, v+, Vg1+1): the
intermediate measure v+ is computed by performing a gradient descent step on J starting
from vy, while v is obtained by modifying the mass of I/lj in relevant regions. Specifically,
the transition v, +—— u,j corresponds to a weight update only—i.e., setting § = 0 in
Definition 1.1. In contrast, the transition vp+ —— vg41 involves modifying the mass in
regions where JL + < 0, and possibly removing mass from regions where ']1// + > 0. Such a

k
construction ensures that the support of v;, remains included in X throughout the iterations,
thereby avoiding the need for any projection or correction steps. Formally, the iterative
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scheme alternates between two steps. Let 1y be any positive measure supported on X with
||7/0”TV < 00.

Weight update (k — k™). The intermediate measure v+ is obtained through

Vp+ = Wy, alk. (13)

Birth-death step (k™ — k + 1). The measure v is obtained by modifying the mass
of vj+. We require this step to satisfy Assumptions (14) and (15-(H3,)) defined below.

Assumption (H.). Let (ex)r>0 be a decreasing sequence with 9 = 1, and let A denote
the Lebesgue measure. The transition vg+ — vgy satisfies (H.) if the following three
conditions hold for every k > 1:

J(vpi1) — J(vps) < Cei (1da—(HEmoothulyy
|’J1//k+1 - Jlljk+ Hoo < Q:€k, (14b7(’]-[§m00th72))
vi1(B) > e )\(B N {J,/,k+ < 0}) , (1407(7_(;-))

for any Borel set B C X.

Assumption (H7;). A constant €7y > 0 exists such that
”VkHTV < QtTV Vk € N. (15_(7_[%0\1))

Note that Assumption (15-(#3%,)) implies that the sequence of values J(v) remains bounded
throughout the iterations. Indeed, a rough computation yields:

2 2
J(wi) < 5(lylla + [|Pvelle)” + sllvellov < 5 (lylle + €rv)” + s€ry. (16)

We emphasize that, at this stage, no specific update rule has been defined yet for
constructing g1 from vy+. In the next paragraph (Section 2.2), we will present a strategy
that is algorithmically well-motivated and satisfies both assumptions (14) and (15-(H3,))-
Such a strategy may not be unique, and other examples of transition rules could be proposed.
Our objective is to show that, as long as properties (14) and (15-(#%,)) hold, we obtain
global convergence results with explicit convergence rates. In Section 2.4, we leverage
Proposition 2 to derive the global convergence of our method, along with explicit rates.

2.2 Transition v+ — g4

In this section, we describe the key ingredients for designing a transition
Vi+ — Vp++ — Vi1

that ensures our assumptions (14) and (15-(H7S,)) are satisfied. This transition is divided
into two steps. The first step consists of removing mass from regions where JLk . =0
which typically leads to a decrease in the energy J. The second step involves adding mass
in regions where J,Lk . < 0 in order to enhance the effectiveness of the subsequent weight
update in the transition vy++ — vgy1.
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Mass deletion v+ — vi++. The idea is to remove some mass on the set where J,Lk L s
positive. More precisely, we can decide to cancel some subset of the domain X by considering

vprr = v (1= 1p, ) with Py, = {J,’,k+ > 20" logey + ew} N {J;k+ > 0}, (17)
where €, is a constant defined below in Remark 2.1.
Remark 2.1 (Weight-update perturbation bound) The deletion set P, , is defined

.+ but the density identity dvg+(t) = e i ® dvi(t) involves J), . The
constant &, in (17) is the precise gauge that bridges the two. We claim:

1, . =T e < Cu, Cp = a(Cp+ Cpy + k) X EPTEVIR) @ (18a)

in terms of J,

K+

Py, C {7, > —2a" 1 loge,}, so that e *u® < 2 on Py, .- (18b)
Under condition (7), a(€p + €py + k) < 1/10, hence €, < €y /5. The proofs of (18a)
and (18b) are deferred to Section C.2.

Mass creation v, ++ — vg4+1. We introduce the set ./\/',,k . associated with the negative
part of Jl”k . » and defined as:

< 0}. (19)

kt

Nyk L= {JL
We emphasize that the set NVk . is determined by the values of J;, , and this point will be

Vp+ ?
carefully addressed below. We add some mass on ./\f,,k . defined in Equation (19) and define:

V41 = Vpt++ + 5k1Nl’k+ A (20)

Figure 1 provides a schematic representation to ease the understanding of the evolution
from v+ to viy1. We stress that our assumptions are general enough to allow for alterna-
tive update strategies. For the sake of clarity, we have only focused on one specific scheme,
but alternative approaches could be investigated.

The next proposition ensures that the corresponding updated measure vy4; also sat-
isfies the required assumptions: the boundedness of the total variation norm (Assump-
tion (15-(H3,))) and the e-smoothness (Assumptions (14)). The proof is deferred to Sec-
tion C.1.

Proposition 3 Assume (2). Let (vg)g>1 defined according to (17) and (20), and assume
that the sequence (e)k>0 satisfies Yk > 0 : e < . Let us define

SA(X
oo Il [eN@)

A(X
= e (X)
(i) If we choose av < ﬁ, then (HR,) holds and:

Vk >0 HVkHTV < ||I/0||T\/ V2R = Cpy.

(i) If in addition («, B) satisfies (7) (with the €y of item 1)), then Assumption (H.) holds
true, i.e. Equations (14) ((1da—(HE™"™1)), (14b—(HZO™2)) and (14c—(HT))) are
satisfied.
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J/

Maximum Vit

Figure 1: Evolution from v+ to vg,1: decrease on P, increase on

l/k+ ) l/k+ .

2.3 Discussion: the role of o

Among the algorithmic parameters («, 3, x, my), the weight learning rate « plays a distin-
guished role: it is fixed a priori from problem data alone, while every other parameter is
then calibrated as a function of o and of intrinsic problem constants. We make this hier-
archy explicit, since two upper bounds on « appear in the analysis and a careless reading
suggests a circular dependence.

An apparent circularity. The descent property of Proposition 2 requires Inequality (7),
which involves the uniform total-variation bound €7y . In turn, €y is produced by Propo-
sition 3 (i), which itself requires o < (14+9)~!. Read in this order, the requirements appear
to chain into a loop (a small with €7y, then €7y from « small).

Resolution: « is fixed first, from intrinsic data. The loop is only apparent. The
constant

3AX
o ol [eA@)

X
o o T A

depends only on the problem data (||y||m, cp, A(X)) and is independent of a. As a conse-
quence, so is the candidate TV bound

Cry = ”VOHTV V 203 (21&)

Substituting (21a) into (7) turns the descent constraint into a numerical one. Hence o may
be fixed once and for all according to the explicit, self-contained rule

1 1
. o 21b
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whose right-hand side depends only on (||y||m, ¢p, &, A(X), [|[v0|lTv, €p). Under (21b), Propo-
sition 3 delivers both (H3%,) and (H.), and the descent inequality of Proposition 2 applies
along the trajectory (vk)g>o-

Cascade of derived parameters. Once « is fixed via (21b), the remaining parameters
are calibrated downstream:

e the position learning rate must obey 8 < (2€p(€p + 3Cy) 61/5)71 (the second part
of (7), with €y now an explicit numerical constant);

e the birth schedule satisfies ¢, < « for all k, with the horizon-dependent or horizon-free
calibrations specified in Theorem 2.1; the constraint maxy e < « reflects that small
learning rates slow the exponential decay induced by efa‘]‘l’k, so the injected mass ;A
may accumulate before being absorbed.

The same hierarchy governs the stochastic setting of Section 3: there, R is replaced by
R = g e + /€?/G + 1, intrinsic to Assumption (9b), and an additional Hoeffding cap
a < /8log8 /E enters via (26a); the downstream calibration of g, ¢, and my, proceeds
identically.

Optimal magnitude of «. Within the admissible range (21b), the rates of Theorem 2.1
scale as o~ V(24 and those of Theorem 3.1 as a~'/2: it is therefore advantageous to
take o as large as the constraints allow. This is the standard situation in deterministic
optimization, where the descent inequality enforces a ceiling on the step size and saturating
it yields the best worst-case rate.

2.4 Global convergence result

We now establish a convergence result for the sequence (J(vg) —J(v*))ren. In particular, we
derive several distinct bounds on the sequence (min; <y J(v;)—J (v*))ken (assertions i) and ii)
of Theorem 2.1) and on the sequence (J(v) —J (1)) ken itself (assertion iii) of Theorem 2.1).
We also consider the cases where £ depends on k (horizon-dependent convergence) and where
it does not (horizon-free convergence). Theorem 2.1 is stated with generic constants. The
interested reader can refer to the proofs in Sections C.3 and C.4, where the dependence of
these constants with respect to our mathematical framework is made precise.

Theorem 2.1 Assume that Assumption (H.) stated in Equation (14) holds, that («, )
satisfies condition (7) and that (H3R,) is satisfied. For any final horizon time K > 2, we
have:

i) If (ex)k>0 is non-adaptive and e, = € = \/% <a,Vk €{l,...,K}, then we have:

2+2d 1 1
VK > 2 i —Jw)} < 2d o A 204 22
1;1}61%1 {J(vg) = J(v")} < €L2+d o 2+ (22a)

i1) If (ex)k>0 is horizon-free and ), = ,/ﬁ < «, then we have:

min {J() = J(")} < CLF 07 KT log(K) @ (22b)
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1
. 2+2d \ 5+2d 5,— 3td
i11) If (ep)k>0 isep =e=C <(§+1)a) K 5+24, then we have

£2+2d ﬁ 1
J —JwH<e| — K 57ed.
- <e(Gime) KT

In all three items, the genmeric constant € may depend polynomially on (||v*||tv/L); in
item 1iii), € also depends polynomially on the initial excess J(v1) — J* (which is finite
under (H3%,) )

Items 7) and #i) concern the minimal value of the functional J along the first K iterates
of the algorithm, differing only in the choice of € at the end. Both results yield similar
convergence rates, up to constants and a logarithmic term. In particular, using a horizon-
free calibration for € introduces only an additional logarithmic factor in k in the convergence
rate. Item 4ii) provides a stronger result concerning the value of the last iterate, but the
convergence rate obtained is slightly weaker than those in i) and 4i). This difference is
essentially technical, arising from a proof method based on a compensator/penalty strategy
to construct a decreasing sequence—a method that results in a degraded convergence rate.

Remark 2.2 o Although the setting considered in this section is specific — focusing on
continuous measures and updates — we can still observe that the global convergence
rates are slower than those reported in, e.g., Chizat (2022) or De Castro et al. (2025a),
which achieve rates of order 1/\/E In our case, the convergence exhibits a dependence
on the dimension: the volume of the region where J,Lk < 0 at each iteration significantly
influences the behavior of the objective J (see, e.g., Proposition 6 and its proof).
This is formalized by a geometric lemma on the volume of the target region, which
ensures that A({J}, < 0}) > Cy4€ ¥ min, J), (x)|. This bounds the birth process
probability from below, preventing it from vanishing arbitrarily fast compared to the
loss gap. Nevertheless, unlike the aforementioned works, our method does not impose
any local specific constraints on the initialization measure vy. The algorithm allows
for a dynamic evolution of the support of vy throughout the iterations, which enables
global convergence. Howewver, this adjustment of the algorithm to redistribute the
mass of the measure in regions where J,’jk is negative affects the convergence speed in
a dimension-dependent manner.

e In the deterministic optimization literature, it is uncommon to observe convergence
rates that depend on the problem’s dimension, particularly in conver optimization. The
ellipsoid method in convex optimization, introduced by Shor, Yudin, and Nemirovsky
(see e.g. Nemirovskij and Yudin (1983)), achieves linear convergence rates, with the
rate inversely proportional to the dimension. This degradation also stems from the
curse of dimensionality, arising from the geometric optimization strategy—specifically,
from the dependence of the ellipsoid’s volume on the dimension. Sometimes, particu-
larly in Quasi-Newton and Newton methods, the dependence on the problem dimension
is somewhat hidden within the overall computational cost: each iteration requires a
number of operations that increases with d, while the total number of iterations re-
mains essentially independent of d.
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e When comparing our method with that of Theorem 4.2 of Chizat (2022), we observe
that their result is derived under the assumption that the initialization lies within a
basin where a Polyak-Lojasiewicz inequality holds — an assumption that is both very
strong and restrictive, and which does not hold in full generality. Moreover, Proposi-
tion H.1 in Chizat (2022) also exhibits a hidden dependence on the dimension in the
setting where the density is uniformly lower bounded for the continuous-time gradient
flow — an assumption that cannot be satisfied easily in a discretized counterpart. In
particular, the proof of Proposition H.1 in Chizat (2022) is valid only in dimension 1,
and the rate also deteriorates as the dimension of the ambient space increases.

Remark 2.3 (Extension to 5 > 0) The analysis of this section is carried out under the
simplification 8 = 0 in order to develop and illustrate the theoretical tools—screening, birth-
death dynamics, and descent inequalities—that will be central to the stochastic convergence
theory of Section 3. Theorem E.1 in Appendix E extends Theorem 2.1 to B > 0 and
establishes the same three convergence rates under the learning-rate condition (7). The
proof, given there for completeness, follows the same strategy with additional perturbation
estimates controlling the effect of the position update T, 5.

3 Stochastic algorithm and stochastic convergence properties

The previous section provides the main tools and ideas allowing the conic gradient descent
to converge toward a global minimum. The main ingredient consists of adding, at each
iteration k, mass on some specific regions (namely where J;k is negative). However, this
principle is not feasible in practice since it involves continuous measures. We investigate in
this section the implementable Algorithm 1 based on the birth and death process. Similarly
to the deterministic analysis, we first provide generic assumptions. Then, we will exhibit
some specific updates that will fit our requirements. We finally provide convergence results
of the expected risk towards 0, leading to a global optimization result.

3.1 Notation and assumptions on the stochastic update

We consider in this section the generic construction discussed in Section 1.4. Recall that
the sequence (J;)ren is built in two steps at each iteration k: first, a stochastic instance
of a CPGD algorithm 2, — #,+, associated with a specific descent property; then, an
additional update ¥+ — Uiy, which modifies the mass of the current measure at some
strategic locations. Both successive updates may involve stochastic computations.

Assumption (7:[3) There exist two increasing collections of o-algebras (Fx )ren and (3§);€€N
such that §._1 C Sg_l C 38k C SZF for any k € N, and such that 7 is §p-measurable and
Dt 1S Sg—measurable. Equivalently, (§x)r>1 is adapted to (k)r>1 and (3}:)1@21 is adapted
to (ﬁlﬁ')kZl-

We impose the following requirements on the updates. Throughout, € > 0 (resp. ¢ > 0)

denotes a generic upper-bound (resp. lower-bound) constant that may change from line to
line.
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e Assumption ( A%OV): There exists a constant €y such that almost surely:

lok]lrv < €ry Yk € N

e Iteration k — kT: 05+ satisfies the following descent property that is the stochastic
counterpart of Proposition 2:

A~

Assumption (Hp): For any k£ > 1:

N . « o? I5]
E [J0w)[5] — S0 < -5+ € (S 24 2.

where «, 8 denote tunable parameters of the algorithm.

e Iteration k™ —— k + 1: Let a > 0 whose value will be made precise later on. The
stochastic update D1 satisfies the following assumptions:

— Assumption (7:[;@) : For any k > 0, for any Borel set B C X:
E[0k1(B) [§] = cerA(BN{J; . < 0}) — Cepm

where A stands for the Lebesgue measure.
— Assumption (HE"°™) : For any k > 1:

~ N 1 /SO0
E [J(041) — J(0+) |87] < € <az Fepy| 28 m’“) (23a—(HEmootu 1))

mg

— Assumption (HZ"°°™?) : For any k > 1:

175

k+1

—Jh oo <€ as, (23b—(HZmOR2))

The next section provides an example of an implementable stochastic update that satisfies
all these assumptions.

3.2 Fast Spawn&Prune: a conic particle birth/death process

Although the setting considered in Section 3 is quite general, it encompasses Algorithm
1. The setting of Section 3 may be seen as a minimal sufficient set of conditions for the
global convergence of the stochastic dynamic. We provide here specific instances of the mass
tweaking step introduced in (12). Then, we prove that the resulting algorithm satisfies all
the requirements introduced in Section 3.1.

3.2.1 TRANSITION g+ — Upiq

Inspired by Section 2.2 for the deterministic side, we now describe our sequence of stochastic
updates Uy —> U+ — D41, whose evolution still involves both deletion 7+ — 19;+ and
creation ﬁ,j t — D4 of weighted particles. Again, mass deletion should only concern

areas where Jgk > 0 whereas our algorithm adds some mass in areas where Jgk < 0. Since
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handling these objects might be time-consuming at each iteration, we deal instead with the
sets of positivity and negativity of Jl(,k, i.e. we define P, , and NVk L as:

ﬁ”w = {t;?+ : J/l’,;(tf) >0 and w;-““ < \@sk} (24)

~

— log my
Ny ={tex:J, () <ca - b

where ¢, is a positive constant depending on a > 0 involved in (ﬁ;a)

Mass deletion 7+ — ﬁ,j *t We build ﬁ,;“r from .+ while removing some mass on Py, ,
and define:

it = (1 - 17;Vk+ (Ve41)0viy)  with Vipr ~ Usupps, 1) (25a)

Mass creation ﬁlj * — Dpy1 For any k € N, given 7+, define
D=0 el . (Ur+1)00,,,  with  Upyq ~Ux . (25b)
k

Contrary to the deterministic update described in the previous section, the scheme (25b) is
implementable. Indeed, it only requires the generation of a pair of uniform random variables
over the spaces supp(7;+) and X and pointwise evaluations of Jl{’w'

Remark 3.1 We stress that the constant ¢, involved in (24) is positive. Hence, the set /\A/',,k+

is not exactly defined as the negative part of jl’,k Recall that, according to the KKT con-
ditions (see Proposition 1) our initial target is the negative part of Jli/k. Since we use a
stochastic approximation of Jgk, we have to ensure a complete exploration of this latter set.
In this context, choosing ¢, > 0 allows to control some kind of Type II error.

Thanks to the previous definitions, we can now state that the sequence of measures
(g, D+ )k>1 satisfies our previous assumptions. The proof of the next proposition is deferred

to Section D.
~ H /e3
R=— — +1.
Ge+ G +

Then provided maxy e, < o and a < (14 R)™L, then ||og]|rv < R A |wollrv := €y for all
k > 1. Assume moreover that (o, B) satisfies (7) and

Proposition 4 Define

1
a < —+/8logs, (26a)
Eo
and that the mini-batch schedule satisfies pr, < po + my, (equivalently k < my, which holds
in particular for myp = K and my = k). Then, for any a > 0, picking the threshold
ca = ExcV2a in (24) ensures that the sequence (Uk, U+ )k>1 of Algorithm 1 enjoys (Hp),
(?:Lg:a)) (ﬁgmooth,l)’ ( Agmooth,Q) and (7:[9[‘0\/)
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3.3 Global convergence results

We have now all the ingredients to establish convergence rates for Algorithm 1. The follow-
ing theorem provides a control on the minimal value of the sub-optimality value sequence
(J(Pk) — J(*))keqa,...,k} in a finite horizon scenario.

Theorem 3.1 Assume that the stochastic sequences (D, D+ )1 satisfy Hp, (7:(;&) with

a > ﬁ, H;moom’l, FEmooth2 ynd (H3y). For any final horizon iterate K, we define pr

as the lowest value of the excess loss along the K iterations:

AK = 1g]lClSHK {J(ﬁk) - J(l/*)} .

If we choose:

a < i Rlog8, fB < r/iﬁ, €L = \/—% and my = K, then the se-
quence (g, Up+)g>1 verifies the global convergence rate:

1
log K \ 202+d)
0%) . (27)

E[px] < €a™/? ( =

The schedule above satisfies ¢, < « together with (7) (instantiated with R as defined
in Proposition 4), so the hypotheses of Proposition 4 are met. Note that this requires
K >1/a2

Corollary 3.1 (Sample complexity) Under the assumptions of Theorem 3.1, the total
number of stochastic oracle calls over K iterations is N = K xm = K?. Ezpressed in terms
of N, the convergence rate reads:

log N> 2(2{4»11)
VN '

In particular, Epx] = O (N74<2%+d> (log N)m),

Elpx] < Ca~1/? (

Proof Since m = K, the total number of oracle evaluations is N = K2, hence K = VN.
Substituting into (27):

_ log N 221d _ lOgN 221d
s 1< 1/2 Vv @ 1/2 @rd)
Blow) < e (20 )T < ea ()

and the result is proven. |

)

The horizon-dependent tuning of Theorem 3.1 requires the knowledge of K in advance
to set 8 and m. The following result removes this requirement by using iteration-dependent
schedules.

Theorem 3.2 (Horizon-free variant) Under the same assumptions as Theorem 3.1, choose
the iteration-dependent schedules:

1 1
mp=kV1 ¢ :min(a, ), = —,
k k VB Bk AVE]
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with o a fived constant satisfying (7) (independent of K ). Then, for any horizon K > 4/a?,

1
. B log K)3\ 2G+d)
E[px] < €a1/? <(gK)> . (28)
In particular, no prior knowledge of K is needed: the algorithm is “any-time”. The total
number of oracle calls is N = Zle k= K(Igﬂ), yielding the sample complezity

3

E[px] = O (N7 (log N) 750 )

The proofs of Theorems 3.1 and 3.2 are displayed in Section D.4. They follow essentially
the same lines as the deterministic scheme discussed in Section 2. However, the stochastic
approximation of the Fréchet derivative of J along the trajectory of the algorithm re-
quires careful control. We stress that the final convergence rate does not significantly differ
from (22a). The main difference with the latter is a logarithmic term in K, which is a con-
sequence of the stochastic approximation. Furthermore, note that the cap ¢, < « ensures
the hypothesis €, < « of Proposition 4 for every &k > 0, and the monotonicity Gr < By
guarantees that (7) (instantiated with DA%) holds at every step.
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4 Numerical experiments

In this section, we illustrate the capabilities of the FS€P algorithm on two distinct tasks:
density estimation using Gaussian Mixture Models (GMM) on synthetic data, and a re-
gression task using two-layer neural networks (NN) on the California Housing dataset.
In both cases, we compare the standard Full-Batch and Stochastic Conic Particle Gradi-
ent Descent (CPGD) against our proposed versions augmented with the Birth and Death
(BD) processes. A companion Jupyter notebook reproducing every experiment, figure
and table of this section — with explicit cross-references to the paper — is available at
https://github.com/ydecastro/Fast-Spawn-Prune (see section4 companion.ipynb).

4.1 Gaussian Mixture Models (GMM) with Fixed Covariance

In this first experiment, we illustrate the ability of our dynamic particle system to es-
cape local minima thanks to the birth process. We consider a simple density estimation
problem where we observe n i.i.d. points Xi,..., X, € R? from a 2D Gaussian mixture
(n = 24,000). The goal is to recover the means and weights of this mixture by minimizing a
regularized L? fitting criterion over the space of discrete positive measures as in De Castro
et al. (2021). The birth process acts as an exploration mechanism. Following our theoret-
ical birth criterion, the algorithm evaluates the Fréchet derivative of the objective (or the
dual certificate) J),(t) at proposed locations. When the first-order optimality condition is
violated—that is, when J/(¢) is negative in some region of the state space—mnew particles
are spawned in these promising areas. Empirically, the continuous infusion of mass in re-
gions of negative gradient allows the interacting particle system to efficiently escape poor
local configurations and quickly recover all the true modes of the synthetic distribution (see
Figure 4).

Loss function and Kernel The goal of the optimization is to minimize the regularized L?
distance between the smoothed empirical measure 7' = 3% | ¢, (- — X;) and the model.
For a discrete positive measure v = ) j w;0t;, the objective is given by:

1 .
) = 5167 v = [l + sl (29)

where ¢, = N(0,7215) is a Gaussian smoothing kernel, see De Castro et al. (2021) for further
details on smoothing applied to GMM for BLASSO. The associated feature map is ¢¢(z) =
N (z;t, (1 + 72)I), which yields the smooth Gram matrix K (¢;,t;) = N (t;;t,2(1 + 7%)12).

Verification of the assumptions Because the Gaussian kernel K (t;,t;) is bounded,
strictly positive, and twice continuously differentiable, this formulation perfectly satisfies
the mathematical assumptions of the paper. Most notably, it respects Assumption (Hp)
which requires C? spatial smoothness for the theoretical descent lemma.

4.2 Training two-layer neural networks on the California Housing dataset

Next, we turn to a real-world dataset to assess the impact of the death process in typical
machine learning applications. We consider the regression task on the California housing
dataset using a two-layer neural network with ReLLU activations. As the ReLLU function is
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positively homogeneous, we can equivalently rewrite the network by normalizing the loca-
tions (the incoming weights of the neurons) to live on the unit Euclidean sphere X = S%1,
The optimization is performed over this connected space by minimizing the regularized em-
pirical risk with respect to the weights W and locations T'. We use a stochastic gradient
descent (SGD) scheme to update the weights and locations over a sequence of mini-batches.
In this context, while the birth process can introduce new neurons to increase the capacity
of the network, the death process ensures that the size of the network remains controlled.
In practice, the death rule removes particles whose weight falls below a given threshold or
whose contribution becomes negligible. Our numerical experiments demonstrate that the
death process harms neither the convergence nor the quality of the final predictive results.
Indeed, pruning the inactive neurons significantly reduces the computational burden and
prevents over-parameterization without deteriorating the generalization error. This simple
experiment perfectly illustrates the theoretical insights of the paper, indicating that the
dynamic interactions and systematic particle suppressions do not prevent the system from
reaching an optimal configuration.

Loss function and Kernel We apply the algorithm to a regression task on the California
Housing dataset (n = 18,576 samples, d = 8 features). The objective is to minimize the
regularized Mean Squared Error (MSE):

T0) = 5lly — 2@ + sl (30)

with the prediction function being a two-layer ReLU network f,(z) = ®(v)(z). Here, the
feature map is given by affine ReLLU neurons ¢;(z) = ReLU({(v, z)+b), where the parameters
t = (v,b) are constrained to the unit ball B(0,1) C R, Concretely, the incoming weight
vector v is normalized to lie on the unit sphere S¥~! C R? (as described above) and the
bias b € [~1,1]; the pair (v,b) therefore belongs to S¥~! x [-1,1] C B(0,1) C R,
reconciling the two descriptions. The empirical kernel relies on the inner product over the
n observations: K (t;,t;) = 231 ReLU((v;, z1) + b;)ReLU((v;, z1) + bj).

Verification of the assumptions Unlike the GMM experiment, the ReLLU activation
function is continuous but not everywhere differentiable. Strictly speaking, it does not fully
satisfy the bounded C? spatial smoothness assumption (#p) established in the theoretical
sections. In practice, the gradients are computed using the RelLU subgradient, and the
empirical method remains highly effective and robust despite this theoretical mismatch.

4.3 Experimental Results and Discussion

In this section, we present the empirical results of our experiments, highlighting the benefits
of integrating the Birth and Death (BD) process into both Full-Batch and Stochastic Conic
Particle Gradient Descent (CPGD).

Birth and Death process Particles are removed from the support if their contribution
becomes negligible or falls into regions where the dual certificate is strongly positive. Specif-
ically, a particle at t; with weight w; is pruned if J/ (¢;)/w; > Tqeatn- Particles are added
by evaluating J/,(t) on a set of randomly sampled candidate positions to find regions N,
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the

where the first-order optimality condition is violated. For the stochastic setting, the tar-

geted birth level is set to spawn particles where J(t) < Tpitny/log(mg)/my, where my is
mini-batch size.

4.3.1 DYNAMICS OF THE BIRTH AND DEATH PROCESS

To understand how the network capacity adapts during training, we plot the number of
active particles over the optimization iterations in Figure 2.
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Figure 2:

Particle count over iterations for GMM (bottom) and Neural Network (top) re-
gression tasks.

The dynamic capacity of the model is visible through the sharp drops (Death events
pruning inactive particles) and spikes (Birth events) in Figure 2. In the Neural Network
example (top row) we see that an over-parametrized layer is reduced by 50-70% by the
death process. In the bottom row (GMM toy example), the right panel shows a pruning

of spurious particles and an exploration phase (as in the left panel) which ends with a
stabilization around p = 39 (and p = 10 in the left panel).
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4.3.2 CONVERGENCE AND GENERALIZATION

Figure 3 illustrates the temporal evolution of the optimization metrics. We compare the
standard CPGD methods against our proposed BD-augmented variants in terms of Wall-
Clock time.

BLASSO Loss vs Wall-Clock Time BLASSO Loss vs Wall-Clock Time

== Full (no BD) \ == Sto (no BD)
== Sto (no BD) \ \ == Full (no BD)
—— Full + BD \ \ —— Sto + BD
—— Sto + BD N, \ —— Full + BD

-
2

BLASSO Loss
-
1)
4
BLASSO Loss

T T T T T T T T T T T
1072 1071 10° 10! 102 1072 107t 10° 10! 102 10°
Time (s) Time (s)

Figure 3: BLASSO loss evaluated on the GMM (left) and Neural Network (right) regression
tasks.

As observed in Figure 3 (left panel-GMM), the standard algorithms quickly plateau into
local minima. The BD mechanisms, however, periodically inject new particles in regions
where the dual certificate is highly negative, allowing the loss to drop further. Also, the
convergence is not altered by the death process (right panel-NN): the solution gets sparser
and sparser (with fewer and fewer neurons) and achieves the same performance as the large
neural network with 300 hidden neurons.

4.3.3 SPATIAL DISTRIBUTION OF PARTICLES IN GMM

Finally, we visualize the end-state positions of the particles for the 2D Gaussian Mixture
Model experiment in Figure 4. The baseline models (top row) suffer from the presence of
spurious particles that fail to align with the true means, keeping the meaningful particle
count significantly below p = 20 (the number of initial particles).

In contrast, the Full-Batch model equipped with the BD process (bottom-left) recovers
the true means and cleanly prunes all unnecessary components, albeit yielding an under-
representation with p = 10 particles. The stochastic counterpart (bottom-right) successfully
maps out the target distribution and maintains a matching set of particles (all targets are
identified except the smallest one, which has a weight of 0.0005).
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Figure 4: Final positions of the particles ¢
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Table 1: Summary of shared hyperparameters across the two main experiments.

Parameter GMM (Fixed Covariance) Neural Net. (California)
Train Samples (n) 24,000 18,576

Input Dimension (d) 2 8

Initial Particles (p) 20 300

TV Regularization (k) 0.0001 0.0005
Full-Batch Size 24,000 18,576
Full-Batch Iterations 50, 000 100, 000
Stochastic Batch Size 256 256

Stochastic Iterations 200, 000 750, 000

Death Threshold (7geath) 5.0 5.0

4.3.4 PERFORMANCE ANALYSIS AND EXPERIMENTAL PARAMETERS

To formalize the empirical observations, we report the exact hyper-parameters used for both
the GMM and NN regression tasks in Table 1, and the quantitative final results in Tables 2
and 3.

Table 2: Final results for the 2D GMM Experiment. The BD variations significantly lower
the final loss and yield a better TV norm (true is 1) while maintaining or reducing
computation time.

Method Loss TV Pfinal Time (s) Deaths Births
Full-Batch 0.001869 0.2760 20 83.67 0 0
Stochastic 0.001872 0.2863 20 55.02 0 0
Full-Batch + BD  0.000434  0.7788 10 61.88 19 9
Stochastic + BD 0.000259 0.9786 39 65.23 78 97

In the GMM experiment, the dataset consists of n = 24,000 training samples generated
from K = 25 true components. The optimization regularizes the total variation (TV)
norm with £ = 0.0001, starting from an initial set of p = 20 particles. As shown in
Table 2, integrating the Birth-Death (BD) process yields a drastic improvement in the final
BLASSO loss. For example, the Full-Batch variant sees its loss drop from 0.001869 to
0.000434 while trimming the final number of particles down to p = 10. The Stochastic+BD
method provides the lowest overall loss (0.000259) and proxy test error, managing a highly
dynamic capacity (78 deaths and 97 births) to settle at p = 39 particles.
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Table 3: Final results for the Two-Layer Neural Network regression on the California Hous-
ing dataset. The BD process yields highly parsimonious networks and faster train-
ing times without sacrificing Test MSE.

Method MSE MSE (test) pfinas Time (s) Deaths Births
Full-Batch 0.365476 0.393433 300 892.2 0 0
Stochastic 0.366231 0.393154 300 265.1 0 0
Full-Batch + BD 0.365506 0.393495 189 644.0 111 0
Stochastic + BD 0.366369 0.392429 60 158.9 269 29

For the California Housing NN regression, the model starts over-parameterized with
p = 300 initial particles (neurons) to learn from n = 18,576 training samples with d =
8 input features. The regularization is set to x = 0.0005. Table 3 highlights that the
Stochastic+BD algorithm prunes the network down to just p = 60 neurons (via 269 death
events and 29 births). This significant reduction in parameters translates to a 40% decrease
in wall-clock training time (from 265.1s to 158.9s) compared to the standard Stochastic
CPGD, all while achieving a slightly better test MSE of 0.392429. The Full-Batch+BD
method similarly reduces both the particle count (p = 189) and the training time (644.0s
compared to 892.2s). In both experimental settings, the death threshold was consistently
set to Tgeath = 5.0.
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Appendix A. Technical Lemmas
A.1 Existence of the Feature Map

Lemma A.1 Let & : M(X) — H be a bounded linear and weak-* continuous operator,
then its dual operator ®* : H — C(X) reads

O : heHr— (t € X — (o, h)y) € C(X),

where we identified the pre-dual space C(X) as a subspace of the dual M(X)*, and where
¢ = O 0y with d; the Dirac measure at t € X.
Moreover, for every p € M(X'), one has the Bochner integral representation in H:

dp = /Xsotdu(t)-

Proof Fix h € H and consider the linear functional Lj : M(X) — R defined by Ly (u) :=
(h,®u)g. Since @ is weak-* continuous and h —— (h,-)m is continuous on H, the map
Ly, is linear and weak-* continuous on M(X). By definition of the weak-* topology on a
dual space E* (here E* = M(X)), the continuous linear functionals on (E*, weak-*) are

precisely the evaluations by elements of the pre-dual space E (here E = C(X)). Formally,
(E*,0(E*, E))* = E. Hence, there exists a unique f; € C(X) such that

(hy@pym = (fn, ey mry for all p € M(X).
Define ®*h := f; € C(X). Then ®* : H — C(X) is linear and bounded, with

[®*hlloe = sup [(@*h,p)| = sup [(h,Pp)u| < [|h/|u .
llellrv<1 llpellrv <1

For t € X, let §; be the Dirac measure at ¢t and set ¢; := ®d; € H. Evaluating the identity
at = o, yields
(©*h)(t) = (®*h,01) = (h, Por)m = (@r, h)m.

Hence ®*h is precisely the continuous function ¢ — (@, h)m, as claimed.
We now prove the integral representation. First, note that

letllz = 120 ]lex < [[ @I 0¢]mv = [ @]

for all t € X, so t — ¢, is bounded. Next, for each fixed h € H, we already identi-
fied ®*h € C(X) and established (®*h)(t) = (p¢, h)m. Since ®*h € C(X), the scalar map
t — (P*h)(t) = (¢, by is continuous on X. Hence t — ¢, is weakly continuous (i.e.,
all scalar evaluations (i, h)g are continuous in ¢). Because H is separable, weak measura-
bility /continuity implies strong (Bochner) measurability by Pettis’ theorem, see (Hyténen
et al., 2016, Theorem 1.1.6). Consequently, for any finite signed measure p € M(X), the
Bochner integral [ 2 Pedu(t) is well-defined in H and satisfies, for all h € H,

(i [ eranv)), = [ hoemanto. 1)
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Using the identity (h, ®p)m = (P*h, u) = [,.(2*Rh)(t) du(t) = [, (h, )u du(t), we deduce
that

(s = (b [ erdn(t),
for all h € H. By uniqueness of the Riesz representation in H, this implies
du = / prdpu(t),
X

which is the desired representation. |

A.2 Lipschitz Continuity of the Feature Map

Lemma A.2 Assume that the kernel K satisfies Assumption (Hp), specifically that K (t,t) =
1 for all t € X and that its second derivatives are bounded by €p. Then, the kernel metric
di satisfies the following Lipschitz inequality:

di(s,1) = llor — @slm < V&pllt — s, (32)
where || - |z denotes the norm in the Hilbert space H and || - || is the Euclidean norm.

Proof By the definition of the kernel metric dx and the relation K(s,t) = (@s, 1)1, We
have:

di (s,t)* = [lor — @l
= (0t — @s, Pt — Ps)H
= (pt, r)m — 2{p1, ps)m + (s, Ps)H
= K(t,t) — 2K (s,t) + K(s,s).

Using the normalization property K(u,u) = 1 for all w € X from Assumption (Hp), this
simplifies to:
di(s,t)> =2(1 — K(s,1)). (33)

Consider the function ¢(s) := K(t,s). From the normalization and the Cauchy-Schwarz
inequality, we know that K(s,t) < \/K(s,s)K(t,t) = 1. Thus, g(s) achieves its global
maximum at s = ¢, implying that the gradient vanishes at this point: VsK(t,s)|s=s = 0.

Applying a second-order Taylor expansion of K (¢, s) with respect to s around ¢, there
exists £ on the segment [s,¢] such that:

K(ts) = K(t,) + (VoK (1), s — 1) + %(s COTVRK (L E)(s — 1)
Substituting K (¢,t) =1 and VK (t,t) = 0:
| K(ts) = —%(s TR €) (s — 1)
Substituting this back into (33):

dic(5,1)” = (s — 1) V2K (,€)(s — 1) = |(s — ) V2K (£,€)(s — ).
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By Assumption (Hp), the Hessian is bounded, i.e., [[VZK (-, -)||oc < €p. Therefore:
di(s,t)? < Cplls — t||> = di(s,t) < V/Cplls — .

Comment on the Kernel Metric di: The kernel metric di(s,t) := ||t — @s||mm mea-
sures the Hilbertian distance between data points after they have been mapped into the
high-dimensional feature space H. It defines the “pullback” geometry of the feature space
onto the input space X'. The lemma shows that for smooth kernels (specifically C? kernels
like the Gaussian kernel), this map is Lipschitz continuous with respect to the Euclidean
distance on X. This ensures that points close in the input space X’ remain close in the
feature space H, a critical property for the complexity (with respect to the dimension) of
the particle gradient descent algorithms discussed in the paper.

A.3 Fréchet derivatives

We consider the objective function J(v) defined as the sum of a data-fitting term R(v) and
the total variation norm, i.e., J(v) = R(v) + k||v||Tv. The following lemmas establish the
Fréchet derivatives of these components.

Lemma A.3 (Derivative of the Risk Term) Let R(v) = 1| [, w.dv(z) — yl|3 be the
risk functional defined on the space of measures M(X'), where x — @, is the feature map
into a Hilbert space H and y € H is the target. Then, the Fréchet derivative of R at v,

denoted by R'(v), is the function on X given by:
wex, RO ={ [ i) - . (39
X H

Proof Let v € M(X) and consider a perturbation o € M(X). We expand the term
R(v+o0):
2

Rw+o) =5 | [ o+ -
:% </X oodv(z) —y) +/Xs0xd0(w) ;
:% /X%dl/(x) -y :I+ </X Podv(z) —y,/)(%da(x)>H+ % ‘ /X%da(x) ;

The first term is R(v). The third term is of order O(||c||3+/). The second term is the linear
part in . Using (31), we can rewrite the inner product as:

</X¢xdu(ﬂ$)yaA¢de($)>H:/)(</)(@zdu(z)y7¢x>Hdg(I).

This identifies the Fréchet derivative R'(v) as the function t — ([} @.dv(z) — y, i),
proving (34). [ |
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Lemma A.4 (Derivative of the Regularization Term) Consider the reqularization term
H(v) = kv(X) for non-negative measures v € M (X) (which corresponds to the TV norm
for non-negative measures). Its Fréchet derivative is constant:

Vte X, H@)(t)=k. (35)

Proof Let v € M4 (X) and let o be a perturbation such that v + o € M, (X). The
functional H is linear:

Hv+o0)=krw(X)+o(X)) =kv(X)+ ko(X).

We can write ko(X) as the integral against the constant function x:

ﬁa(X)zAnda(x).

Thus, the linear variation is represented by the constant function ¢ — k. Therefore, the
Fréchet derivative is H'(v)(t) = « for all t € X. [ |

A.4 Symmetrization trick

Following Chizat (2022), we address the optimization problem over the space of signed
measures M (X)) by lifting it to the space of non-negative measures on an augmented domain.
We introduce the extended space X := X x {—1,+1} and associate to any signed measure

€ M(X) anon-negative measure v € M (X). The correspondence is established through

the linear map P : M4 (X) — M(X) defined by:
w= P(V) = V('a +1) - V(‘v _1)

In the context of the linear model where observations are given by [ v Pedp(z), we define the

augmented feature map @ : X — H as @(z, s) := sp(x) for any (z,s) € X. Consequently,
the linear measurements satisfy:

/X (@) dp() = /X B(@)dv (7).

Furthermore, the total variation norm satisfies ||u||Tv < v(X), with equality holding if and
only if the positive and negative parts of p have disjoint supports (which is verified for
optimal solutions of sparse problems). This symmetrization allows us to solve the signed
problem by applying the conic particle gradient descent algorithm to the non-negative
measure v on the space X.

A.5 Lipschitz Continuity of the Fréchet derivative

By smoothness of the kernel (2a—(Hp)), the Fréchet derivative J), is twice continuously
differentiable for any v. Define for any twice continuously differentiable :

12y = max{[[¥ oo, [Velloos IV ]|} - (36)

The next lemma gives an upper bound on ||J}[c2(x). We already know from (5) that
[llry + € + 5 2 ([T, (1) |-
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Lemma A.5 Assume that Assumption (Hp) holds. For any measure v € M(X), the
function t — J),(t) is Lipschitz continuous with constant:

L) =V lle < V& (€p + [V]Tv).

and the dual certificate is gradient-Lipschitz with constant:
V2T lloe < €p(lvlry + llyllm),
s0 that the full C* norm satisfies:
170 lle2x) < €p([vllTv + €p) + k.
Proof Throughout the proof we use the expression of the Fréchet derivative (4b):
Ty (t) = (Pv —y, o)m + K,

and the common bound:
[Pv —yllu < [[v[lrv + [[yllm (37)

e For any s,t € &

| 7,(8) = T (s)] = (@v =y, o — pa)ul < [PV = yllm e — oslm-
By Lemma A.2, ||¢: — ¢s|lm < vV&p||t — s||. Combined with (37):

| 5(8) = Tu(s)| < Ve (vl + llyllm) 1t = sll,

establishing £(v) = ||[VJ] |lcoc < VEp ([¥|lTv + ||Yllm)-

e Differentiating J),(t) = (Pv — y, or)m + £ twice under the inner product (justified by the
C? smoothness of t ++ ¢; under Assumption (2)) gives, for any ¢ € X and unit vectors
u,v € R%:
Txr2 7/ _ 2
u' Vid,(t)v = (Pv —y, D;jpiu,v])n.

By Cauchy-Schwarz and (37):
[T Vi) 0] < l1®v =yl |Dfeelu, ollla < (Ivllvy + lylli) 11D7 eelu, o]l

It remains to bound ||DZp;[u,v]|m. Since K(s,t) = (ps,¢)u, differentiating twice with
respect to t gives:
' VK (s,t) v = (s, D2pifu, v])m.

Since s = P, the closed linear span span{y;s : s € X'} C H coincides with the closure of
D(M(X)). We assume throughout that this closure equals the whole of H (the standard
non-degeneracy condition for the RKHS associated with K). Then any unit vector h € H
is the H-limit of finite linear combinations ), a;ps,, and by the Hahn-Banach theorem the
operator norm of a continuous linear functional on H equals its supremum over Span{}.
Combined with ||¢s||m = 1, this yields

1D ¢tlu, vl = sup (h, Digilu,v)m = sup [{0s, Digelu, v = supu' VIK(s,t)v] < [V?K|x < Cp.

(| h|l=1 sEX s€X
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Hence [|V2J)[lo < Ep(l[V]lTv + llyll8)-
e Combining with the || - ||oc bound from (5) and using ||y|lg < €p:

177 ez ) = max ([T, oo, IV Ty lloos V2T llo) < Ep([¥llTy + €p) + 5.

A.6 Generalized descent

Some useful properties of this generalized projected gradient can be found for instance in
Ghadimi et al. (2016). In particular Lemma 1 of Ghadimi et al. (2016) may be stated as
follows.

Lemma A.6 (Ghadimi et al. (2016)) The projection operator wx(t,v,[3) satisfies the
two properties:

e Correlation of the projected gradient and gradient lower bound: for anyt € X, v € R?
and B > 0:
(v, mx(t, 0, 8)) = |[ma(t,v, B)|1* (38a)

e 1-Lipschitz inequality for projection: For anyt € X, (vi,v9) € R and § > 0:

I (2, 01, B) — mx(t, vz, B)|| < [lor — vz (38b)

Appendix B. Descent properties: technical results

The goal of this Appendix section is to provide some technical proofs of the key descent
properties stated in Proposition 2.

B.1 Proof of Proposition 2

Our argument follows the same lines as in the proof of (Chizat, 2022, Lemma 2.5). We
decompose vt as vt = v+ (0 —v)+ (v —0), where v = W, qv and vt = Tﬁﬂﬁ. Invoke (4a)
with ¢ = v — v to get that

Tw*) = TWw) = (7,0) + |24
2

1
:/ J;(dy+—dﬂ)+/ J;(dﬂ—dy)+‘
X X 2

/ po(dv (1) — du(t))
X

H
< / J(dvt — di) + / J)(dp — dv)
X X

N~

=Aq =Ay

+H /X or(dvt () — di(t)) ’ /X pi(di(t) — dw(t))

=B :=DB>

2 2

i

H
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In order to study the previous terms, we define 6 = a(||J [lc2(xy V 1)
Study of A;. We use the proximal update defined in Equation (6b):

A= / Lt — Bt VIL(1), B)) — TL(Dd5()

BZHT"X(t? vjzll(t)v ﬁ)
2

< [ (~otmatt. 000,80, 90100 + "2\\v2J;\\oo) )

By Lemma A.5, |[V2J) || < €p(€ry + €p). By Lemma A.6 ii) and Lemma A.5,
I (8, VI, (), B)II* < VT ]1% < €p(Crv + €p)*.

Using [ ||7x|?di < € [||mx||?dv (same ratio argument as (39b)), the Taylor remainder of
A7 satisfies:

292 e [ Imxt, 9200, 8)1 a7 < ep(@ry + ) o3y (300)
We are led to study the first order term. Starting with (38a), we get
/ — Blra(t, VI (1), B)), VL (0))d5 (1)

<=6 [ Inx(t, 5,0, B)IPdo (0

<=5 [ Inx(t, VIO B)IPd(0) + 8 [ Imxt, IO AP [0 ~ 1] dv(e)

<=8 [ Imx(t, VI,0. B)IPd(t) + s [ Imalt, VI,(0) 8P (0eOlan(t

< —B(1 - ale + [l + lle)e®) [ Ime(t TI,0, 9| v @), (3b)
where we have used (4b) and rough upper bounds for the last inequality.

Study of As. Observe that for any ¢ € C2(X), one has

/ Y(do — dv) = / (e7@7® —1)y(t) du(t) (39¢)
X X

We will use the standard inequality:
u2
Yu e R le™" —14u| < ?eh" (39d)

and a first and second Taylor expansion on v. For any (¢,t + h) € X:

Ik

[Y(t+h)—y(t)| < |h]|VY]le and [¢(t+h)—1p(t)—(h, Vi(t))| < jHVQ?/JHoo- (39)
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We then use Equation (39d) and Equation (39e) and observe that the first term of the right
hand side of Equation (39¢) may be upper-bounded as follows:

(e —1)p(t) = —adl(t)p(t) + (7O — 14 ad) () (1)

27/ 2
< —adjy(t) + I o0l

We then integrate with respect to dv and get (while omitting the variable t for the sake of
readability):

2
/w(dﬂ—du) < —/ aJ,',wdl/—i—a”w’OO/ PR, (39f)
X X 2 X

Remainder (1))

We are led to study the remainder term. Replacing ¢ by J), in (39f), we get:

a“Jlf/||ooeallJL\\oo

Remainder(J]) < HQSH%%V)'

Using 6 = a([|J} [lc2(xy V 1), we then deduce the following bound:

5 4
ha = [ Liar—an) <~ (1- ). (39%)
X 2

Study of Bj. To upper bound the second order terms, we use the v/€p-Lipschitz continuity
of t = ¢, from Lemma A.2, so that ||¢:(a) — ()| < €plla — b]|*:

2

B = ‘ / oi(dvt(t) — do(t))
X H
2
=|| [ rte = st 9100180 - eutiraneo
X H
y din(t) \2
< enlply ([ Inete. V0. 8D )
1Z]l7v
< epllay [ me(t, V1,0, ) Pt
< Peperve® [ malt, VL0, 6)|dv (e (39h)
where we used Lemma A.6 i) and the Jensen inequality on the normalized measure %.
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Study of Bs. Since K < 1, for any signed measure = ut — p~ one has || ®ul|E < (ut(X)+
5 () = [ulb; hence:

2
- /X ( /X K (s 1) (d5(s) — dv(s) ) (di(t) — dw(2)

< |7~ vty

= (/X ‘e_O‘JL(t) — 1| dV(?f))z

2012 2
< ([ alaor+ HEO el ay)
X

Oé4 JL t 4 /
< 2’V”TV/ (042|Jl/,(t)|2 + | 4( )| €2a\Ju(t)|>dV(t)7
X

H [ rtante) - avto)

where we used in the last line the Cauchy-Schwarz inequality and (u + v)? < 2u? + 202,
Using again § defined above, we deduce that:

2

-] :

) 62626
< 20€7v g5 1720 (1 + ) : (391)

/ or(d(t) — du(t))
X

Gathering (39b) with (39a) and (39h) on one side, and (39g) with (39i) on the other

side, we deduce the upper bound:

5ed 5226
J(I/+) - J(l/) < _HgSH%ﬂ(y) (1 — 7 — 20éQtTV <1 + 1 >>

H

(ewwp)eﬁ)) .

~ Mgz (1 — als+ [Vl + yllm)e’ - BCp (me% s

We are then led to choose
1
(L +1llry + lylla + )1V Ery)’

“<10

Such a constraint on o ensures that de® < %, which occurs as soon as « is such that § < %.
By Lemma A.5, since ||v|tv < €ry and ||y|lm < €p:

[T le2x) < €p(Cry + Cp) + K,

so 0 = a(||J}llc2(x) V 1) is small under the constraint on a. It is then straightforward to

verify that:
62625
§e > max (a, Q ) .

4

In the meantime, using €/ < el/5 and e2® < e'/5, the choice 8 < 2@79(@7D+;¢Tv)61/5 yields
¢ Cp)el Cpel/o(3e ¢ 1
5Ep CTV€25+( v +&p)e Sﬁ pe 3¢y + P)S*,
2 2 4
which finally entails:
3 .
J6*) = 90) < =5 (191220 + 1951320, (399)
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B.2 Linearization of the mirror descent strategy

This section concerns conditional expectations on the mirror descent strategy. Below, we
state a general result on J,(t) = LS J/(t, Z;) where (Z1,..., Zy) stands for a mini-
batch sample of size m.

Proposition 5 Assume that a < \/8logSE_}, then:

- 22 , 27 (52
Ve X - ‘E [e—aJy(uZ) —(1—aJ (1) ‘ V} ‘ < & Boo —adl(t) 4 O‘Jg(t)ea(fy(t)l'
m

Proof Below, we compute the expectation with respect to the randomness brought by the
mini-batch sample. Let t € X. We begin with the following decomposition:

E [on,’,(t) yeali®) _ 1}

=aJ ()= 1+E [e—af,f,(t)}

- :ajl’j(t) 14 ehOR [e—a[f,c(t>—J;<t>1}]

= [0y (t) = 14 e7%0] 4 e OR [efa[fa<t>—J;<t>1 1]

- :ajl’/<t) 1 e—aJm} A [e—% PN ACY AR A 1]
)

= [adl(t) = 14+ e h0] 4 ematO (g [e-mlC2-RO) " 1)

To derive an upper bound, we use the inequality |[e™" — 1+ u| < %e'“' which holds for any
u € R for the first term and we apply the Hoeffding Lemma to the random variable /JZ(t, Z)—
J}(t), which is a centered random variable almost surely bounded by E. According to
Assumption (9a), we obtain that:

— 2 42 212 ,2g2 2|2
’E [efa[J,/,(t,Z)fJ,’,(t)} _ 1” < Bt <@ E“e% <@ EZ,
8m m
a2Ego
where thanks to our assumption on «, we observe that e sm < 8. We finally obtain the
desired upper bound. [ |

Appendix C. Proofs of the deterministic results

In this paragraph, we present all the proofs related to the deterministic results introduced
at the beginning of our work. In particular, we establish the proof of the key results of
Section 2.2 and Section 2.4.

C.1 Total variation boundedness

Proof [Proof of Proposition 3, 7)] We address (15—(#H3%,)). Let k& € N be fixed. Our starting
point is the relationship

V41 = Vg++ + EklNVH A= <1 — 1P”k+> Vi+ + 8k1N”k+ A
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Computing the total variation norm, we obtain:

Werillry < s oy + eeA(X) < /

e~ ® gy (t) + maxej A(X).
X 720

According to Assumption (2), observe that for any t € X

Tt (1) = /X (e s)dvi(s) — {00 + 5 = cpllvalley — Iyl + 5 > — gl + 5.

We then deduce that thanks to the condition g < a:

Vst Iy < e Ivelrv=lvla|| )iy + A(X)a

We define M as M = %HyHH + %7(;\?) and we verify that
¢
w> M= cpu — ||yllu > %“

We now consider the two different cases:

o If ”’/kHTV > 9, then
s llry < e T |y lpy + A(X)a

= wellry — (1 — e Ty oy + A(X)a

2 cp
= - o (a AX)a,
el = 2 (aZlllav) + A®)a
where ¢ is defined by () = t(1 — e ). We check that ¢ is an increasing function so

that when ||vg |y > 9, then

2 C i
pnlly < ey = (a7 M) +AE ) = uglav—t (1 - e F7) £ X)a.

Thanks to our condition on a, we know that o290t < 1, and the convex inequality
when ¢t € [0,1] 7! <1 —t/e yields:

3

g m
[ves1llTv < [[vellTv — D < o T A(X)a.

Thanks to our definition of 9, we then observe that in this case ||[vg11]|Tv < ||vg]TV-
o If ||vg][Tv < M, then we use the straightforward upper bound:

[vpst]lTy < MeWlE £ X(X)ar < e + A(X)

A direct induction argument then shows that

V=0 wklry < [lvollmv v (eM + A(X)).

Recalling 9 = QHCZ)”H + /220 and % = e”g)”“ + 4/ 63?7(3.)() + A(X), we have eI + \(X) =

op

Zelylls | /2E°AX) 4 \(x) < 298, since v/2 < 2 and A(X) < 2A(X). The proof bound is thus

p op
at most the proposition’s statement bound ||vp|ry V 2R =: €py, concluding the proof of

the boundedness of the sequence (vg)g>0- [ ]
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C.2 es-smoothness evolution

In this paragraph, we now establish that our sequence (vy)i>o verifies Assumption (#.)
given by Equation (14), i.e. we establish the second part of Proposition 3. We first prove
the perturbation bound and the deletion-set inclusion stated without proof in Remark 2.1,
on which the proof of Proposition 3 ii) relies.

Proof [Proof of Remark 2.1]
Proof of (18a). The Fréchet identity (4b), with ||¢¢|lm = 1, gives

()~ T, ()] < / ™) 1 du(s).
X

The uniform bound [|J), | < €p + &7y + & (from (5) and (15-(H3R))), the elementary

inequality [e=* — 1| < |z|el®l, and ||vg ||ty < €1y now yield (18a).

Proof of (18b). For t € P, , definition (17) gives J,’/k+ (t) > —2a~llogey + €, and (18a)
then yields Jy, (t) = J), (1) — €y > —2a7 1 logey. [ |

Proof [Proof of Proposition 3, ii)] Recall that the update defined in Section 2.1 yields:

ki1 7= Vet Hepdy, A= (L=1p, ) +erly, A, (40)
where v, ++ is a positive measure.

Assumption (#}) The definition of N, , = {J,’,}C . <0} implies Assumption H7.

Assumption (HE™°°™1)  First, using (4a),
1
Ton) = Iwe) = [ dn = ) + 310 — ol
< —/ J! dvk++5k/ JdA
Py Ny T

B 1p, I+ 90, VIR,
< B 1p, B+ ey, VI,
since Py, C {J/, > 0}and N, C {J, <0}. Now, by Remark 2.1, it holds the following
k k

inclusion P, , C {J,, > —2a"!logeg}, so that e ) ej on P, ,. Now, using that
dvs (1) = e Dy (¢) and llotlm = 1:

/P v ()

Uk:+

2

)

H

| @y 1m, I = |

< e (P,) % /P loelldvps (0),

2
_ !
e O‘Jl'k(t)dyk(t)] < ”VngfVEi < Hkagrvé‘%,
kT
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where the last inequality uses ¢ < 1; the tighter Ei bound shows that the prune-set
contribution is asymptotically dominated by the birth-set si term derived below. Similarly,

by Cauchy—Schwarz,
| e
Ny

kt

2

[®(ertn, NI =

9

H
< AN, /N losl2dA(s) = €2 AN, )2 < A(X)22,

Vk+

smooth,1
He )

using ||ps|lm = 1. This entails that Assumption ( is satisfied.

smooth,2 smooth,2
Hz ) He )

Assumption ( Concerning (

, we use again the inclusion P, C
{J;, > —2a7'loge,} (Remark 2.1). For any t € X:

o ® = o (O] = 1ot @01 = )]

— ‘/<gpu,(pt>Hd(Vk+l — Vgt ) (u)

Y

< | [ tweiudns ]+ | [ (oueiudiu)].
< / e~ W du (u) + epA(X),
Pu i

< ||VkHTV"5i + epA(X).
This inequality is uniform in ¢ € X', which proves the desired result. |
C.3 One-step analysis
We introduce:

. Vp—1+
Vgp_1+ = mm(Jl',kiﬁ) A0 and Op_i+:= {Jl’,ki1+ < 21 } (41)

We now present a quantitative result that explicitly connects the weight update T}, . to
Assumption (14), by relating the quantity v;,_;+ to the evolution of the energy J under the
update T}, . Proposition 6 below is largely inspired by Proposition H.1 in Chizat (2022).
Here, to relate the increments J(vy+) — J(v) to the minimum of Jl’,k_1 L+ We rely on two
main ingredients: the descent property (see Proposition 2) and Assumption (#.), which
ensures that sufficient mass is present where J;, is negative.

Proposition 6 Assume (H.) and (H3R,) hold so that Equations (14) and (15-(H5R,)) are
satisfied, if o is chosen such that (7) holds and assume that UI%—H > 245%7162, then:

3a _
J(Wp) = I () = ——-Cal Yo+ ep 1.
where £ is introduced in (4c) and Cy in Lemma 7.
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Proof Consider £ € N*. Our starting point is Proposition 2: we keep only the negative

descent contribution produced by |J], |* and observe that, with o small enough so that (7)

holds and with 8 = 0, we have:
3 a |12
J(Wyer) = I(vr) < =7 l95, T2y
= —ia/X ’Jl/,k|2dl/k (42a)
3

—a/ |, |2duy.. (42b)
4 Op_1+ *

A

Now, according to Assumption (HE°°™?) we know that 0, (8) = J), (O] < Cepy

uniformly for all values of . In particular, for any ¢t € X, we deduce from the inequality
2

(a+b)*>% —b? that:

1
ERGIEEY

V—1+

(O - ey (42c)

Using (42b) together with (42¢) leads to:

3 3
Hone) = I < —go [\, Pin+Gec [ du,

k-1t Op_1+
3 o 3 2.2
< fﬁakaﬁ dvy + Za@ €h_1 dvy,
O _1+ Or_1+
2
3 | V_
=——q [ A1t 27 €2 / dvy,
8 4 O, ,+

where we used the definition of ©;_;+ to lower bound |Jl/’k in the first line. In particular,

2
—1+ |
in the specific regime considered here, namely when 2452_162 < vﬁ_ﬁ, we deduce that:

3
Jw+) — J(vg) < —2avz_1+/ dvg.
Op_1+

Finally, Assumption (H1) yields:
3
J(vie) = J(vg) < —Soek1v;_ 1 MOp-1+), (42d)

We are led to lower bound A(©;_;+). To this end, we introduce the following geometric
lemma:

Lemma 7 (Geometric lower bound on the sub-level set) Let g : X C R? = R be
a £-Lipschitz function achieving a minimum value v* = mingey g(x) < 0. There exists
a purely dimensional constant Cy > 0 such that the Lebesque measure of its sub-level sets
satisfies:

Mz € X g(z) <0}) > A ({ e X:g(z) < 2}) > Cye
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Recall from Lemma A.5 that for any v € M(X), J,, is a £(v)-Lipschitz function with
£(v) < £ as soon as |[v]ry < €y (see Remark 1.2). In the meantime, we know from
Assumption (15-(H%,)) that (v4)k>1 and (v4+)k>1 are two bounded sequences in terms of
their TV-norm. Therefore, £(v;) < £. By applying Lemma 7 to g = J,’/ki1 . and observing
that vy_+ = min, J,Lk71+ (z) <0, we have:

| |Uk:—1+’
= 28

Ve e X : |z — arg min Jl/’k— = ]J,ik_ﬁr (x) — min(J,’/k_lJr)] < £x |vk2_£+‘,
Vp—1+
— (@)=

= 2 € 0Op_1+.

<0,

We then deduce that
. . / |Uk—1+‘
v€X:|r—argminJ, [<—o— 1 COp s

This inclusion entails that the volume is bounded by that of a Euclidean ball of radius

|Uk71+‘
28

, so for some constant Cy > 0:
ANOp_1+) > Cal Mg _1+|%
We finally obtain from the previous lower bound and from (42d) that:
3o _
J(vpe) = T () < == Cal™ fopg+ [ e
This concludes the proof. [ |
The following proposition describes the evolution of the cost function itself along the

iterations. For this purpose, we introduce the non-negative sequence (Aj+)r>1 and the
auxiliary sequence (Ag)i>1 defined by

Vk Z 1, Ak+ = J(Vk) - J(I/k+) and Ak = J(kal) - J(l/k) (43)

These two sequences are then associated with our longitudinal evolution as follows.

Ak—l?L Ak+
Vk>1 Vi1 — Vi 1+ —> Vk — Vg+.
Ay

We emphasize that, from Proposition 2, the sequence (Ay+)r>1 is non-negative. However,
we cannot draw the same conclusion for the sequence (Ag)g>1.

Proposition 8 Assuming (14) and (15-(HJ,)), and that « is chosen so that (7) holds,
then

1
dA 2+d
VE>1  J() — J* <€(||[vF]|lry V £) max ([ig k+] ; Ekl) .
k-1
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The above result relates the evolution of the sequence J(v) to the increments J (v;7)—J (),
and is primarily based on Proposition 6. This result involves a trade-off in the choice of
the parameter ¢, (the amount of mass available in regions where .J), is negative), which
must be selected carefully. On the one hand, 5 needs to be sufficiently large to control the
increment of the objective function (see Proposition 6); on the other hand, they contribute
an additional term that affects the value of J(vy).

Proof Using (4a), we have in a first time
* * ]' *
J = J(v) = / Jl’,kd(u — )+ §||(I)(Vk —v )||2
X

This implies
J(vg) = J* < /X Jy, d(ve —v*) = /X g, dvy, —/X gy, dv*. (44a)

;rA =B
Study of A: We can first observe that (42a) can be written as

- 4A
/Wﬂfm%§4ﬂWJ3ﬂ%”=: = (44D)
X « 3o

Then, the Cauchy-Schwarz inequality associated with Equation (44b) yields:

: g | < [y o 72
|A’ = / Jydek: < ||Vk||TV/ |JVk| dl/k < 4TA]€+ . (44C)
X X
Study of B: We use the smoothness of v — J/, induced by (’Hgmomh’2) and obtain that:

— / _ ! ! !
B—/XJdeZ/*—/XJVk1+d1/*+/X(Jl,k =, v

> it [l oy = 1 lev 7, = 75, lle

2 g1+ [V [rv — Cepa ||V
At this stage, two distinct cases may arise depending on the value of vj_;+.

o 15 case: v,_;+ < —2v6€s;_1. Then, we get from the previous bound that
B = / Sy dv* > vy V¥l — Cepa [V v
X
> (14 5 ) eI
— | vp_1+||V
> WG k—1+ TV

1 2Ak+£dr+d
> (14— ) ¥ lley | =2
> ( Qﬂ)urmﬂw%A@

where the last line is obtained using Proposition 6. We deduce that:

1
1 200N, 77
ﬂmﬁ>—1+>u* {k} .
/X v 2 ( NG [v*|lrv 30er1C,
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o 2 case: v,_1+ > —2v/6€c;_;. In such a situation we immediately have

/ T vt > vy [ oy — Cepa[[VH oy > —(1 4 2V6) €| v* || Tver1-
X

Regardless of the value of v,_;+, we then get

1

1 2080A, . 2+
J At > —||v* i 1+2\/6¢s_;(1+ >[ ’“] . 44d
/X LAt > —|lv ||TVm1n(( )Cek—1 275 ) |30eaC (44d)

Using Equations (44a), (44c) and (44d), we deduce that

1 1
dA 7+ (A 3
J(l/k)—J*S@(\I/*HTV\/S)max([E ’“} ;[ ’f*} ;ek_1>.

QL1 «

We conclude while observing that (Ay+)x>1 and (ex)r>1 are two bounded sequences, which
implies that:

1
d 24+d
J(vg) — J* < C(||[v*]|rv V £) max <a1/2 ['SEAH} : €k1> .
k—1

C.4 Proof of the deterministic global convergence

Below, we finally provide the proof of our global convergence result in the deterministic
situation, stated in Theorem 2.1. We will use the key property obtained in Section C.3.

Proof [Proof of Theorem 2.1] We introduce the function f : N — R* defined by f(k) =

Himmth’l) yields

J(v) — J* for all k € N. The triangle inequality and Assumption (
Apr1=J(wk) — JWis1) = J(Wr) — Tt ) + J(Uper) — J(Vgy1) > Apr — €. (45a)

Using Equation (45a) and the definition of f, we then obtain:
fk) = f(k+1) = Apypy > Ags — Cer. (45b)

Simultaneously, if A = € (||v*||tv V £), then we can apply Proposition 8 to get

AT (R < max <S - ,sit‘%) )
QEL—1 OEL_1

It leads to

Ap+ > af % [ATLf(R)2TE - aﬁfdszf‘f > af e 1 [ATHF(R)PTY — af™%] ,, (45c)
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where the last inequality comes from the bound ¢; < 1. Hence, using together (45b) and
(45¢), we get

Fk) = fk+1) > a e 1 [AT f(R)T = (1+ 2l %)el_ .

We use a telescopic sum argument (summing for k = 1,..., K — 1), leading to the inequality
K-1 K—1
F1) = f(K) 2 a ™ A1 ey f(R)H = (14 al™) Y ey,
k=1 k=1

which in turn implies

K-1 K—1
FU) +ae™ a0 e i f (P < f() + (1 +ae™) Y 2 . (45d)
k=1 k=1

Proof of i) and 4i): We introduce in the following the quantity pg, defined as the minimum
value of the sequence (J(vy) — J(v*))1<k<k over the first K iterations:

VK EN  px= min J()—J@") = min f(k).

Thanks to the definition of pg, (45d) implies that

K-1 K-1
P laf AN gy < (f(l) +(1+a™) > 5%1) ;
k=1 k=1
which can be rewritten as
— - 1
K-1 2+d
(14+ag™ Z €1
pr <€ =1 (45¢)

K-1
al™ A 2= dzek 1
k=

Starting from (45e), we now consider two different cases.

e Horizon dependent step-size sequence i) Considering the case of a constant step-size se-
quence (eg)r>0 with e = € for all £ € N, we deduce from (45e) that in this specific case

AL+ 1 2+d
VK >0 <¢ —|—51+a£_d> .
PR S ((K—ne ( )

It remains to optimize the previous upper bound in terms of . The trade-off between the
two terms appearing in the r.h.s. of the previous bound is attained for

1
°T Q:\/(K —1)(1+agd)’
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which yields

LALTT <(1+a£d) e
7

1 (45f)

PK < ——
a2+d
e Horizon-free step-size sequence ii) It is also possible to derive a convergence rate with a
horizon-free step-size sequence that does not depend on the horizon of the simulation. For
this purpose, we simply consider the sequence:
¢
vk >0 € = —F——.
(k+1)
In this case, we verify that:

K-1

K—
1 ¢
— < Cllog(K) +1] and €k —ZQQ\/I?—I.

e
Il
—

Then

__1 /(1 20@+d) 1
pr < Ca CFD () log?+ (K).
K
Proof of 4ii): We first introduce the function f : N — R defined as
) K-1
f(K) = max <J(VK)J*Q:ZS%; 0) VK € N, (45g)
k=1

where € is here related to Assumption (K™Y (see (14a—(HE°™!))). This function is
non-increasing as, for any K € N,

K
f(K +1) = max (J(VKH) —J _ngi ; 0>
k=1

— max (J(VKH) — J(wg+) + J(g+) — J(vi) + J(vk) — QZek ; )
< max (Q:{:‘K-f-J(I/K GZEk, )
= f(K)

where we applied Assumption () in the third line and the fact that J(v+) — J(vg) <0
(see Proposition 2). We first assume that

f(K) > 0. (45h)

Remark that (45h) together with the non-increasing property of f entails that f(k) > 0 for
any k € {1,..., K}. We use the discrete integration by part relationship: for p = f(k+1)"!
and ¢ = f(k)~",

P =gt =(p—q)> P (451)



The relat10nsh1p f(k) > f(k+1) then provides, since every term piq?~* in (45i) is bounded
below by ¢¢ = f(k)~% (resp. by pq? for the i > 1 terms),

1 1 - - d+1
_ k+1)) = — . 45j
Flir e~ g = U0 =0 0) g )
Using (45h), we have
F) = 1) > () = Jd) + J07) — Tloeen) + €2
= A+ +J(WF) = T(vgs1) + Cei,
> Ap+, (45k)
since
JW) = J(Wgr1) > —Ce?,
according to Assumption (™). Hence, (45j) together with (45k) leads to
1 1 d+1 d+1
_ — = > Ap+—= > Apt+ = 451
Fle+ D) FlR)H = T flk+ 1) flo)td = T fe) ol

where the last inequality uses f(k+1) < f(k). Since for all k > 0: f(k) < J(v)—J* = f(k),
(45¢) entails that

Apr > azp 1 £ UATTF(R)PH — ag—ded_, (45m)
This last inequality, together with (451), leads to
1 1 d+1

(aﬁ’dsk,l[A’l Flk)2+ — asfdaz_l) 7

Fl+ D~ JRT Flape

_ _ 1
= <C¥£ dEkflA (2+d) 042 Ek 1W> (d+1)
We then use a telescopic sum argument to obtain:
1 1 K—1 K-1 1
_ — = > C(d+1) ag 4= (@t+d) er_q —al™? A E—
FR)H f(1)iHd ot ; L F (k)2
K-1 1 K—1
> €(d+1)g7¢ |aa=CHd) Eh—1— A5 Z 6%1]
— +d b)
= PP S
since f is non-increasing. This last inequality can be re-written as:
1 1
al” (d+1 dZEk 1+ 1+d (d'f‘].)Oé,g dA 2+d)28k 1+71+d
K) 2 )
Using again the monotonicity of f, we deduce that:
1 —d 2 3
K—1
—d, A—(2+d)
> ¢(d+1)2 %A ) N " gy 1+d,
k=1

o1



where the monotonicity f(K) < f(1) was used to upper bound f(K)~(0+9 by f(1) f(K)~
(the finiteness of f(1) = J(v1) — J* itself being ensured by (H35,)). The last inequality can
be rewritten as

~d(d+ 1)K e+ (1) 7
(d + 1)oz£ dA=(+d) KL o 4 F(1)-(+d) '

fK)<¢

Since f(1) = J(v1) — J* > 0, this leads to

K-1

+E) (45n)

k=1

al” (d+1)2k | e 1+(J( v) — J*) |7
(d+ g dA-Cra) S F—T

J(VK)—J* <c¢

In this context, we consider a horizon-dependent strategy, namely we set €, = ¢ for any
ke {l,...,K}. The bound (45n) becomes in this case

J(I/K)*J* < ¢

Al Ud+1)(K —1)e2 + (J() — J*)] 7+
(d+1)ag 1A~ (K —1)¢
N Jw)-Ja 1
A-Crd)© (d+ 1)g-daA-2+d) = (K — 1)
J(l/l
d+ 1)

IN

* ﬂ
< ¢A [5—!— Za(‘] )J ' + CKe%

Then, choosing € such that

1 1\ 2+d _ Kl B A2td 5+2d e r:’irzdd
d+1acda-erd “Ke) ~0F T T (@t ag T

and defining € large enough to absorb (J(v1) — J *)ﬁ, we obtain that (the constant €
depends polynomially on the initial excess, specifically as (J(vy) — J*)/+d):

2
od A2+d\ 5524 1

_J< - - T 5t2d,
J(vi)—J _¢<(d+1)a> K 5+2d

To conclude the proof, we have to investigate the case where (45h) does not hold. Remark
that the latter entails that

K , od A2+d \ 513 )
J —J<e <CKe<e|=Z—— K52,
) = < e ef <eke e (G

keeping the same choice for e. We then use A = € (||v*||py V £) in the final results. [ ]
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Appendix D. Proof of the stochastic results
D.1 Almost sure total variation bound

We begin with the study of the almost sure TV norm upper bound, that will be then used

throughout the rest of the proofs.
~ H /€3
R=— — 41
G e+ G +

and assume that o < HLDA% and e, < a for all k > 1, then the sequence (Uy)k>0 satisfies:

Proposition 9 Define

VE>0  |oelloy <R as

Proof Our proof follows essentially the same lines as the deterministic case, except that we
have to take into account the randomness of our updates. Let k € N* be fixed. According
to (25a) and (25b), we have

D1 = Vgt — 173”k+ (Ve 1) Pht (Vi 1)0v 4, + 5k1ﬁuk+ (Uk+1)0U, 4,

Computing the total variation norm, we obtain:
. . —aJ’ (t
loellry < Wy +2 < [ &P Odne) + el
X

Next, observe that for any ¢ € X, according to Assumption (9b), we have

Vi

—~ 1 Dk
J! (t) = o I 628 = Gliklow -H+k>-H+k  as,
=1

so that we have the almost sure upper bound:
[Dks1 oy < eGPty g 0y o as.

Then, the rest of the proof proceeds exactly following the same lines as in Proposition 3,
i), whose proof is located in Section C.1. [ ]

D.2 Proof of Proposition 4
The proof of Proposition 4 is split into several parts, following all the assumptions we need

to verify accordingly. In particular, we establish below Propositions 10, 12, 11 and 13.

Proposition 10 (Assumption ﬂja) For any a > 0, set ¢, = ExoV/2a in Equation (24).
Then for any integer k, the iterate (Dy+,Ugs1) of Algorithm 1 satisfies for any A C X':
!
A(AN {J&k+ < 0})
A(X)

E|op1(AN{T, <O} [SL| > e —epmy,
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Proof Consider any integer £ € N and any measurable set A C X, we use the definition
of ﬁk-ﬁ-l:

E (AN {Jf, <0})I5]]

l)ljJr(A n {JékJr < 0}) + e, E |:1J\A/'u . (Uk+1)5Uk+1 (A M {J,gk+ < 0}) |3k+:| ,

k

zek/ MX) Yz — e,E / L. (2)AX)'dz|,
Am{J;k+ <0} Am{J;k+ <0} VRt

MAN{T, | <0}
A(X)

>€k:

P <J5k+ (Ukt1) < Oand 75, (U11) > ca loi T:’“) :
where we used the definition of /\A/'l,k .- Recall in particular that the constant c, is positive.
The key observation is that the sampled point U1 ~ Unionrm(X ) is independent of the
mini-batch Z,j i used to construct the stochastic certificate J’ Dot Conditioning on Uy, =
x reduces the problem to bounding the deviation of an empirical mean at a single fixed point,
where standard Hoeffding’s inequality applies without any covering argument. Specifically,
for any x € X:

2

~ log my my log my, _
P (J/ﬁk-»- (z) > Ca\| - U1 = SC) < exp TR Cq - =m;*.  (46)
Integrating over Uy and setting a = ;E—’g, we obtain:
: , qoMAn( <o)
E [VM(A n{J,, <0} \gk} > e es — emi,
with a = 2}0332 . No covering of X is needed, so the dimension d disappears from the birth
threshold. This ensures that ﬂ;a holds with ¢ = A\(X)~! and ¢ = 1. [ |
Proposition 11 (Assumption HZ™°°™2) For any integer k, the iterate (0 F, D) of
Algorithm 1 satisfies:
!/ !
1S5 = i, Moo < Cep

Proof Using (4b), we have, for any t € X,

To (O = T (1) = (o0, ®(Pas — i

Hence, according to our update scheme,

SU)I() |J£k+1(t)—<]$k+ ()] = SU)I(’ |(ot, POy, Yutpr (Vir) + (@, oy, Juek| < V2epter < sy,
te te

where we have used the Cauchy-Schwarz Inequality and Assumption (Hp). [ ]
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Proposition 12 (Assumption ﬂzmo‘)th’l) For any integer k, the iterate (ﬁ,;H, Vpt1) of

Algorithm 1 satisfies:

1
E[J(0r41) = J(04) 5] < € <5k\/ Oi;:k + 5%) -

Proof The proof is inspired by the deterministic case, see Section C.2, but we still need to
handle the randomness brought by P,, , and ./\f,,k .- We decompose the evolution of J into
two terms:

J(O1) = J(Dp+) = T (D) = T ) + T(@F ) = T ().
Death part: J(2; ") — J(0}+). Using 27" — i+ = =g+ (Viep1)0v, 1 15, N (Vi+1):
k
J(0 ) = T (D)
1
= [Ty it - o)+ 0 - oI
= [— T e Ver )Pt V1) + (T = T3 ) (Vi) Pk (Viern) + 39 (Vi) [ @y, 1
X 173”k+ (Viet1)

< 5% + \/iak max
1<5<px

T kT ket
J/f/k+ (tg ) - Jlék+ (tj )

)

since on 73,,k+ we have jlkar (V1) > 0 (so the first term is < 0 and dropped), 7+ (Viy1) <
V2ey, and || @6y, , || < 1. The death process only evaluates j/f’w

locations (£§+)1§jﬁpka which are Sg—measurable. By Hoeffding’s inequality applied at each
fixed particle position and a sub-Gaussian maximal bound over the p; < my + pg points:

at the p active particle

S gkt op gkt + log my,
. [énjaé);k S04 (15 ) Jﬁk* t) ’34 =¢ my
since log(pr) < log(my + po) = O(logmy). Hence:
lo
E[J(0 ) = J(0p) [8]] < €2 + ey imk.
k

Birth part: J(9g41) — J(2; 7). Since D1 — 0 T =gl s (Uk41) 00, 1
J(Dp1) = J(97)
= [Ty s = 5+ 410G - I
=ekly, | (Uk+1) [J'f/k+ Uks1) + (J5, ., — o) (Ug) + (Jlf,;r+ - J5k+)(Uk+1)]

2
+ %c”q)(SUk-H H]IQ-]I]',/\A/’VICJr (Uk+l)-
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We bound each contribution. By the definition of /i\/yk . in (24), it holds that
To Ukt 1g,  (Ur1) < ca/(logm) /myc.

Proposition 11 yields HJlf/]:ﬁ—Jgk+ oo < €&, and || D6y, ., |7 < 1. Since Ug4q ~ Uniform(X)

is independent of the mini-batch, conditioning on U1 = = and applying pointwise Hoeffd-
ing gives

¢

(75, Ursr) = Th (Uksn)| | 8] <

3

Taking the conditional expectation and using 1//my < \/(logmy)/my for my > 3:

E [J(041) — J(55 ) 3] < € <sk logmy, | gz> .

mg

The finitely many iterates with my € {1,2} contribute an O(1) constant absorbed into €.
Combining the birth and death parts establishes ’Himomh ! |

Proposition 13 (Assumption (7:[1))) There exists a large enough constant € such that,
for any integer k, if a < (4€)71 A /8log8EL!, then:
B
B ) < 900 - SIL I e (S v+ 2.
my

Proof Step 1: One-step evolution and second order term. Let k € N* be fixed. According
o (4a):

. . . . Lo .
Towe) = 360 = [ Tdlos = i) + 5|00 — 20l (47a)
X
Writing 7y, = Zl,’k 1@?5,;? and D+ = ?’“ 1 G f 0 e we introduce the following measure

=37 A;ﬁ . Then, we deduce that:
||q’(ﬁk+ —o)lE = @@ — s + T — ) [,
< 2@ — o) 1 + 22T — ) [

First remark that,
2

P
~ ~ ~kT
1@ — )l = D& (Pt — )|
j=1 H
L
~ ~
< ij XZ%’ ”90{;?*_@5;?”%{7
. + A+ .
< ¢7>|!Vk+HTvZ e =)
+
< Cp| Doy 522wk Il (%, Di(E%), B)I12, (47Db)
7j=1
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where we have used (3) and (10b). Similarly

» 2
k
~ ~ ~ kT ~
@@ —o0)lE = D@ —a)en|
Jj=1 H
2
Pk ok
= Do ke %) — Dl
j:l H
- ~k % ak( —adl(tF) 2
g Z 7 X j(e kI 1) ’
Jj=1 J=1

where the last line comes from the Jensen inequality and from the fact that [|¢:||3 = 1 for

any t € X. Moreover, since the random variable i(t) is bounded for any t € X,

Pk
~ N N N T
1@ — 20) 1y < €llDgllmve® D @ T (#)
j=1

< okl rved || JLI7

Taking the conditional expectation, since the particles’ weights and positions (wj , tj )i€lpx]

are §r-measurable and independent of the k-th iteration mini-batch, we can push the ex-
pectation inside the sum over the particles:

S AR SR R

J=1

Using the pointwise bias-variance decomposition at each fixed particle position tA;‘? € Sk

. A . ) E2,
E |1 (8] = 175, ()P + Var (T [86) < 175, ()P + =,

where E2_ provides a uniform bound on the variance of the stochastic gradient evaluations
due to assumption (9b). Plugging this into the second-order term and using the almost sure
boundedness of (||7k||7v)k>0:

- . o
E [|®(@ — o)l 18%] < €a®|| T3, 5, + G
Gathering with Equation (47b), we deduce that:
. NENTP 20 71 112 a’ 2
E [ @0+ — o)lfr [8k] < €| T3, 15, + €— + €5% (47¢)
my,
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Step 2: Study of the drift. We expand the first order term in (47a) and observe that:

P
. . ikt . . At .
[ Tt =) =3 @ =@ () + 5, B — T @)
j=1
Pr N N
+ Y (@ =N ) = 5, (),
j=1
Pk
(@ — )Ty, (08 + b — 8, v, ()]
7j=1
o + + + +
3 [T — 8 VR T - )+ @ - o, (), B )]
j=1
where v¥ and © UJ are some auxiliary points that belong to (tk ) obtained with the help of

first and second order Taylor expansions. Using Proposmon C. 1 in De Castro et al. (2025a),
we get

[ Tt =) <3 [@h =T @) + b - 8,95, @)
j=1
+ o + +
~k Ak ok ~k ~k ok ok
V2 kuooz 85" = 02+ > ek — o x IV, T - 2,
j=1
Pk . N
~k ~k ok ~k 7k ok ok
< Z[(wj — OR)TL () + ol —t].,w,gk(tj»}
j=1
ok + + +
~k1k ok ~k Ak Ak ok
FA [RIET — 2 e — b - )],

Jj=1

where

A= ([0llrv + lylla)€p

Using the weights update (10b), we obtain

/X Jl{,kd(ﬁk+ - Vk

_ J/ k A “ AL+ ~ N
f W) — 1)y (8) + eyl — 8,V I, (E)

i M@

Pk —
£ Py R
+AZ[ BT — 82 4 ok J<%>—1‘\|t§ —tg?u].(zwd)
j=1

The first term of the right hand side of Equation (47d) is dealt thanks to Proposition 5: a
straightforward conditional expectation argument yields:
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Pk Py
N —aJ! (tk 2
E [y af (e ) — )7 (%) 5| < —all T, 112,
j=1
2 a?||J.

~ 2
J$k||oo||VkHTVEooea||Ja 5 15, A

.

my 2

We pay a specific attention to the second term of the right hand side of Equation (47d).
Using the generalized projected gradient and its related properties (e.g. Lemma A.6), we

get for any j € {1,...,p},

SR — 15,V 7, (1)
_ gk ik D (ik Da(ik Ak ik D (7k (%) — D(ik
= —pwj (mx (1], Di(t]), B) , Di(t]) ) + B&5 (T (t], Di(t]), 8) . VJp, (t]) — Di(t]) ),
< —Bak HWX (t Dy ( (), )H + Bk <7TX (Aé?,f)\k(if),ﬁ) VTG, (1) - ﬁc(ff)>-

Using the Young inequality, we get

SR v (1) < _B; kH”( D), )H + 280k HDk () w;k(ff)f

)

where we have used again Lemma A.6. Taking the conditional expectation w.r.t. Fx, we
get

B[ — 8, 905, ()5
< 2@?1@_ me (15, Du(E), 5) | |3k]+25w§?1@ [HDk i) = v ( H }gk]
< _2@;?1[3})( GAZAGN) Q\sk#mm_ﬁk@;?)—wgk(i?) 5]
—BAE | (ma (8,905, (#),8) ma (2, V.95, (18), 8) = ma (1, Di(85). 8) ) |8
< Bt |||x (f’? VI, (E%) 5) ’ ks _ + 4B0FR _ Di(t%) = w18, (%) ’ ks |
= 4J_XJ’ p\G ) k J kg DR \Yj k-

At this step, we can take advantage of the mini-batch step to control the second expectation
in the previous inequality. Indeed, according to (10a), we have

E[Hﬁk(if — VI, (%) H \sk] - QZE[

Cuk f)”2‘gk] ;

IA
\g
A\
|

This leads to
¢

B[00 — 8,975, )15 < - Gate ||t 95,000 ] + -
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Plugging this expression in (47d), using the almost sure TV boundedness and taking the
conditional expectation, we get:

Pk
N R . ol /3
E[/X%kd(”w—’%)m] < ;W?E [( Tl IS}J’ t’“)+c:m—k
é S ~ k / k
T2 b Hmt v, (1), H I
j=1
p T (] A~ A
e Y (GBI — 1P + 0 oo 1] - ) [3i]
j=1
< —a|lJ, |3 —wakE [H” (VI ( 5)”2\34
20 7/ (2 ao? 2 B
+<¢ <a HJﬁkHﬁk‘f‘mik—i‘B +mk>, (47e)

where we have used the almost sure boundedness of (||gx||7v)r>0 and a large enough €.
Considering now Equations (47c) and (47e), using a < (4€)~!, the quadratic drift term
QfonHJ,';k ||12,k is absorbed by half of the linear descent —af|.J;, ||12,k, and we finally obtain that:

E[J(000) = T(00)[54] < ~5 152 —*Zw’fﬁ vttt v, @] 1]

2
+€<a+ﬂ2+ﬁ>.
mp my

This bound delivers a stronger conclusmn than stated in the proposition, since it retains

ok

the negative projected-gradient term —% Z A;‘?E[HWX(A"“ VI, (t; K, B | Sxl; dropping it
recovers exactly the statement of Pr0p081t10n 13. |

D.3 Omne-step analysis
We introduce below the stochastic counterpart of the set ©,_;+ used in the deterministic

approach and defined in Equation (41), that is denoted as (:)k_1+ and is given by:

U1+

Op_1+ = {J’/’k 4 < ; } with 0, 1+ = min(JéI%ﬁ) A 0.

Proposition 14 Assume that the sequence (D, Dp+)p>1 satisfies (7:[,3), (ﬁ;ra)7 (;C[gmaoth,l);
(HE™™2) and (HSR,). Then, for any k > 1:

E [J(03+)|3x] — J (0)

. . . a? B
S —CQE|_1 (U'Uk,1+|2 — ng%fl] V 0) <|Uk,1+’d — Qﬁmkfl) + ¢ (Tnk + ﬁz + Tnk) .
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Proof First, we use Assumption (Hp) and obtain that:

E[J@oe)|5] - J00) < Sl ve (4 g2e D
- 2" VK Ik mg my )’
2
= —O‘/\Jg 2dig + € O‘—+ﬁ2+£ :
2 X k my my
< B

_a/
2 Js

We apply the Young inequality [J}, ®)? > %|Jl§k_1+ t)]? — | J5, (8) — Jgk_ﬁ (H)]? to get,

2
T2, iy, + € (O‘ + 52+ )
N m m

k—1

according to (HEmOOM2),

a 1 |01+
Ve O, O 251 L OF - 2 T — ey

Thanks to the positivity of a [g . |5, 2dDy,, we then get:
k—1

E [J(04)|8k] — T(0h) < — M—@ez VO ) ok(Op_1+) + € 0‘—2+52+£ .
- 2 8 -1 h mg mg
The term 0,_1+ is S,‘:_l measurable, and since 3:_1 C §k, we get

E [T () = J(00) [§14]
=E[E[J (%) — J (%) [3k) [§1_4]

a ([op_1+]? LA o? 64
< -3 <[81 - (’:ei_l] v 0) E |:I/k(®k_1+) |SZ_1} +¢ <mk + 6%+ —,

mg
o |Op—1+]? ) -
< —5%k-1 ({8 —¢e2 1| VO [cA(@k,H) - @mkfl}
2
a
+€<+62+B>, (48)
mg mg
where we have used Assumption (7—2;) at iteration k£ — 1 for the last inequality. The last
part of the proof is very similar to the one displayed in the deterministic case. First, recall
that J/, is a £(v)-Lipschitz function and thanks to the boundedness of the TV norm stated
by Hrv, we know that for any k, Jli,k n is £-Lipschitz. We then get:

, |01+ , |01+

VE>1: |z — arg min J,';k71+\ < oe = ]J,’;ki1+ (x) — m1n(J£k71+)‘ <E£X T
Ug—1+
— (@) < e

This leads to the $z_1—measurable inequality:

~ d
Vp—1+
28

)‘(@k71+) >
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Using this lower bound in Equation (48)
E [J () = J (1) 135_4]

A ~ —a ag /8
S _Cagkfl (U'Uk;_l+|2 - Q:E%_l] \/ O) <|'Uk_1+’d - Q:mk_l) + C (’)’nk + 52 + Tnk) .

We introduce &w that quantifies the amount of decrease on J through the transporta-
tion map:
Ap+ = J(0g) — J(Ug).
As the evolution is now randomized, we emphasize that ﬁkﬁ- is not necessarily greater
than 0.

Proposition 15 Assume that the sequence (D, D+ )1 satisfies (Hp), (”;‘-A[(E L), (FLEmoethy,
(ﬁngOth’Q) and (7:[%0\,) Then, for any k > 1, we have the §i-measurable inequality:

[Ak+ 1Sx] / B e
Ek 1 ) k 9
MEEk—1 ’ QEE—1

Proof Thanks to the convexity of J, we have:
J(ﬁk) —J* < /X J,;kd(ﬁk - I/*). (49&)

We now bound separately the two terms in the r.h.s. of (49a) and begin with the term
[ J;, AP The Cauchy-Schwarz inequality and Assumption (15-(H3%,)) yield:

[ an < 1o [ 1 \duk] < €l

Thanks to Assumption (#p), we have:

J(og) —J* < €max [ a2

2
@ 2 7\ o 2, B
SI I, < BBy 5+ € (S 24 2 )

mg
which in turn implies that

' X E \/ R I3+ <+62 o ) (49)
X mg

The second integral in (49a) is dealt with Assumption (H?mOOth’Q) leading first to the bound

/X Jb dv* = /X Ao /X (T = Jh v > (i 1o — Cop) 77 .

Then, two different situations may occur according to the value of v_;+.
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o 15 case: O_1+ < — <2€5k_1 Y (2@)1/dm;a/d>. Then, we get from the previous bound
that
/ Jy, dv* >
X

Simultaneously, as soon as 9,_1+ < —2€g;_; and |9;_1+|? > 2¢m, *, Proposition 14
implies that:

Vp—1+ V"]V

N W

E[—&H m} < —caepy ([Jipr+ 2 — €2 ] v 0) <|vk |t — emy 1)
o? B

+€( + 6%+ ) :
mi m

k

- 2+d a’ 2, B
< —cagp_1|Up_ 1+ T E | —+ 5+ — | (49¢)
my, my,

The last inequality implies that

e ] e )

agg—1

Hence, we deduce from these computations that:

1

PP (O MDEERLI)

Q€1

o 2 case: ;4 > — <2€5k LV (20)Ydm ;a/d>. In such a situation, we immediately

have from Assumption HsmOOth 2 that:

/ Jb dv* > (3p_ys — Cepy)[o7 v > —C(epes v mp®Y).
X

Regardless of the value of 0;,_;+, we then get the almost sure inequality:

1
/lelgkdy*z emax | e hm]:a/ ’ ( [Ak+ |3k] +aik(1 + 8%+ )) 2+d o)
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Gathering Equations (49a), (49b) and (49d), we deduce that:

J(0g) — J*
(o ~ o? 5 B 1/2
< 7 <E[Ak+ 1Sk + € <mk + 6% + mk))

(B [Ber o] + e (224524 2)) 7"

Q€1

1
E[Awisk]r. a BB e
3 ; 3 3 €k—1;1, ’
o mi a'\ amy
1
( a >2id /824_% 2+d
MEEk—1 7 QEE—1

Since (&w) k>1 is a bounded sequence, we can verify that the last inequality is translated
into:

—a/d
+¢ max ek_l;mka/;

_1
24d

E[Ag+ 4]
QL1

)

< ¢max

Am] a B |8 s

E
J() = g¢mM¢fWI[€ @ BB,
k—1

my Va'\ amg
1 2 /3 -
< a >2+d Br+ L\
?
mE€r—1 QL1

|
D.4 Proof of Theorem 3.1
Proof In what follows, we set:
F(k)=J(x) — J(v*) Vk e N~
Let k£ > 1 be fixed. Then, we know from Assumption (ﬁim“’th’l)
E[F(k) = F(k+ 1) 5] =E [J() — J (Drr1) I5]]
=J() — J(+) + E [J(z?k.Jr) — J(Uk41) ]3;]
. 1
> Ap+ —C <€z + €k o8 mk) . (50)
my
Applying Proposition 15, we get
N 2+4d 2+d 24d
_2td | E[Ag+ |[F] a2 B B\ 2 _(2tda
F(k)2H < Hd | BBkt [0k — e P 2+d p
cF(k)7<a” o + p— + G + o +e ] +my +
a 3%+ n%
mrgEr—1 QL1
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Then, using Equation (50), the tower rule and then multiplying each term by sk_lapgid, we

obtain:
E[F (k) — F(k + 1)|3%] = E[E[F (k) — F(k + 1)[3;] 3%]

—~ 1
> E[A;ﬁ‘%ﬂ - ¢ (E% + €k o8 mk)

mg
24d
> ca 2 g1 F(k)*T — sy,

where si is given by:

244
a?tde, 24d B\ B\ 2 34d  2td 24 =2l
Sp= 55 tTQ 2 Ek—1|—F+— +Ek—1| — +e 002 FEp1 2 my,
=< Va My
my
44d
Q2 dj2 2 B 2 log my,
+ —— + Y (B* + —) +e; + ek .
m my mi

Taking the global expectation on both side of the inequality, we get:
E[F(k)] — E[F(k + 1)] > ca’ 2 e E[F(k)2T) — 5.

We finally fix now a final horizon K and use a telescopic sum argument to obtain
K +
E[F()] ~E[F(K +1)] 2 Y (ca™ e 1 EIF(R)*] — 1),

which can be rewritten as

K K
E[F(K +1)] +ca’s Y e BIF(R)*) <E[F1)]+ > s
k=1 k=1

Using pk as the minimal value of F'(k)1<k<r, this last inequality implies that
E[F(1)] + 25y sk
i :
a2 Y ek

Using the Jensen Inequality, we finally obtain

Epl <e

E[F(1)]+ K, 3k> 7 ' (51)

Emdse(
QY g k-1

We now consider the final tuning of our parameters to optimize the upper bound obtained
in (51). For the sake of simplicity, we restrict our parametrization to constant step-size
sequences that depend on the final horizon K of simulation: i.e. «, (3, e, and my are chosen
constant with a value that only depends on K (the final horizon of simulation). A careful
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inspection of the terms involved in (51) shows that € needs to balance — +dl/25 = and —=7.
A straightforward argument yields
VEk e [1, K] !
) €k = —(=-
VK
Then, we observe that the step-size « of the push-forward has to be chosen small enough
(to guarantee the descent property stated in Hp) but has to be lower bounded and cannot
be chosen arbitrarily small. Finally, 8 has to be chosen small enough to make the biggest

term ﬁ—i smaller than We then deduce that:

Q.

1
altd/2 /K"

B < B
VE ad/s

At last, we setup the mini-batch size m. Thanks to the pointwise bounds established in

Propositions 10, 12 and 13, the dominant mini-batch—dependent term in s is now & logm

old+d)/2

(from the birth/death process), while the descent lemma contributes only *——

. Setting
m=K

makes both terms of order O(y/log K/K) or smaller, so that Zszl s = O(ylog K). Ac-
cording to these several choices, we then obtain the global convergence rate of our horizon
dependent sequence:

1
) _ flog K \ > 1 (log K\ 7@
E[p](] S ¢ (Oz (1+d/2) i) S Ca 1/2 <§(> .

This ends the proof of our final result. |

Proof [Proof of Theorem 3.2] We start from the general bound (51) with the iteration-
dependent schedules my = kV 1, ey = min(a,1/vkV 1) and By = 1/(kV 1). Let k, =
[1/02], so that e = a for k < kq and ¢, = 1/Vk for k > k. The first k, iterations
contribute only an additive O(1) to all sums and are absorbed into €.

The saturated regime k < k, is negligible in K. We make this O(1) statement precise.
By Section 2.3, « is fixed once and for all from intrinsic problem data; in particular, o does
not depend on K. Hence the threshold k, = [1/a?] is itself a constant independent of the
horizon K, and although it may be large when « is small, it does not grow with K.

On the saturated range {1,...,k,} each summand entering s; in (51) is uniformly
bounded by a constant €(a,d, H,G,Ey) depending only on intrinsic data: indeed g =
a is constant, B < f1 = 1, mp > 1, and the assumed bounds in (9b) together with
(H3/) provide K-independent uniform controls on every factor (compare the term-by-term
estimates below). Therefore the total contribution of these terms is bounded by



which is additive, K-independent, and absorbed into the generic constant € of (28). For
the lower bound on Zle €r—1 established below, the saturated terms are nonnegative and
may simply be dropped; the dominant v/ K growth comes from the regime k > ko, which is
precisely why the assertion requires K > 4k,. Equivalently, the theorem assumes K > 4/a?,
ensuring both that K exceeds k, enough to make the lower bound effective and that the
saturated regime is dominated by the v/K contribution.

Lower bound on } ;1. For K >k, + 4:

K K-1 1 K
Yoz Y > | adr = 2(VE - VE) = VE.
k=1

j:ka @
provided K > 4k,.

Upper bound on ) s;. We bound each group of terms in s separately. The dominant
contributions are:

K K
, log my, Viegk 2 3/2 . .
: < < —
e Birth/death term ,;_1 £k e = ,;_1 r <3 (log K)°/* + €, using the integral
bound flK - lggx dz = Z(log K)3/2

K K
1
e Lxploration term: Za% < Z = O(log K).
k=1 k=1

5 a2 (4+d)/2 1
D : B — - = 1 K
o Descent lemma term E p— o E & O(log K)
k=1 k=1
K 3 K 9
Regularization term: Yy a¥? (g2 + -5 ) = a®23" = = 0(1).
e Regularization term k:loz B + - a 2 2 (1)

K
e Hoeffding term: ka—la(2+d)/2m;(2+d)a/d. With a > W‘id), we have m;(2+d)a/d <
k=1

1/vk, so the summand is at most a(2*9/2 /k, yielding O(log K) at the boundary value
of a (and O(1) for any a > ﬁ)‘

e All remaining terms in sy, involve strictly higher negative powers of k (each < k~(3+d)/2)
and yield convergent sums bounded by a constant.

Therefore, E,If:l s = O ((log K)S/Q).
Conclusion. Substituting into (51):
= 1
Bl < @ [ Q0B KPP N5 e (os )P 2650
PEI = a2td)/2\/K K '

Since N = Zszl k= K(K+1)/2, we have K = ©(v/N), and the sample complexity follows.
|
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Appendix E. Extension to § > 0: position updates in the deterministic
CPGD

In Section 2, the deterministic analysis is carried out under the restriction g = 0, meaning
that only the weights of the measure are updated at each iteration. In this appendix, we
extend the analysis to the case 5 > 0, where the Push-Forward update (Definition 1.1)
also moves the positions of the particles. Throughout this section, we assume that (a, 3)
satisfies condition (7). The transition vy — v+ now reads:

vt = T8 W, a1, (52)
where TE/ 3 denotes the push-forward by the proximal position update T, g (Definition 1.1).

E.1 Total Variation boundedness for 5 > 0

The TV-norm boundedness established in Proposition 3 i) carries over to § > 0 without
modification. Indeed, the push-forward map preserves the total variation norm: for any
pE My (X),

IT8 gl = el

since the push-forward merely redistributes mass without creating or destroying it. There-
fore:

v+ [lTv = HTﬁVﬁWuk,aVk”TV = Wy, atkllTV = /Xe“"%(t)dyk(t),

which is the same starting point as in the proof of Proposition 3 i) (Section C.1). The
remainder of that proof—the case analysis on whether ||vg| Ty exceeds the threshold Ot
defined there, leading to the bound ||vg||Tv < €pry—applies verbatim, since it depends on
vy, only through its TV-norm.

E.2 Smoothness assumptions for g > 0

We verify that Assumptions (14) remain valid when the transition v+ — vi41 is applied
after a push-forward update with 5 > 0.

Assumption (H). This assumption concerns the birth process v+ — 41 only, and
requires that

verily | <op =2 Aeklyy, | <op-

The definition of the sets Nyk L= {J[,k . < 0} depends on the post-update measure v+,
which now incorporates the push-forward. This is the most delicate point and is discussed
separately in Section E.5 below.

Assumption (HO™"1),

composition

The proof of Proposition 3 ii) (Section C.2) relies on the de-

J(Wri1) = () < 1@+ 1p, I+ [12(erln;,, VI,

where P, C {J;,  >0}and N, . C {J;, = <0} These set inclusions hold by definition
regardless of 5. The subsequent bounds rely on the TV-norm of v+ (which is preserved
by the push-forward, as shown above) and on the inclusion P, , C {J,, > —2a " tog e}
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of Remark 2.1; the latter inclusion is sensitive to § through the relationship between v
and v+, and its 8 > 0 counterpart is established in Section E.5 below. Modulo this
re-verification, Assumption (HimOOth’l) holds with the same constant € up to a bounded
multiplicative factor eBL?

Assumption (H2"°°™?),  The bound

1 s = Ty Moo < lwmllrve + exA(X)

is obtained via the Cauchy—Schwarz inequality applied to the feature map ®, and depends
on v+ only through its TV-norm. The argument is therefore identical to the S = 0 case.

E.3 Extended one-step descent for 5 >0

Proposition 16 Under Assumptions (14) and (15-(H3R,)), if (o, B) satisfies (7) and v, >
245k_1€2, then:

3o _
J(pr) — J(vg) < —7(22) d|vk—1+’2+d5k—1-

Proof The proof follows that of Proposition 6 with a single modification: we apply Propo-
sition 2 with 8 > 0 instead of 8 = 0. The descent property yields:

I = 30) < =3 (a [ 17, P+ [ I, 97,00, 8) ).

Since the second term is non-positive, dropping it only weakens the upper bound by an
amount of additional descent, and we obtain:

3 2 3 a (|12
J(vp+) — J(vg) < —404/)( ’JL,J dvg = _ZHngHN(Vk)'

This is exactly inequality (42a), and the remainder of the proof of Proposition 6 (Eqs (42b)—
(42d)) proceeds without change. |

E.4 Convergence rates for 5 > 0

Since Proposition 16 yields the same bound as Proposition 6, the downstream results—mnamely
Proposition 8 and Theorem 2.1—extend to 8 > 0 with identical rates.

The proof of Theorem 2.1 (Section C.4) uses two ingredients: (i) Assumption ( ,
which is verified in Section E.2, and (ii) the descent property J(vp+) — J(v,) < 0, which
follows from Proposition 2 for any («, ) satisfying (7). The telescoping sum argument and
the optimization over ¢ are unchanged.

smooth,1
He )

E.5 The screening issue for g > 0

We now address the most delicate point: verifying that the birth process construction of
Section 2.2 still satisfies Assumption (H1) and that the smoothness bounds (14) remain
valid when v+ is computed with § > 0.
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Assumption (H7) is satisfied by construction. Recall that the mass creation step (20)
adds ex1y;, , A on N ={J), . <0} Since vgi1 = vp++ + ekln;, A with v > 0, we
obtain

Ver1ly, <o 2 Ek)\1J;k+ <0,

which is precisely Assumption (H7). This holds regardless of 3, since the birth process is
defined in terms of the actual measure v+, whatever its construction.

Perturbation of Jl’,k . by the push-forward. The more subtle issue arises in the
smoothness proofs (Section C.2), which use the specific relationship between vy, v+, and
the set P, . We denote by 1+ = Wy, o1 the intermediate reweighted measure (before

position update), so that v+ = T?/ﬁﬁ,ﬁ.
We control the perturbation induced by the push-forward using a Taylor expansion. For
any t € X:

Ty () = T (8) = (06, @(Vp+ — Dt ). (53)

Since v+ = Tﬁy gVk+, the change-of-variables formula gives:

PVt — Upt) = / |:§0T,,”3(t) - %] dDy+(t).
X

By the Lipschitz property of the feature map (Lemma A.2), [[oT, ;) —¢tllm < VEp| Ty p(t)—
t||. Recalling the definition T, 3(t) = t—Brx(t, VJ,, (t), 8) and the bound ||mx (t, V.J), (), B)|| <
IVJ), lloo < £ (Lemma A.5), we obtain:

[P+ — v+ )l < BV EPL [T+ [Ty < BV EP Ly

Combined with (53) and ||¢¢|jm = 1:

Extension of the smoothness bounds. It remains to verify that Assumptions (Himmth’l)

and (’Himmth’Z) still hold with the same order. In both cases, the key observation is the
following: with 8 > 0, integrals against v+ over a set A C X are expressed via the push-

forward as
/dl/k+(t/) :/ efa‘]ék(t)dl/k(t).
A T, L(A)

On the preimage T;é(PVH), since T, 5(t) € Py, C {J}, > —2a"'logey} (by Remark 2.1),
the Lipschitz continuity of J, (Lemma A.5) yields:

—1 2
Ty, () > Ty, (Tus(t) — £ Tup(t) — t| > =207 " loger — BL%, (55)
using the bound || T, 5(t) — t|| = Bll7x(t, VJ], (1), 8)] < AL (Lemma A.5). Therefore:
Ve T (P, ) e ) <ot (56)

Under condition (7), the product a3£? is uniformly bounded by a constant depending only
on Cp, €y, and k.

70



Assumption (HE™°°™1) As in the proof of Proposition 3 i) (Section C.2), the Cauchy—

Schwarz inequality gives:

2
< v (P, ) X /P low [Bdve ().

H Vit

[ (ve+ 1p, i = ||/ prdvy+ (1)
Pus
Since |¢y|lm = 1, both factors equal v+ (Py, , ). Using the push-forward and the bound (56):

_ / 2
Vit (Pyy) = / L RO 0) < P vy
T, 5Py, 1)

Therefore ||®(vy,+ 17)”k+)”]%1 < 2088 etllvellby < €23 |lvg |3y, where the last inequality uses
er < 1. The bound on H@(@klj\[yk+ M < e2X(X)? is unchanged (it depends only on &

and A(X)). Therefore, Assumption (H™°°™!) holds with a modified constant €.

smooth,2
He )

Assumption ( . Following the proof in Section C.2:

Tl @) =T, (t)‘ < [(pu, po)ml dvp+ (u) + € [(Pus t)ul dA(u).
k Pt N,

UkJr

The second term is bounded by e A(X) as before. For the first term, using |[{pu, @i)| < 1
and the push-forward:

A

where we used (56). This yields:

s (u) = / L RO o) < P vy

2
10 = o Nloe < €7 pllmver + exA(X) < €y,

since €% is bounded under (7) and g < 1.

E.6 Global convergence with position updates

We now state the main result of this section, which extends Theorem 2.1 to the case 5 > 0.
The transition vy — v+ is given by the full Weight & Push-Forward update (52), and the
birth process v+ — vgy1 follows the construction of Section 2.2.

Theorem E.1 (Global convergence for 8 > 0) Assume (2) with k > 0. Let the se-
quence (Vg)p>1 be generated by the update v+ = T,ﬁ/ﬁW,,hayk followed by the birth pro-
cess (17)~(20), with (ex)k>0 satisfying e, < « for every k > 0. If (o, 3) satisfies condi-
tion (7), then Assumptions (14) and (15-(H3%,)) hold (with constants € depending on «,
B, €p, €1y, and k, and differing from the 8 = 0 case by bounded multiplicative factors of
order eaﬁ’gz), and for any final horizon K > 2:

i) If (ek)k>0 is non-adaptive and e, = ¢ = \/€/K < o for all k € {1,..., K}, then:

min {J(v) — J(v*)} < C LT o T K0
1<k<K -
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1) If (ek)k>0 is horizon-free and e, = \/€/(k+ 1) < «, then:

242d L )
i J —JW < ELod o 7rd K 20D Jog(K) @D .
i (o)~ 07} < €2 oo K)

£2+2d
(d+1)a

1
i) Ifep =e=¢ ( >5+2d Kf%, then:

£2+2d ﬁ 1
_Jon <e[ = K5
sy = a0 <€ ((Fopa) KT

In all three items, the generic constant € may depend polynomially on (||v*||tv/L); in
item 1iii), € also depends polynomially on the initial excess J(v1) — J* (which is finite
under (H3%,) )

Proof We have established in Sections E.1-E.5 that Assumptions (14) and (15-(H,))
hold under the update (52) with 8 > 0, with constants € that may differ from the g = 0
case by bounded multiplicative factors (specifically, factors of eaﬂSQ, which are uniformly
bounded under (7)).

With these assumptions verified, Proposition 16 yields the same one-step descent bound
as Proposition 6 (up to the modified constants), and the proof of Theorem 2.1 (Section C.4)
applies verbatim: the telescoping sum argument (45d) and the optimization over ¢ depend
only on the structure of Assumptions (14), not on the specific value of 5. The three con-
vergence rates therefore coincide with those of Theorem 2.1. |

Appendix F. Statistical guarantees

Definition F.1 (Sparse target measures) Let A" be positive and let s° be greater than
1. We define the class of s°-sparse measures with minimal Euclidean separation A° as

80
M =3 ul 0 = 95,0 and min ||z} — 2P| > A° 57
0,40 % i ;%ﬁw1$Wk@h_ : (57)

where §; denotes the Dirac mass at point x € X and at least one a% € R is non-zero.

In statistical learning theory, one considers a target sparse measure p° € Mo a0 and
one defines the noise term and, respectively, the noise level as

M=y —ou° (58a)
resp. v := ||T||m- (58b)

The statistical estimation error bounds of (P) are defined by means of the so-called far and
near regions.
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Definition F.2 (Far and Near regions) Let " € Mo a0 and let v > 0. Define the near
region of x% of radius v as

Ny(r):={zeXx, |o- 2l < r}, (59a)
and the far region as
F(r):= X \N(r), with: N(r) := (] Ny(r). (59b)
k=1

In the literature (Azais et al., 2015; Candes and Fernandez-Granda, 2014; Poon et al., 2023;
De Castro et al., 2025b), the estimation errors (with respect to the Euclidean metric) are
proven to be, under some conditions, for some radius r > 0 such that » < A%/2,

e Control of the far region:

|1 [(F(r) SavVs0, (60a)
e Control of all the near regions:
| (Nk(r) = apl| SayVs?, (60b)

e Detection level: For every Borel set A C X such that |p*|(A) =4 vVsY, there exists
x% such that
in||t —zplla < 60
min ¢~ 2012 a7 (60
where <y denotes the inequality up to a multiplicative constant that may depend on the
dimension d, p* is a solution to (P) with regularization parameter £ ~ v/vs" and |u*|

denotes the absolute part of p*. These statistical estimation error bounds hold for all
€ M(X) such that

0<J(p) = () < J(p°) = J(u") = €, (61)

see for instance (De Castro et al., 2024, Theorem 1), under some conditions (see (Poon
et al., 2023, Assumption 1)). Extensions to Fisher-Rao metrics are given in Poon et al.
(2023) and Giard et al. (2025).

We call an e-solution any u € M(X) such that 0 < J(u) — J(p*) < e. From an
optimization point of view, Equation (61) shows that there exists ¢* > 0 such that any
e-solution satisfies the statistical error bounds (60), for 0 < e < ¢*. While the parameter
€* is not observed in practice, it shows that any gradient descent path converging towards
a solution will satisfy the statistical error (60) after a finite number of steps.

Appendix G. List of notation
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General Notation & Measure Spaces

d, X Dimension and domain (X C R¢ is compact convex)
¢, & Generic positive constants
A Lebesgue measure on X
C(X) Space of continuous functions on X’ equipped with || - ||
M(X), My (X) Spaces of signed and non-negative Radon measures on X’ equipped with || - || v
Continuous Sparse Regression Framework
H, y Separable Hilbert space and observation vector in H
) Linear measurement operator M(X) — H
Dt Feature map t — ¢, € H
K(--) Model kernel defined by K (s,t) = (@s, ¢i)u
K Regularization parameter of problem (P)
J(v) Objective function over measures
J), Dual certificate (Fréchet derivative of J at v)
wevr Optimal signed and non-negative measures (minimizers of J)
PK Minimum excess loss along the deterministic trajectory, mino<p<rg[J(v%) —
()
Regularity & Complexity Constants
cp,Cp Kernel smoothness bounding constants (Assumption Hp)
Cry Uniform bound on TV norm along trajectories (Assumption (15—(H3%,)))
£ Uniform Lipschitz constant for J/,, see (4c)
E Uniform L bound on the per-sample dual-certificate estimator (Assump-
tion (A2))
Conic Particle Gradient Descent Algorithm
K Total number of iterations (horizon)
Dk, Po Number of active particles at iteration k£ and at initialization
a, B Learning rates for weight and position updates
Vi, Vig+ s Vi1 Measure estimates at iteration k, post-weight update, and next iteration
Wy o, Tup Weight exponential update and position push-forward update operators
Tx Generalized gradient descent step on X
Ag, A+ Potential energy descents along iterations
Ezxploration: Birth and Death Processes
P, N, Regions of positivity (particle death) and negativity (particle birth) of .J/,
€k Exploration schedule / birth rate parameter
ék, Ck Threshold parameters for particle death and birth processes
Uk+1, Vietr1 Random candidate points proposed for birth and for death at iteration k + 1
FS&P Stochastic Estimators
w.,T Vectors of particle weights (pr components) and positions (py X d)
Dk, ﬁk+,ﬁ,j+7 Up+1  Stochastic counterparts of vk, vi+, Vg++, Vg1 (current iterate, post-weight up-
date, post-death, and next iterate)
mg, N Mini-batch size at iteration £ and total oracle count N = Zle my
/Z, b\k Stochastic estimators of the dual certificate and its gradient
73,,k . ,./\Afyk 4 Empirical regions of particle death and birth
ﬁk, KH Empirical potential energy descents
Sk, Sg Filtrations generated by the algorithm up to step k and post-update kT
K Minimum stochastic excess loss along K iterations, see (27)
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