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Abstract

We investigate the global optimization of the objective function arising in continuous sparse
regression, specifically the Beurling LASSO (BLASSO), over the space of measures. While
Conic Particle Gradient Descent (CPGD) methods are computationally efficient, they may
become trapped in local minima due to the non-convexity of the parameterization. To
overcome this limitation, we introduce Fast Spawn&Prune (FS&P), a stochastic algorithm
that extends FastPart introduced in De Castro et al. (2025a) and combines CPGD with
a birth–death process. The birth mechanism ensures asymptotic global exploration by
introducing particles in regions where first-order optimality conditions are violated, while
the death process preserves computational efficiency by pruning non-informative particles.
We provide the first theoretical guarantee of global convergence for this class of discrete-time
stochastic algorithms, without requiring exponentially large initializations. Furthermore,

we derive explicit convergence rates for the excess risk, which scale as O
(
(logK/K)

1
2(2+d)

)
,

where K denotes the number of iterations and d the dimension of the domain, thereby
quantifying the trade-off between global exploration and local refinement. Moreover, the

sample complexity is O
(
N− 1

4(2+d)
)
(up to logarithmic factors). We also propose a horizon-

free variant that does not require prior knowledge of the iteration budget.

Keywords: continuous sparse regression, conic particle gradient descent, birth and death
process, global convergence, stochastic optimization

1 Introduction

Continuous sparse regression has been at the core of numerous studies in statistics and signal
processing. In particular, it encompasses a wide range of models and problems, including
statisticalmixture models, deconvolution problems, and neural networks. We refer to Candès
and Fernandez-Granda (2014); Azais et al. (2015); De Castro et al. (2021); Duval and Peyré
(2015); Giard et al. (2025), among others.

In this paper, we do not focus on the statistical properties of the estimator µ⋆, but
rather on the underlying optimization problem. Indeed, attaining the exact global minimum
is not strictly necessary in practice; approximate solutions are often sufficient to achieve the
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desired statistical guarantees. While a thorough analysis of these properties lies beyond the
scope of this paper, we refer the interested reader to Appendix F for a brief overview.

From Over-Parametrization to Global Convergence The optimization of a non-
convex objective J via particle discretization has undergone significant theoretical advances.
The seminal works of Chizat and Bach (2018); Chizat (2022) established that, in the overpa-
rameterized regime—where the number of particles is very large—gradient descent dynam-
ics can benefit from a convex optimization landscape. Specifically, in the mean-field limit,
the gradient flow converges to the global optimum, provided that the initialization assigns
strictly positive mass to every measurable subset of the domain X . This regime effectively
convexifies the problem by allowing mass to flow freely toward the optimal support.

However, the computational cost of deterministic particle gradient descent scales poorly
with both the number of particles and the dataset size. To address this issue, recent works
have investigated stochastic approximations (De Castro et al., 2025a) and sketching tech-
niques (Poon et al., 2023; De Castro et al., 2025b). In previous work, the authors analyzed
Stochastic Conic Particle Gradient Descent (FastPart) in the overparameterized regime.
They showed that replacing exact gradients with unbiased stochastic estimators (via mini-
batching and random features) significantly improves time complexity while maintaining
strong stability guarantees, in particular the boundedness of the total variation norm along
the trajectory and local convergence rates.

Despite these advances, a critical gap remains regarding global convergence for discrete-
time algorithms with sparse initialization (i.e., with few to a moderate number of particles).
Standard gradient descent methods, including their stochastic variants, are primarily local
search methods and struggle to transport mass to remote regions of the domain when the
current support is far from the optimum. As a result, the discrete algorithmmay remain near
stationary points where the first-order optimality conditions—namely, the non-negativity
of J ′

ν , the Fréchet derivative of the objective—are violated in regions devoid of particles.

Fast Spawn&Prune and the Birth/Death Process In this paper, we introduce
FS&P, an algorithm that augments stochastic conic particle gradient descent with a Birth
and Death process. This mechanism is designed to bridge the gap between local descent and
global exploration. The Birth Process acts as a global corrective mechanism. It detects
violations of the first-order optimality conditions—specifically, regions Nν where the so-
called dual certificate J ′

ν satisfies J ′
ν < 0—and introduces new particles in these areas. This

mechanism ensures asymptotic global exploration and prevents the dynamics from becom-
ing trapped in local minima. Unlike greedy methods such as Frank–Wolfe algorithms, which
require solving a global minimization problem for J ′

ν to add a particle, our approach simply
samples random points within the negative regions Nν of the certificate J ′

ν , making it sig-
nificantly more computationally tractable. The Death Process maintains computational
efficiency by pruning non-informative particles. Exploiting the convexity of the objective
function over the space of signed measures, we show that removing a particle whose weight
is small and for which the dual certificate J ′

ν at its location is sufficiently large (i.e., in
the regions Pν) strictly decreases the objective value. This provides a rigorous criterion
for reducing the number of particles—and consequently the computational cost—without
compromising convergence guarantees.
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Our main theoretical contribution is to prove the global convergence of this scheme.
The Stochastic Conic Particle Gradient Descent with Birth and Death is a discrete-time
algorithm that constructs a sequence of measures (νk)k≥0 from the discretized version of
the objective function J(·) by encoding the measures as a finite sum of particles (Dirac
masses). Let (εk)k be a sequence of exploration parameters controlling the intensity of the
birth process at iteration k. At each iteration, the algorithm performs the following steps:

• Weight and Push-Forward Update: Each particle’s weight is updated via an
exponential weighting scheme based on the local value of the dual certificate J ′

νk
(the

so-called conic descent). Simultaneously, the positions of the particles are adjusted
using a so-called generalized gradient descent step to ensure they remain within the
domain X . A descent lemma (Proposition 2) quantifies the decrease in the objective
function due to these updates, giving the intermediate update νk 7−→ νk+ .

• Birth Process: New particles are introduced by sampling from regions Nνk+ where
the (updated) dual certificate J ′

νk+
is negative (which can be done in practice using

rejection sampling, for instance). The number of new particles added is proportional to
the exploration schedule parameter εk, which decays over time to balance exploration
and exploitation.

• Death Process: Particles located in regions Pνk+ where J ′
νk+

is sufficiently large are

safely removed (with theoretical guarantees) from the measure. This pruning step
helps control the total number of particles, ensuring computational efficiency.

• Stochastic Gradient Estimation: To further enhance scalability, the algorithm
employs stochastic approximations of the gradient using mini-batches of data and
random feature mappings (sketching). This reduces the computational burden asso-
ciated with evaluating the full gradient at each iteration.

We start by presenting the continuous sparse regression framework and the key mathemati-
cal objects involved in the optimization problem. We then detail the Fast Spawn&Prune
algorithm, including the weight and push-forward updates, as well as the Birth and Death
processes. Next, we derive explicit convergence rates that depend on the dimension of the
domain X , reflecting the cost of global exploration. We show that, under suitable assump-
tions on the exploration schedule (εk)k, the sequence of iterates converges to the global
optimum.

1.1 Continuous sparse regression

Let X ⊂ Rd be a compact convex set (equal to the closure of its interior) and consider
(M(X ), ∥ · ∥TV ) the space of signed measures, defined as the topological dual space of the
space (C(X ), ∥ · ∥∞), the continuous functions endowed with the infinity norm. Let H be a
separable Hilbert space and let Φ : M(X )→ H be a linear map, referred to as the (forward)
measurement operator. We define the BLASSO problem (Candès and Fernandez-Granda,
2014; Azais et al., 2015) as

µ⋆ ∈ argmin
µ∈M(X )

J(µ) where J(µ) :=
1

2

∥∥y − Φµ
∥∥2
H + κ∥µ∥TV , (P)
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where κ > 0 is a regularization parameter and y ∈ H is some observation. We assume that Φ
is a bounded linear and weak-* continuous operator and one can prove (see Lemma A.1 in
the appendix) that

Φ : ν ∈M(X ) 7−→
∫
X
φtdν(t) ∈ H , (1a)

where t ∈ X 7−→ φt ∈ H denotes the feature map. One can define the model kernel K(·, ·) as

∀s, t ∈ X , K(s, t) := ⟨φs, φt⟩H . (1b)

We make the following assumption on the program (P) throughout this paper, which is
satisfied for standard kernels on compact sets X , such as the Gaussian kernel for instance.

Assumption (HP). There exist constants cP > 0 and CP > 0 such that the observation
y ∈ H is bounded in H, namely:

∥y∥H ≤ CP ,

and the kernel K(·, ·) introduced in (1b) is

• Smooth: Twice continuously differentiable

max
{
∥K(·, ·)∥∞, ∥∇sK(·, ·)∥∞, ∥∇2

sK(·, ·)∥∞
}
≤ CP , (2a–(HP))

where ∥ · ∥∞ is the infinity norm (each case over all s, t ∈ X ) of the absolute kernel
value, the Euclidean norm of the kernel gradient with respect to the first variable and
the operator norm of the kernel Hessian with respect to the first variable, respectively.

• Normalized and positive:

∀s, t ∈ X , K(s, t) ≥ cP > 0 and K(t, t) = 1 . (2b–(HP))

Remark 1.1 Note that Equation (2b–(HP)) yields K(s, t) ∈ [cP , 1], for any s, t ∈ X .
Note also that (see Lemma A.2) the so-called kernel metric dK(·, ·) (see (Steinwart and
Christmann, 2008, Eq. (4.80))) satisfies

∀s, t ∈ X , dK(s, t) := ∥φt − φs∥H ≤
√
CP∥t− s∥ , (3)

where ∥ · ∥ is the Euclidean norm on Rd. We will use the Lipschitz property throughout
this paper.

1.2 First order optimality condition

Symmetrization trick Following Chizat (2022), we address the optimization problem
over the space of signed measuresM(X ) by lifting it to the space of non-negative measures,
denoted byM+(X ). This standard argument is presented in Section A.4 (in the appendix)
and, from now on, we assume that the feasible set of (P) isM+(X ).
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Fréchet differentiation: the dual certificate For any ν ∈ M+(X ), the Fréchet
derivative of J(·) is denoted by J ′

ν ∈ C(X ) (referred to as the dual certificate). By Lem-
mas A.3 and A.4 (in the appendix), the dual certificate enjoys the following equality, for all
ν ∈M+(X ) and σ ∈M(X ) such that ν + σ ∈M+(X ),

J(ν + σ)− J(ν) = ⟨J ′
ν , σ⟩+

1

2
∥Φ(σ)∥2H , (4a)

and

∀t ∈ X , J ′
ν(t) = ⟨φt,Φ(ν)− y⟩H + κ . (4b)

Remark 1.2 (Lipschitz continuity of the dual certificate) As established in Lemma A.5
(see the appendix), the dual certificate J ′

ν is Lipschitz continuous with respect to the spatial
variable t ∈ X . Specifically, its Lipschitz constant L(ν) satisfies

L(ν) ≤
√

CP(CP + ∥ν∥TV) ,

where CP is the Lipschitz constant of the feature map t 7−→ φt (derived from the ker-
nel smoothness in Assumption (HP)). This smoothness is crucial for the descent lemma
(Proposition 2), as it ensures the gradient does not vary too much between close particles.
Note that this bound depends on the mass of the measure ∥ν∥TV, which we prove remains
bounded by a constant CTV > 0 throughout the algorithm. We can define the uniform
Lipschitz constant L of the dual certificates J ′

ν as

L :=
√
CP(CP + CTV ) . (4c)

Remark 1.3 (Bounds on the dual certificate) Note that the dual certificate (4b) sat-
isfies, for any ν ∈M+(X ) and any t ∈ X ,

∥ν∥TV + CP + κ ≥ J ′
ν(t) =

∫
X
K(s, t)dν(s)− ⟨φt, y⟩H + κ ≥ cP∥ν∥TV − CP + κ (5)

under (2). The bound (5) will be used to prove that the measure updates (νk)k have bounded
total variation.

Optimality condition The dual certificate J ′
ν plays a central role in solving the prob-

lem. In particular, it enables the characterization of solutions to our optimization problem,
thereby emphasizing its importance. We have the following proposition; see, for instance,
(Chizat, 2022, Proposition 3.1).

Proposition 1 (Karush–Kuhn–Tucker (KKT) conditions) A measure ν⋆ is a mini-
mizer of ν 7−→ J(ν) if and only if J ′

ν⋆(t) ≥ 0 for all t ∈ X and J ′
ν⋆(t) = 0 when t belongs to

the support of ν⋆.
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The KKT conditions in Proposition 1 provide a natural rationale for the particle birth and
death dynamics proposed in this algorithm. First, the requirement that J ′

ν⋆ ≥ 0 implies
that any region where the current dual certificate is negative (J ′

ν < 0) corresponds to a
local violation of optimality. This motivates a Birth process to inject mass into these
under-represented areas. Second, the complementary slackness condition implies that the
support of the optimal measure is contained within the zero level set of the dual certificate.
Consequently, particles located in regions where J ′

ν is strictly positive should be pruned or
down-weighted to reduce the objective value, thereby justifying a Death process.

1.3 Weight & Push-Forward update

To adopt an optimization perspective on the functional J(·), we can formulate an ideal
algorithm that recursively generates a sequence of measures (νk)k≥0 via a so-called conic
gradient descent on J(·).

Generalized descent on X While the dynamics of the weights of the measures are made
explicit through an exponential-weight descent, we also need to update the positions of the
support points of the measure. Since the measure is supported on X , we must therefore
constrain the particles to remain in X . This is ensured by the following proximal approach,
which we briefly describe below. We refer to Ghadimi et al. (2016) for further details. Given
a step size β > 0, we define

∀t ∈ X , ∀v ∈ Rd , t+t,v,β := argmin
u∈X

{
⟨u, v⟩+ 1

2β
∥u− t∥2

}
. (6a)

The generalized gradient descent step associated with a descent vector v is then defined as

πX (t, v, β) :=
t− t+t,v,β

β
so that t+t,v,β = t− βπX (t, v, β) . (6b)

Descent Property By considering step sizes α, β > 0, whose values will be specified and
discussed throughout the paper, we introduce for any measure ν ∈ M+(X ) the mappings
Wν,α : X −→ R and Tν,β : X −→ Rd defined as:

∀t ∈ X , Wν,α(t) = e−αJ
′
ν(t) and Tν,β(t) = t− β πX (t,∇J ′

ν(t), β) .

Definition 1.1 (Weight & Push-Forward update) For any ν ∈ M+(X ), define the

update as ν+ := T♯ν,βWν,αν where the weight update Wν,αν ∈ M+(X ) is given by, for any
Borel set B ⊆ X ,

(Wν,αν)(B) =
∫
B
Wν,α(t)dν(t) =

∫
B
e−αJ

′
ν(t)dν(t) ,

and the push-forward measure T♯ν,βµ ∈M+(X ), for any µ ∈M+(X ), is defined by:

∀ψ ∈ C(X ) ,
∫
X
ψ(t)dT♯ν,βµ(t) =

∫
X
ψ(Tν,β(t))dµ(t) .
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The next result provides a quantitative characterization of the effect of the Wν,α and Tν,β
updates on the value of the objective J(·).

Proposition 2 (Descent property) Assume that (2) holds. Then, for any ν ∈ M+(X )
and CTV > 0 such that ∥ν∥TV ≤ CTV and for any α ≥ 0 and β ≥ 0 such that:

α <
1

10(1 + CTV + CP + κ)(1 ∨ CTV )
and β ≤ 1

2CP(CP + 3CTV ) e1/5
, (7)

it holds that

J(ν+)− J(ν) ≤ −3

4

(
α

∫
X
|J ′
ν |2dν + β

∫
X

∥∥πX (t,∇J ′
ν(t), β)

∥∥2 dν) .
where ν+ := T♯ν,βWν,αν.

The proof is deferred to Appendix B. This result highlights both the strengths and limi-
tations of the dynamics ν 7−→ ν+, thereby motivating the algorithmic modifications intro-
duced below. First, the Weight & Push-Forward update (Definition 1.1) enables the defi-
nition of an iterative sequence of measures (νk)k≥1. Proposition 2 quantifies the associated
“descent” property: it establishes a lower bound on the decrease of the objective, guarantee-
ing a minimal energy reduction for the transition ν 7−→ ν+. Secondly, while Chizat (2022);
De Castro et al. (2021) prove that the sequence (νk)k≥1 converges to a sparse measure ν∞
satisfying J ′

ν∞ = 0 on its support, they do not guarantee J ′
ν∞ ≥ 0 elsewhere. Thus, standard

conic particle gradient descent fails to satisfy the full optimality conditions of Proposition 1
due to insufficient exploration of X , and global convergence cannot be guaranteed in this
setting.

1.4 Birth and Death Stochastic conic particle gradient descent

The particle swarms and their non-convex program We consider a generic non-
negative measure composed of p Dirac masses, referred to as a particle swarm. Let W :=
(ω1, . . . , ωp) ∈ Rp, T := (t1, . . . , tp) ∈ Rp×d, and κ := (κ, . . . , κ) ∈ Rp. We introduce

ν(W ,T ) :=

p∑
j=1

ωjδtj , (8a)

where, for any j, ωj > 0 denotes the weight of particle j. Then, the parametrization of ν
in (8a) yields:

J(ν(W ,T )) = F(W ,T ) +
1

2
∥y∥2H with F(W ,T ) := ⟨κ− kT ,W ⟩+

1

2
W⊤KTW , (8b)

where φt ∈ H is the feature map, kT := (⟨y, φt1⟩H, . . . , ⟨y, φtp⟩H) ∈ Rp, and KT is a (p× p)
kernel matrix with entries K(s, t) := ⟨φs, φt⟩H.

While (P) is convex over the space of measures, the parametric formulation (8b) is non-
convex due to the joint optimization of weights and positions. Nevertheless, if a solution
to (P) can be written as a particle swarm (8a) then the minimizer (W ⋆,T ⋆) of F(·, ·) is
a global solution to (P). The existence of such sparse solutions is well-established under
some conditions, see for instance Duval and Peyré (2015); Boyer et al. (2019).
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The stochastic version of the dual-certificate and its gradients In the following,
we assume access to unbiased stochastic estimators of both the dual certificate J ′

ν and its

spatial gradient ∇J ′
ν . We will denote by Ĵ ′

ν(·, Z) (resp. D̂ν(·, Z)) the estimator of J ′
ν (resp.

∇J ′
ν) for some random variable Z that captures the randomness of these approximations.

We refer to (De Castro et al., 2025a, Section 3) for examples and explicit constructions.
In the following, we will require some properties on these estimators, as described in the
following assumption.

Assumption (Ĥsto): Stochastic unbiased gradients. A random variable Z exists such
that:

• ∀ν ∈M+(X ) and ∀t ∈ X ,{
Ĵ ′
ν(t, Z) := J ′

ν(t) + ξν(t, Z)

D̂ν(t, Z) := ∇J ′
ν(t) + ζν(t, Z)

with EZ [ξν(t, Z)] = 0 and EZ [ζν(t, Z)] = 0Rd . (9a)

• There exist positive constants H,G,E∞ > 0 such that, almost surely,

∀t ∈ X , |ξν(t, Z)| ∨ ∥ζν(t, Z)∥ ≤ E∞ and Ĵ ′
ν(t, Z) ≥ G ∥ν∥TV −H + κ . (9b)

• Almost surely, the stochastic dual-certificate t 7−→ Ĵ ′
ν(t, Z) is uniformly L-Lipschitz,

regardless of the value of Z (the constant L may be taken to be larger than the one
appearing in (4c) if necessary).

Remark 1.4 In (9b), we assume a Hoeffding-type condition on the centered random vari-
ables, along with a lower bound on the stochastic dual certificate. The constant E∞ stands
for the maximal size of the admissible noise level that perturbs the computation of Ĵ ′

ν(t, Z)

and D̂ν(t, Z) at each iteration. Such a condition could be replaced by a sub-Gaussian as-
sumption on the distribution of the noise. Regarding the lower bound (affine in ∥ν∥TV),
note that it holds for the deterministic dual certificate under (HP); see Equation (5). This
assumption will be used to show that the stochastic measure updates (ν̂k)k≥0 remain bounded
in total variation norm.

Interestingly, we can use these stochastic counterparts with a mini-batch strategy to
reduce the variance of the approximations. More precisely, at each step k ≥ 1, given
mk ≥ 1, a mini-batch sample size, we draw a mk-sample of i.i.d. random variables Zk+1 :=
(Z1,k+1, . . . , Zmk,k+1) satisfying (9a) and set

Ĵ ′
ν̂k
(t) :=

1

mk

mk∑
l=1

Ĵ ′
ν̂k
(t, Zl,k+1) and D̂k(t) :=

1

mk

mk∑
l=1

D̂ν̂k(t, Zl,k+1) . (10a)

Given a measure ν̂k =
∑pk

j=1 ω
k
j δtkj

(as in (8a)) composed of pk particles, the Push-Forward

update (Definition 1.1) leads to the following stochastic update T̂α,β♯ at step k ≥ 1.

Definition 1.2 (Stochastic push-forward update T̂α,β♯ ) Define ν̂k+ = T̂α,β♯ (ν̂k) as ν̂k+ =∑pk
j=1 ω

k+
j δ

tk
+

j
with

ωk
+

j = ωkj e
−αĴ ′

ν̂k
(tkj ) and tk

+

j = tkj − β πX
(
tkj , D̂k(t

k
j ), β

)
. (10b)

where πX (·, ·, ·) denotes the projection operator over X introduced in Section 1.3.
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The mass tweaking (Birth and Death) Given the stochastic push-forward update
ν̂k+ =

∑pk
j=1 ω

k+
j δ

tk
+

j
, we now describe our stochastic update ν̂k+ 7−→ ν̂k+1, whose evolution

involves both deletion ν̂k+ 7−→ ν̂++
k and creation ν̂++

k 7−→ ν̂k+1 of weighted particles. To

this end, we define the pushed dual certificate Ĵ ′
ν̂k+

as in (10a) with a new independent mk

mini-batch Z+
k+1 and the particle swarm ν̂k+ (see Step 6 of Algorithm 1). We also need a

decision rule DR : R × R → R that takes as input the pushed dual certificate values and

the push-forward weights (Ĵ ′
ν̂k+

(tk
+

j ), ωk
+

j ) and outputs a deletion intensity. Finally, we are

given some positivity (resp. negativity) schedules (Ĉk)k (resp. (ĉk)k).

Again, mass deletion only concerns regions where Ĵ ′
ν̂k+
≥ 0 (given by (10a) with a new

independent mk mini-batch Z+
k+1 and the particle swarm ν̂k+) whereas our algorithm adds

some mass in regions where Ĵ ′
ν̂k+
≤ 0. For this purpose, we use the super-level (resp. sub-

level) set of positivity (resp. negativity) of Ĵ ′
ν̂k+

, i.e., we define P̂νk+ ⊆ Supp(ν̂k+) and

N̂νk+ ⊆ X as:

P̂νk+ :=
{
t ∈ Supp(ν̂k+) : DR

(
Ĵ ′
ν̂k+

(t), ν̂k+({t})
)
≥ Ĉk

}
(11a)

N̂νk+ :=
{
t ∈ X : Ĵ ′

ν̂k+
(t) ≤ ĉk

}
, (11b)

where Supp(·) denotes the support of a measure and (ĉk)k is a sequence of (small) positive
numbers. We construct ωk

+

j −→ ωk
++

j by removing mass on P̂νk+ and ν̂++
k −→ ν̂k+1 adding

mass on N̂νk+ . Define

ωk
++

j :=
(
1− 1P̂ν

k+
(tk

+

j )
)
ωk

+

j , (12a)

ν̂k+1 :=

pk∑
j=1

ωk
++

j δ
tk

+
j

+ εk1N̂ν
k+

(Uk+1) δUk+1
, (12b)

where the random variables (Ul)l∈N are assumed independent from the other random vari-
ables sampled at step k and uniformly sampled over X , and, for any Borel set B ⊆ X , 1B(·)
denotes the indicator function of B. The scheme (12b) is implementable as it only requires

the generation of a uniform random variable over the space X and a single evaluation of Ĵ ′
ν̂k+

.

Also, we emphasize that the Positivity (Ĉk)k and Negativity (ĉk)k schedules can be chosen

adaptively depending on the stochastic dual certificate Ĵ ′
ν̂k+

and the weights ωk
+

j . For in-

stance, a valid strategy for the Death process is to target the particle with the largest ratio

certificate value over weight, i.e., by setting a threshold related to maxj
{
Ĵ ′
ν̂k+

(tk
+

j )/ωk
+

j

}
.

Examples of explicit decision rules and specific tuning for constants are provided in Sec-
tion 3.2.

The Fast Spawn&Prune Algorithm We have now all the ingredients to design an
implementable procedure. The previous steps are gathered in Algorithm 1.
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Algorithm 1 Birth and Death Stochastic Conic Particle Gradient Descent (FS&P)

Require: Learning rates α, β > 0; Mini-batch size schedule (mk)k≥1; Exploration schedule

(εk)k≥1; Positivity (resp. Negativity) schedules (Ĉk)k (resp. (ĉk)k); Decision Rule DR :
R×R→ R;

1: Weights: W k and Positions: T k; ▷ No specific initialization required
2: for k = 1, . . . ,K do ▷ K gradient steps
3: Set ν̂k ←− ν(W k,T k) ; ▷ Particle swarm
4: Sample Zk+1 ←− (Z1,k+1, . . . , Zmk,k+1) and compute stochastic values and gradients

Ĵ ′
ν̂k
(tkj ) :=

1

mk

mk∑
ℓ=1

Ĵ ′
ν̂k
(tkj , Zℓ,k+1) and D̂k(t

k
j ) :=

1

mk

mk∑
ℓ=1

D̂νk(t
k
j , Zℓ,k+1) ;

▷ Stochastic mini-batch variables (10a);

5: Update weights and positions ν̂k+ ←−
pk∑
j=1

ωk
+

j δ
tk

+
j

with

ωk
+

j = ωkj e
−αĴ ′

ν̂k
(t̂kj ) and tk

+

j = tkj − βπX
(
tkj , D̂k(t

k
j ), β

)
;

▷ Stochastic push-forward update (10b);
6: Sample Z+

k+1 ←− (Z+
1,k+1, . . . , Z

+
mk,k+1) and compute stochastic pushed dual certifi-

cate

Ĵ ′
ν̂k+

(·)←− 1

mk

mk∑
ℓ=1

Ĵ ′
ν̂k+

(·, Z+
ℓ,k+1) ;

▷ Stochastic mini-batch variables (10a);
7: Sample Uk+1 ∼ UX independent from the rest (Uniform measure on X ) and compute

1P̂ν
k+

(tk
+

j )←− 1 if
{
DR
(
Ĵ ′
ν̂k+

(tk
+

j ), ωk
+

j

)
≥ Ĉk

}
and 0 otherwise ;

1N̂ν
k+

(Uk+1)←− 1 if
{
Ĵ ′
ν̂k+

(Uk+1) ≤ ĉk
}
and 0 otherwise ;

ν̂k+1 ←−
pk∑
j=1

(
1− 1P̂ν

k+
(tk

+

j )
)
ωk

+

j δ
tk

+
j

+ εk1N̂ν
k+

(Uk+1) δUk+1
;

▷ Mass tweaking (12);
8: end for

1.5 Global convergence results

Our theoretical analysis proceeds in two steps. First, we analyze a deterministic version
of the algorithm with continuous updates (Section 2). Theorem 2.1 establishes that this
method converges to the global optimum µ⋆, escaping local minima thanks to the Birth

process. We derive an explicit convergence rate of order O(K
− 1

2(2+d) ) for the minimum gap
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mink≤K{J(νk)− J(µ⋆)}, where d is the dimension of the domain X . This dependence on d
reflects the computational cost of global exploration in a non-convex landscape.

Second, we extend these results to the fully stochastic FS&P algorithm (Section 3). The-
orem 3.1 proves that, under suitable choices of learning rates, mini-batch sizes, and explo-
ration schedules, the expected excess risk converges to zero, yielding a global minimization

result. Specifically, we obtain a global convergence rate of order O((logK/K)
1

2(2+d) ), con-
firming that FS&P achieves global optimization with computationally efficient stochastic
updates. The mini-batch size scales as m = K, resulting in a total sample complexity of
O(N−1/(4(2+d))) up to logarithmic factors (Corollary 3.1). Finally, Theorem 3.2 provides
a horizon-free variant with iteration-dependent schedules (mk = k, εk = 1/

√
k, βk = 1/k)

that achieves the same sample complexity rate without requiring prior knowledge of the
total number of iterations.

1.6 Related works

Convex programming for sparse optimization on measures. Continuous sparse
regression, often framed as the BLASSO problem, has been extensively studied through the
lens of convex optimization. Early foundational works by Candès and Fernandez-Granda
(2014), Azais et al. (2015), and Duval and Peyré (2015) established exact recovery guar-
antees using semidefinite programming or grid-free methods, focusing on the statistical
properties of the minimizer. More recent contributions, such as Poon et al. (2023), Giard
et al. (2025), and De Castro et al. (2025b), have further refined these statistical error bounds
and extended the analysis to various geometries and metrics. However, these works gener-
ally analyze the static optimization problem rather than the algorithmic dynamics required
to solve it efficiently in high dimensions.

Over-parameterized Gradient Descent and Global Convergence. The dynamic
approach, which involves optimizing particle positions and weights via gradient descent,
relies heavily on over-parametrization. The seminal works of Chizat and Bach (2018) and
Chizat (2022) analyzed the mean-field limit of these particle systems. They established that
in the regime where the number of particles tends to infinity, the gradient flow converges to
the global optimum, provided that the initialization covers the entire domain. However, for
a finite number of particles, Chizat (2022) only guarantees local convergence to stationary
points, or global convergence under restrictive assumptions, such as an exponential number
of particles at initialization. The gap between the global convergence of the continuous flow
and the local convergence of the discrete algorithm remains a significant theoretical hurdle.

Stochastic Algorithms and FastPart. To address the computational complexity of
deterministic gradient descent, which scales quadratically with the number of particles,
stochastic approximations were introduced in De Castro et al. (2025a). This method, re-
ferred to as FastPart, utilizes mini-batching and random features to achieve a time com-
plexity of O(1) per iteration with respect to the number of particles. While De Castro et al.
(2025a) proved the stability of the algorithm (boundedness of the total variation norm)
and established convergence rates to stationary points of order O(logK/

√
K), it did not

guarantee global convergence from arbitrary sparse initializations. This work builds upon
that foundation by integrating a mechanism to escape local minima.
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Birth and Death Processes in Optimization. The idea of adding mass to ensure
global optimality has antecedents in the Frank-Wolfe (conditional gradient) algorithm Bredies
and Pikkarainen (2013), where particles are added iteratively to the support. However,
Frank-Wolfe methods require locating the new atom at the global minimum of the Fréchet
derivative (the dual certificate, see (4b)), which amounts to solving a non-convex optimiza-
tion problem exactly. Our Birth process is considerably more flexible: it suffices to draw
a random point from a sub-level set of the Fréchet derivative (defined by the threshold ĉk
in Algorithm 1). This flexibility comes at a price—a sub-linear convergence rate—but one
that is dimension-free up to the exponent 1/(2 + d), thereby quantifying the cost of global
exploration via the Birth process. The Death process is essentially harmless: it does not
prevent the loss from decreasing, yet it reduces the per-iteration complexity of the algo-
rithm. Our Death procedure is mathematically grounded in the Fréchet derivative and
provides a principled criterion for safely removing particles from the support. To the best
of our knowledge, this point of view is new.

1.7 Notation

Throughout the paper, C > 0 denotes a generic constant used for upper bounds, while c > 0
denotes a generic constant used for lower bounds; both C and c may change from line to
line. Both constants are independent of k and d. The Euclidean norm of a vector x ∈ Rd
is denoted by ∥x∥. For any set A, we denote by 1A its indicator function. The support of a
measure µ is denoted by Supp(µ). A list of notation is provided in Table 4 in Appendix G.

2 Birth process for the deterministic CPGD

Our objective in this section is to develop ideas that enable an effective exploration of the
space X . We begin by focusing on a simplified setting in which the measures νk remain
continuous throughout the iterative process, and restrict to weight-only updates (β = 0
in Definition 1.1). This framework is convenient for developing and understanding the
theoretical tools that lead to global convergence of the optimization procedure, which will
be extended to the stochastic setting in Section 3. The extension to position updates (β > 0)
is carried out in Appendix E for completeness.

2.1 Update evolution

The limitations of Proposition 2 lie in the fact that it provides no information about the sign
of J ′

νk
on the entire domain X . The core idea we pursue is to explicitly add some mass, at

each iteration k, on subsets of X where J ′
νk

is negative. To this end, we design an iterative
algorithm that generates, at each step k, a triple of positive measures (νk, νk+ , νk+1): the
intermediate measure νk+ is computed by performing a gradient descent step on J starting
from νk, while νk+1 is obtained by modifying the mass of ν+k in relevant regions. Specifically,
the transition νk 7−→ ν+k corresponds to a weight update only—i.e., setting β = 0 in
Definition 1.1. In contrast, the transition νk+ 7−→ νk+1 involves modifying the mass in
regions where J ′

ν+k
≤ 0, and possibly removing mass from regions where J ′

ν+k
≥ 0. Such a

construction ensures that the support of νk remains included in X throughout the iterations,
thereby avoiding the need for any projection or correction steps. Formally, the iterative
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scheme alternates between two steps. Let ν0 be any positive measure supported on X with
∥ν0∥TV <∞.

Weight update (k 7−→ k+). The intermediate measure νk+ is obtained through

νk+ = Wνk,ανk. (13)

Birth-death step (k+ 7−→ k + 1). The measure νk+1 is obtained by modifying the mass
of νk+ . We require this step to satisfy Assumptions (14) and (15–(H∞

TV)) defined below.

Assumption (Hε). Let (εk)k≥0 be a decreasing sequence with ε0 = 1, and let λ denote
the Lebesgue measure. The transition νk+ 7−→ νk+1 satisfies (Hε) if the following three
conditions hold for every k ≥ 1:

J(νk+1)− J(νk+) ≤ C ε2k , (14a–(Hsmooth,1
ε ))

∥J ′
νk+1
− J ′

νk+
∥∞ ≤ C εk , (14b–(Hsmooth,2

ε ))

νk+1(B) ≥ εk λ
(
B ∩ {J ′

νk+
≤ 0}

)
, (14c–(H+

ε ))

for any Borel set B ⊆ X .

Assumption (H∞
TV). A constant CTV > 0 exists such that

∥νk∥TV ≤ CTV ∀k ∈ N . (15–(H∞
TV))

Note that Assumption (15–(H∞
TV)) implies that the sequence of values J(νk) remains bounded

throughout the iterations. Indeed, a rough computation yields:

J(νk) ≤ 1
2

(
∥y∥H + ∥Φνk∥H

)2
+ κ∥νk∥TV ≤ 1

2

(
∥y∥H + CTV

)2
+ κCTV . (16)

We emphasize that, at this stage, no specific update rule has been defined yet for
constructing νk+1 from νk+ . In the next paragraph (Section 2.2), we will present a strategy
that is algorithmically well-motivated and satisfies both assumptions (14) and (15–(H∞

TV)).
Such a strategy may not be unique, and other examples of transition rules could be proposed.
Our objective is to show that, as long as properties (14) and (15–(H∞

TV)) hold, we obtain
global convergence results with explicit convergence rates. In Section 2.4, we leverage
Proposition 2 to derive the global convergence of our method, along with explicit rates.

2.2 Transition νk+ −→ νk+1

In this section, we describe the key ingredients for designing a transition

νk+ −→ νk++ −→ νk+1

that ensures our assumptions (14) and (15–(H∞
TV)) are satisfied. This transition is divided

into two steps. The first step consists of removing mass from regions where J ′
νk+
≥ 0,

which typically leads to a decrease in the energy J . The second step involves adding mass
in regions where J ′

νk+
≤ 0 in order to enhance the effectiveness of the subsequent weight

update in the transition νk++ 7−→ νk+1.
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Mass deletion νk+ −→ νk++. The idea is to remove some mass on the set where J ′
νk+

is
positive. More precisely, we can decide to cancel some subset of the domain X by considering

νk++ = νk+(1− 1Pν
k+

) with Pνk+ =
{
J ′
νk+

> −2α−1 log εk + Cw

}
∩
{
J ′
νk+

> 0
}
, (17)

where Cw is a constant defined below in Remark 2.1.

Remark 2.1 (Weight-update perturbation bound) The deletion set Pνk+ is defined

in terms of J ′
νk+

, but the density identity dνk+(t) = e−αJ
′
νk

(t) dνk(t) involves J ′
νk
. The

constant Cw in (17) is the precise gauge that bridges the two. We claim:

∥J ′
νk+
− J ′

νk
∥∞ ≤ Cw, Cw := α (CP + CTV + κ) eα(CP+CTV +κ) CTV , (18a)

Pνk+ ⊂ {J
′
νk
> −2α−1 log εk}, so that e−αJ

′
νk

(t) < ε2k on Pνk+ . (18b)

Under condition (7), α(CP + CTV + κ) < 1/10, hence Cw < CTV /5. The proofs of (18a)
and (18b) are deferred to Section C.2.

Mass creation νk++ −→ νk+1. We introduce the set Nνk+ , associated with the negative
part of J ′

νk+
, and defined as:

Nνk+ :=
{
J ′
νk+
≤ 0
}
. (19)

We emphasize that the set Nνk+ is determined by the values of J ′
νk+

, and this point will be

carefully addressed below. We add some mass on Nνk+ defined in Equation (19) and define:

νk+1 := νk++ + εk1Nν
k+
λ (20)

Figure 1 provides a schematic representation to ease the understanding of the evolution
from νk+ to νk+1. We stress that our assumptions are general enough to allow for alterna-
tive update strategies. For the sake of clarity, we have only focused on one specific scheme,
but alternative approaches could be investigated.

The next proposition ensures that the corresponding updated measure νk+1 also sat-
isfies the required assumptions: the boundedness of the total variation norm (Assump-
tion (15–(H∞

TV))) and the ε-smoothness (Assumptions (14)). The proof is deferred to Sec-
tion C.1.

Proposition 3 Assume (2). Let (νk)k≥1 defined according to (17) and (20), and assume
that the sequence (εk)k≥0 satisfies ∀k ≥ 0 : εk ≤ α. Let us define

R :=
∥y∥H
cP

e+

√
e3λ(X )

cP
+ λ(X )

(i) If we choose α ≤ 1
1+R , then (H∞

TV) holds and:

∀k ≥ 0 ∥νk∥TV ≤ ∥ν0∥TV ∨ 2R := CTV .

(ii) If in addition (α, β) satisfies (7) (with the CTV of item i)), then Assumption (Hε) holds
true, i.e. Equations (14) ( (14a–(Hsmooth,1

ε )), (14b–(Hsmooth,2
ε )) and (14c–(H+

ε ))) are
satisfied.
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X

J ′
νk+Maximum

↓ νk+(1− 1Pν
k+
)

Pνk+

↑ +εkλ ↑ +εkλ

Nνk+

Figure 1: Evolution from νk+ to νk+1: decrease on Pνk+ , increase on Nνk+ .

2.3 Discussion: the role of α

Among the algorithmic parameters (α, β, εk,mk), the weight learning rate α plays a distin-
guished role: it is fixed a priori from problem data alone, while every other parameter is
then calibrated as a function of α and of intrinsic problem constants. We make this hier-
archy explicit, since two upper bounds on α appear in the analysis and a careless reading
suggests a circular dependence.

An apparent circularity. The descent property of Proposition 2 requires Inequality (7),
which involves the uniform total-variation bound CTV . In turn, CTV is produced by Propo-
sition 3 (i), which itself requires α ≤ (1+R)−1. Read in this order, the requirements appear
to chain into a loop (α small with CTV , then CTV from α small).

Resolution: α is fixed first, from intrinsic data. The loop is only apparent. The
constant

R =
∥y∥H
cP

e +

√
e3 λ(X )

cP
+ λ(X )

depends only on the problem data (∥y∥H, cP , λ(X )) and is independent of α. As a conse-
quence, so is the candidate TV bound

CTV := ∥ν0∥TV ∨ 2R. (21a)

Substituting (21a) into (7) turns the descent constraint into a numerical one. Hence α may
be fixed once and for all according to the explicit, self-contained rule

0 < α ≤ min

{
1

1 +R
,

1

10 (1 + CTV + CP + κ) (1 ∨ CTV )

}
, (21b)
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whose right-hand side depends only on (∥y∥H, cP , κ, λ(X ), ∥ν0∥TV,CP). Under (21b), Propo-
sition 3 delivers both (H∞

TV) and (Hε), and the descent inequality of Proposition 2 applies
along the trajectory (νk)k≥0.

Cascade of derived parameters. Once α is fixed via (21b), the remaining parameters
are calibrated downstream:

• the position learning rate must obey β ≤
(
2CP(CP + 3CTV ) e

1/5
)−1

(the second part
of (7), with CTV now an explicit numerical constant);

• the birth schedule satisfies εk ≤ α for all k, with the horizon-dependent or horizon-free
calibrations specified in Theorem 2.1; the constraint maxk εk ≤ α reflects that small
learning rates slow the exponential decay induced by e−αJ

′
νk , so the injected mass εkλ

may accumulate before being absorbed.

The same hierarchy governs the stochastic setting of Section 3: there, R is replaced by
R̂ = H

G e +
√
e3/G + 1, intrinsic to Assumption (9b), and an additional Hoeffding cap

α ≤
√
8 log 8 /E∞ enters via (26a); the downstream calibration of β, εk and mk proceeds

identically.

Optimal magnitude of α. Within the admissible range (21b), the rates of Theorem 2.1
scale as α−1/(2+d), and those of Theorem 3.1 as α−1/2: it is therefore advantageous to
take α as large as the constraints allow. This is the standard situation in deterministic
optimization, where the descent inequality enforces a ceiling on the step size and saturating
it yields the best worst-case rate.

2.4 Global convergence result

We now establish a convergence result for the sequence (J(νk)−J(ν⋆))k∈N. In particular, we
derive several distinct bounds on the sequence (mini≤k J(νi)−J(ν⋆))k∈N (assertions i) and ii)
of Theorem 2.1) and on the sequence (J(νk)−J(ν⋆))k∈N itself (assertion iii) of Theorem 2.1).
We also consider the cases where ε depends on k (horizon-dependent convergence) and where
it does not (horizon-free convergence). Theorem 2.1 is stated with generic constants. The
interested reader can refer to the proofs in Sections C.3 and C.4, where the dependence of
these constants with respect to our mathematical framework is made precise.

Theorem 2.1 Assume that Assumption (Hε) stated in Equation (14) holds, that (α, β)
satisfies condition (7) and that (H∞

TV) is satisfied. For any final horizon time K ≥ 2, we
have:

i) If (εk)k≥0 is non-adaptive and εk = ε =
√

C
K ≤ α, ∀k ∈ {1, . . . ,K}, then we have:

∀K ≥ 2 min
1≤k≤K

{J(νk)− J(ν⋆)} ≤ CL
2+2d
2+d α− 1

2+dK
− 1

2(2+d) . (22a)

ii) If (εk)k≥0 is horizon-free and εk =
√

C
(k+1) ≤ α, then we have:

min
1≤k≤K

{J(νk)− J(ν⋆)} ≤ CL
2+2d
2+d α− 1

2+dK
− 1

2(2+d) log(K)
1

(2+d) . (22b)
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iii) If (εk)k≥0 is εk = ε = C
(

L2+2d

(d+1)α

) 1
5+2d

K− 3+d
5+2d , then we have

J(νk)− J(ν⋆) ≤ C

(
L2+2d

(d+ 1)α

) 2
5+2d

K− 1
5+2d .

In all three items, the generic constant C may depend polynomially on (∥ν⋆∥TV/L); in
item iii), C also depends polynomially on the initial excess J(ν1) − J⋆ (which is finite
under (H∞

TV)).

Items i) and ii) concern the minimal value of the functional J along the first K iterates
of the algorithm, differing only in the choice of ε at the end. Both results yield similar
convergence rates, up to constants and a logarithmic term. In particular, using a horizon-
free calibration for ε introduces only an additional logarithmic factor in k in the convergence
rate. Item iii) provides a stronger result concerning the value of the last iterate, but the
convergence rate obtained is slightly weaker than those in i) and ii). This difference is
essentially technical, arising from a proof method based on a compensator/penalty strategy
to construct a decreasing sequence—a method that results in a degraded convergence rate.

Remark 2.2 • Although the setting considered in this section is specific — focusing on
continuous measures and updates — we can still observe that the global convergence
rates are slower than those reported in, e.g., Chizat (2022) or De Castro et al. (2025a),
which achieve rates of order 1/

√
k. In our case, the convergence exhibits a dependence

on the dimension: the volume of the region where J ′
νk
< 0 at each iteration significantly

influences the behavior of the objective J (see, e.g., Proposition 6 and its proof).
This is formalized by a geometric lemma on the volume of the target region, which
ensures that λ({J ′

νk
≤ 0}) ≥ CdL

−d|minx J
′
νk
(x)|d. This bounds the birth process

probability from below, preventing it from vanishing arbitrarily fast compared to the
loss gap. Nevertheless, unlike the aforementioned works, our method does not impose
any local specific constraints on the initialization measure ν0. The algorithm allows
for a dynamic evolution of the support of νk throughout the iterations, which enables
global convergence. However, this adjustment of the algorithm to redistribute the
mass of the measure in regions where J ′

νk
is negative affects the convergence speed in

a dimension-dependent manner.

• In the deterministic optimization literature, it is uncommon to observe convergence
rates that depend on the problem’s dimension, particularly in convex optimization. The
ellipsoid method in convex optimization, introduced by Shor, Yudin, and Nemirovsky
(see e.g. Nemirovskij and Yudin (1983)), achieves linear convergence rates, with the
rate inversely proportional to the dimension. This degradation also stems from the
curse of dimensionality, arising from the geometric optimization strategy—specifically,
from the dependence of the ellipsoid’s volume on the dimension. Sometimes, particu-
larly in Quasi-Newton and Newton methods, the dependence on the problem dimension
is somewhat hidden within the overall computational cost: each iteration requires a
number of operations that increases with d, while the total number of iterations re-
mains essentially independent of d.
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• When comparing our method with that of Theorem 4.2 of Chizat (2022), we observe
that their result is derived under the assumption that the initialization lies within a
basin where a Polyak-Lojasiewicz inequality holds — an assumption that is both very
strong and restrictive, and which does not hold in full generality. Moreover, Proposi-
tion H.1 in Chizat (2022) also exhibits a hidden dependence on the dimension in the
setting where the density is uniformly lower bounded for the continuous-time gradient
flow — an assumption that cannot be satisfied easily in a discretized counterpart. In
particular, the proof of Proposition H.1 in Chizat (2022) is valid only in dimension 1,
and the rate also deteriorates as the dimension of the ambient space increases.

Remark 2.3 (Extension to β > 0) The analysis of this section is carried out under the
simplification β = 0 in order to develop and illustrate the theoretical tools—screening, birth-
death dynamics, and descent inequalities—that will be central to the stochastic convergence
theory of Section 3. Theorem E.1 in Appendix E extends Theorem 2.1 to β > 0 and
establishes the same three convergence rates under the learning-rate condition (7). The
proof, given there for completeness, follows the same strategy with additional perturbation
estimates controlling the effect of the position update Tν,β.

3 Stochastic algorithm and stochastic convergence properties

The previous section provides the main tools and ideas allowing the conic gradient descent
to converge toward a global minimum. The main ingredient consists of adding, at each
iteration k, mass on some specific regions (namely where J ′

νk
is negative). However, this

principle is not feasible in practice since it involves continuous measures. We investigate in
this section the implementable Algorithm 1 based on the birth and death process. Similarly
to the deterministic analysis, we first provide generic assumptions. Then, we will exhibit
some specific updates that will fit our requirements. We finally provide convergence results
of the expected risk towards 0, leading to a global optimization result.

3.1 Notation and assumptions on the stochastic update

We consider in this section the generic construction discussed in Section 1.4. Recall that
the sequence (ν̂k)k∈N is built in two steps at each iteration k: first, a stochastic instance
of a CPGD algorithm ν̂k −→ ν̂k+ , associated with a specific descent property; then, an
additional update ν̂k+ −→ ν̂k+1, which modifies the mass of the current measure at some
strategic locations. Both successive updates may involve stochastic computations.

Assumption (ĤF): There exist two increasing collections of σ-algebras (Fk)k∈N and (F+
k )k∈N

such that Fk−1 ⊂ F+
k−1 ⊂ Fk ⊂ F+

k for any k ∈ N, and such that ν̂k is Fk-measurable and

ν̂k+ is F+
k -measurable. Equivalently, (Fk)k≥1 is adapted to (ν̂k)k≥1 and (F+

k )k≥1 is adapted
to (ν̂k+)k≥1.

We impose the following requirements on the updates. Throughout, C > 0 (resp. c > 0)
denotes a generic upper-bound (resp. lower-bound) constant that may change from line to
line.
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• Assumption (Ĥ∞
TV): There exists a constant CTV such that almost surely:

∥ν̂k∥TV ≤ CTV ∀k ∈ N.

• Iteration k 7−→ k+: ν̂k+ satisfies the following descent property that is the stochastic
counterpart of Proposition 2:

Assumption (ĤD): For any k ≥ 1:

E
[
J(ν̂k+)

∣∣Fk]− J(ν̂k) ≤ −α
2
∥J ′

ν̂k
∥2ν̂k + C

(
α2

mk
+ β2 +

β

mk

)
,

where α, β denote tunable parameters of the algorithm.

• Iteration k+ 7−→ k + 1: Let a > 0 whose value will be made precise later on. The
stochastic update ν̂k+1 satisfies the following assumptions:

– Assumption (Ĥ+
ε,a) : For any k ≥ 0, for any Borel set B ⊆ X :

E
[
ν̂k+1(B) |F+

k

]
≥ cεkλ

(
B ∩ {J ′

ν̂k+
< 0}

)
− Cεkm

−a
k

where λ stands for the Lebesgue measure.

– Assumption (Ĥsmooth,1
ε ) : For any k ≥ 1:

E
[
J(ν̂k+1)− J(ν̂k+) |F+

k

]
≤ C

(
ε2k + εk

√
logmk

mk

)
(23a–(Ĥsmooth,1

ε ))

– Assumption (Ĥsmooth,2
ε ) : For any k ≥ 1:

∥J ′
ν̂k+1
− J ′

ν̂k+
∥∞ ≤ Cεk a.s. (23b–(Ĥsmooth,2

ε ))

The next section provides an example of an implementable stochastic update that satisfies
all these assumptions.

3.2 Fast Spawn&Prune: a conic particle birth/death process

Although the setting considered in Section 3 is quite general, it encompasses Algorithm
1. The setting of Section 3 may be seen as a minimal sufficient set of conditions for the
global convergence of the stochastic dynamic. We provide here specific instances of the mass
tweaking step introduced in (12). Then, we prove that the resulting algorithm satisfies all
the requirements introduced in Section 3.1.

3.2.1 Transition ν̂k+ −→ ν̂k+1

Inspired by Section 2.2 for the deterministic side, we now describe our sequence of stochastic
updates ν̂k −→ ν̂k+ −→ ν̂k+1, whose evolution still involves both deletion ν̂k+ −→ ν̂++

k and
creation ν̂++

k −→ ν̂k+1 of weighted particles. Again, mass deletion should only concern
areas where J ′

ν̂k
≥ 0 whereas our algorithm adds some mass in areas where J ′

ν̂k
≤ 0. Since
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handling these objects might be time-consuming at each iteration, we deal instead with the
sets of positivity and negativity of J ′

ν̂k
, i.e. we define P̂νk+ and N̂νk+ as:

P̂νk+ :=
{
tk

+

j : Ĵ ′
ν̂k+

(tk
+

j ) ≥ 0 and ωk+j ≤
√
2εk

}
(24)

N̂νk+ :=
{
t ∈ X : Ĵ ′

ν̂k+
(t) ≤ ca

√
logmk

mk

}
,

where ca is a positive constant depending on a > 0 involved in (Ĥ+
ε,a).

Mass deletion ν̂k+ −→ ν̂++
k We build ν̂++

k from ν̂k+ while removing some mass on P̂νk+
and define:

ν̂++
k := ν̂k+(1− 1P̂ν

k+
(Vk+1)δVk+1

) with Vk+1 ∼ Usupp(ν̂k+ ) (25a)

Mass creation ν̂++
k −→ ν̂k+1 For any k ∈ N, given ν̂k+ , define

ν̂k+1 = ν̂++
k + εk1N̂ν

k+
(Uk+1)δUk+1

with Uk+1 ∼ UX . (25b)

Contrary to the deterministic update described in the previous section, the scheme (25b) is
implementable. Indeed, it only requires the generation of a pair of uniform random variables
over the spaces supp(ν̂k+) and X and pointwise evaluations of Ĵ ′

ν̂k+
.

Remark 3.1 We stress that the constant ca involved in (24) is positive. Hence, the set N̂νk+
is not exactly defined as the negative part of Ĵ ′

ν̂k
. Recall that, according to the KKT con-

ditions (see Proposition 1) our initial target is the negative part of J ′
ν̂k
. Since we use a

stochastic approximation of J ′
ν̂k
, we have to ensure a complete exploration of this latter set.

In this context, choosing ca > 0 allows to control some kind of Type II error.

Thanks to the previous definitions, we can now state that the sequence of measures
(ν̂k, ν̂k+)k≥1 satisfies our previous assumptions. The proof of the next proposition is deferred
to Section D.

Proposition 4 Define

R̂ =
H

G
e+

√
e3

G
+ 1.

Then provided maxk εk ≤ α and α ≤ (1 + R̂)−1, then ∥ν̂k∥TV ≤ R̂ ∧ ∥ν0∥TV := CTV for all
k ≥ 1. Assume moreover that (α, β) satisfies (7) and

α ≤ 1

E∞

√
8 log 8, (26a)

and that the mini-batch schedule satisfies pk ≤ p0 +mk (equivalently k ≤ mk, which holds
in particular for mk = K and mk = k). Then, for any a > 0, picking the threshold
ca = E∞

√
2a in (24) ensures that the sequence (ν̂k, ν̂k+)k≥1 of Algorithm 1 enjoys (ĤD),

(Ĥ+
ε,a), (Ĥ

smooth,1
ε ), (Ĥsmooth,2

ε ) and (Ĥ∞
TV).
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3.3 Global convergence results

We have now all the ingredients to establish convergence rates for Algorithm 1. The follow-
ing theorem provides a control on the minimal value of the sub-optimality value sequence
(J(ν̂k)− J(ν⋆))k∈{1,...,K} in a finite horizon scenario.

Theorem 3.1 Assume that the stochastic sequences (ν̂k, ν̂k+)k≥1 satisfy ĤD, (Ĥ+
ε,a) with

a ≥ d
2(2+d) , Ĥ

smooth,1
ε , Ĥsmooth,2

ε and (Ĥ∞
TV). For any final horizon iterate K, we define ρ̂K

as the lowest value of the excess loss along the K iterations:

ρ̂K := min
1≤k≤K

{
J(ν̂k)− J(ν⋆)

}
.

If we choose: α ≤ 1
E∞

√
8 log 8, β ≤ 1

αd/4
√
K
, εk = 1√

K
and mk = K, then the se-

quence (ν̂k, ν̂k+)k≥1 verifies the global convergence rate:

E[ρ̂K ] ≤ Cα−1/2

(
logK

K

) 1
2(2+d)

. (27)

The schedule above satisfies εk ≤ α together with (7) (instantiated with R̂ as defined
in Proposition 4), so the hypotheses of Proposition 4 are met. Note that this requires
K ≥ 1/α2.

Corollary 3.1 (Sample complexity) Under the assumptions of Theorem 3.1, the total
number of stochastic oracle calls over K iterations is N = K×m = K2. Expressed in terms
of N , the convergence rate reads:

E[ρ̂K ] ≤ Cα−1/2

(
logN√
N

) 1
2(2+d)

.

In particular, E[ρ̂K ] = O
(
N

− 1
4(2+d) (logN)

1
2(2+d)

)
.

Proof Since m = K, the total number of oracle evaluations is N = K2, hence K =
√
N .

Substituting into (27):

E[ρ̂K ] ≤ Cα−1/2
( log√N√

N

) 1
2(2+d) ≤ Cα−1/2

( logN√
N

) 1
2(2+d)

,

and the result is proven.

The horizon-dependent tuning of Theorem 3.1 requires the knowledge of K in advance
to set β and m. The following result removes this requirement by using iteration-dependent
schedules.

Theorem 3.2 (Horizon-free variant) Under the same assumptions as Theorem 3.1, choose
the iteration-dependent schedules:

mk = k ∨ 1, εk = min
(
α,

1√
k ∨ 1

)
, βk =

1

k ∨ 1
,
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with α a fixed constant satisfying (7) (independent of K). Then, for any horizon K ≥ 4/α2,

E[ρ̂K ] ≤ Cα−1/2

(
(logK)3

K

) 1
2(2+d)

. (28)

In particular, no prior knowledge of K is needed: the algorithm is “any-time”. The total
number of oracle calls is N =

∑K
k=1 k = K(K+1)

2 , yielding the sample complexity

E[ρ̂K ] = O
(
N

− 1
4(2+d) (logN)

3
2(2+d)

)
.

The proofs of Theorems 3.1 and 3.2 are displayed in Section D.4. They follow essentially
the same lines as the deterministic scheme discussed in Section 2. However, the stochastic
approximation of the Fréchet derivative of J along the trajectory of the algorithm re-
quires careful control. We stress that the final convergence rate does not significantly differ
from (22a). The main difference with the latter is a logarithmic term in K, which is a con-
sequence of the stochastic approximation. Furthermore, note that the cap εk ≤ α ensures
the hypothesis εk ≤ α of Proposition 4 for every k ≥ 0, and the monotonicity βk ≤ β0
guarantees that (7) (instantiated with R̂) holds at every step.
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4 Numerical experiments

In this section, we illustrate the capabilities of the FS&P algorithm on two distinct tasks:
density estimation using Gaussian Mixture Models (GMM) on synthetic data, and a re-
gression task using two-layer neural networks (NN) on the California Housing dataset.
In both cases, we compare the standard Full-Batch and Stochastic Conic Particle Gradi-
ent Descent (CPGD) against our proposed versions augmented with the Birth and Death
(BD) processes. A companion Jupyter notebook reproducing every experiment, figure
and table of this section — with explicit cross-references to the paper — is available at
https://github.com/ydecastro/Fast-Spawn-Prune (see section4 companion.ipynb).

4.1 Gaussian Mixture Models (GMM) with Fixed Covariance

In this first experiment, we illustrate the ability of our dynamic particle system to es-
cape local minima thanks to the birth process. We consider a simple density estimation
problem where we observe n i.i.d. points X1, . . . , Xn ∈ R2 from a 2D Gaussian mixture
(n = 24, 000). The goal is to recover the means and weights of this mixture by minimizing a
regularized L2 fitting criterion over the space of discrete positive measures as in De Castro
et al. (2021). The birth process acts as an exploration mechanism. Following our theoret-
ical birth criterion, the algorithm evaluates the Fréchet derivative of the objective (or the
dual certificate) J ′

ν(t) at proposed locations. When the first-order optimality condition is
violated—that is, when J ′

ν(t) is negative in some region of the state space—new particles
are spawned in these promising areas. Empirically, the continuous infusion of mass in re-
gions of negative gradient allows the interacting particle system to efficiently escape poor
local configurations and quickly recover all the true modes of the synthetic distribution (see
Figure 4).

Loss function and Kernel The goal of the optimization is to minimize the regularized L2

distance between the smoothed empirical measure f̂nτ = 1
n

∑n
i=1 ϕτ (· −Xi) and the model.

For a discrete positive measure ν =
∑

j ωjδtj , the objective is given by:

J(ν) =
1

2
∥ϕτ ∗ ν − f̂nτ ∥2L2(R2) + κ∥ν∥TV, (29)

where ϕτ = N (0, τ2I2) is a Gaussian smoothing kernel, see De Castro et al. (2021) for further
details on smoothing applied to GMM for BLASSO. The associated feature map is φt(x) =
N (x; t, (1 + τ2)I2), which yields the smooth Gram matrix K(ti, tj) = N (ti; tj , 2(1 + τ2)I2).

Verification of the assumptions Because the Gaussian kernel K(ti, tj) is bounded,
strictly positive, and twice continuously differentiable, this formulation perfectly satisfies
the mathematical assumptions of the paper. Most notably, it respects Assumption (HP)
which requires C2 spatial smoothness for the theoretical descent lemma.

4.2 Training two-layer neural networks on the California Housing dataset

Next, we turn to a real-world dataset to assess the impact of the death process in typical
machine learning applications. We consider the regression task on the California housing
dataset using a two-layer neural network with ReLU activations. As the ReLU function is
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positively homogeneous, we can equivalently rewrite the network by normalizing the loca-
tions (the incoming weights of the neurons) to live on the unit Euclidean sphere X = Sd−1.
The optimization is performed over this connected space by minimizing the regularized em-
pirical risk with respect to the weights W and locations T . We use a stochastic gradient
descent (SGD) scheme to update the weights and locations over a sequence of mini-batches.
In this context, while the birth process can introduce new neurons to increase the capacity
of the network, the death process ensures that the size of the network remains controlled.
In practice, the death rule removes particles whose weight falls below a given threshold or
whose contribution becomes negligible. Our numerical experiments demonstrate that the
death process harms neither the convergence nor the quality of the final predictive results.
Indeed, pruning the inactive neurons significantly reduces the computational burden and
prevents over-parameterization without deteriorating the generalization error. This simple
experiment perfectly illustrates the theoretical insights of the paper, indicating that the
dynamic interactions and systematic particle suppressions do not prevent the system from
reaching an optimal configuration.

Loss function and Kernel We apply the algorithm to a regression task on the California
Housing dataset (n = 18, 576 samples, d = 8 features). The objective is to minimize the
regularized Mean Squared Error (MSE):

J(ν) =
1

2
∥y − Φ(ν)∥2H + κ∥ν∥TV, (30)

with the prediction function being a two-layer ReLU network fν(x) = Φ(ν)(x). Here, the
feature map is given by affine ReLU neurons φt(x) = ReLU(⟨v, x⟩+b), where the parameters
t = (v, b) are constrained to the unit ball B̄(0, 1) ⊂ Rd+1. Concretely, the incoming weight
vector v is normalized to lie on the unit sphere Sd−1 ⊂ Rd (as described above) and the
bias b ∈ [−1, 1]; the pair (v, b) therefore belongs to Sd−1 × [−1, 1] ⊂ B̄(0, 1) ⊂ Rd+1,
reconciling the two descriptions. The empirical kernel relies on the inner product over the
n observations: K(ti, tj) =

1
n

∑n
k=1ReLU(⟨vi, xk⟩+ bi)ReLU(⟨vj , xk⟩+ bj).

Verification of the assumptions Unlike the GMM experiment, the ReLU activation
function is continuous but not everywhere differentiable. Strictly speaking, it does not fully
satisfy the bounded C2 spatial smoothness assumption (HP) established in the theoretical
sections. In practice, the gradients are computed using the ReLU subgradient, and the
empirical method remains highly effective and robust despite this theoretical mismatch.

4.3 Experimental Results and Discussion

In this section, we present the empirical results of our experiments, highlighting the benefits
of integrating the Birth and Death (BD) process into both Full-Batch and Stochastic Conic
Particle Gradient Descent (CPGD).

Birth and Death process Particles are removed from the support if their contribution
becomes negligible or falls into regions where the dual certificate is strongly positive. Specif-
ically, a particle at ti with weight ωi is pruned if J ′

ν(ti)/ωi > τdeath. Particles are added
by evaluating J ′

ν(t) on a set of randomly sampled candidate positions to find regions Nν
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where the first-order optimality condition is violated. For the stochastic setting, the tar-
geted birth level is set to spawn particles where J ′

ν(t) < τbirth
√
log(mk)/mk, where mk is

the mini-batch size.

4.3.1 Dynamics of the Birth and Death Process

To understand how the network capacity adapts during training, we plot the number of
active particles over the optimization iterations in Figure 2.
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Figure 2: Particle count over iterations for GMM (bottom) and Neural Network (top) re-
gression tasks.

The dynamic capacity of the model is visible through the sharp drops (Death events
pruning inactive particles) and spikes (Birth events) in Figure 2. In the Neural Network
example (top row) we see that an over-parametrized layer is reduced by 50–70% by the
death process. In the bottom row (GMM toy example), the right panel shows a pruning
of spurious particles and an exploration phase (as in the left panel) which ends with a
stabilization around p = 39 (and p = 10 in the left panel).
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4.3.2 Convergence and Generalization

Figure 3 illustrates the temporal evolution of the optimization metrics. We compare the
standard CPGD methods against our proposed BD-augmented variants in terms of Wall-
Clock time.
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Figure 3: BLASSO loss evaluated on the GMM (left) and Neural Network (right) regression
tasks.

As observed in Figure 3 (left panel–GMM), the standard algorithms quickly plateau into
local minima. The BD mechanisms, however, periodically inject new particles in regions
where the dual certificate is highly negative, allowing the loss to drop further. Also, the
convergence is not altered by the death process (right panel–NN): the solution gets sparser
and sparser (with fewer and fewer neurons) and achieves the same performance as the large
neural network with 300 hidden neurons.

4.3.3 Spatial Distribution of Particles in GMM

Finally, we visualize the end-state positions of the particles for the 2D Gaussian Mixture
Model experiment in Figure 4. The baseline models (top row) suffer from the presence of
spurious particles that fail to align with the true means, keeping the meaningful particle
count significantly below p = 20 (the number of initial particles).

In contrast, the Full-Batch model equipped with the BD process (bottom-left) recovers
the true means and cleanly prunes all unnecessary components, albeit yielding an under-
representation with p = 10 particles. The stochastic counterpart (bottom-right) successfully
maps out the target distribution and maintains a matching set of particles (all targets are
identified except the smallest one, which has a weight of 0.0005).
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Figure 4: Final positions of the particles t = (t1, t2) relative to the true cluster means
(represented by cross marks) in the GMM experiment. Top row: baseline CPGD
without BD. Bottom row: CPGD with BD. The size and color of the markers
correspond to the weights ωi of the particles. A common random seed has been
fixed for shared initialization and batch sampling.
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Table 1: Summary of shared hyperparameters across the two main experiments.

Parameter GMM (Fixed Covariance) Neural Net. (California)

Train Samples (n) 24, 000 18, 576
Input Dimension (d) 2 8
Initial Particles (p) 20 300
TV Regularization (κ) 0.0001 0.0005
Full-Batch Size 24, 000 18, 576
Full-Batch Iterations 50, 000 100, 000
Stochastic Batch Size 256 256
Stochastic Iterations 200, 000 750, 000
Death Threshold (τdeath) 5.0 5.0

4.3.4 Performance Analysis and Experimental Parameters

To formalize the empirical observations, we report the exact hyper-parameters used for both
the GMM and NN regression tasks in Table 1, and the quantitative final results in Tables 2
and 3.

Table 2: Final results for the 2D GMM Experiment. The BD variations significantly lower
the final loss and yield a better TV norm (true is 1) while maintaining or reducing
computation time.

Method Loss TV pfinal Time (s) Deaths Births

Full-Batch 0.001869 0.2760 20 83.67 0 0
Stochastic 0.001872 0.2863 20 55.02 0 0
Full-Batch + BD 0.000434 0.7788 10 61.88 19 9
Stochastic + BD 0.000259 0.9786 39 65.23 78 97

In the GMM experiment, the dataset consists of n = 24, 000 training samples generated
from K = 25 true components. The optimization regularizes the total variation (TV)
norm with κ = 0.0001, starting from an initial set of p = 20 particles. As shown in
Table 2, integrating the Birth-Death (BD) process yields a drastic improvement in the final
BLASSO loss. For example, the Full-Batch variant sees its loss drop from 0.001869 to
0.000434 while trimming the final number of particles down to p = 10. The Stochastic+BD
method provides the lowest overall loss (0.000259) and proxy test error, managing a highly
dynamic capacity (78 deaths and 97 births) to settle at p = 39 particles.
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Table 3: Final results for the Two-Layer Neural Network regression on the California Hous-
ing dataset. The BD process yields highly parsimonious networks and faster train-
ing times without sacrificing Test MSE.

Method MSE MSE (test) pfinal Time (s) Deaths Births

Full-Batch 0.365476 0.393433 300 892.2 0 0
Stochastic 0.366231 0.393154 300 265.1 0 0
Full-Batch + BD 0.365506 0.393495 189 644.0 111 0
Stochastic + BD 0.366369 0.392429 60 158.9 269 29

For the California Housing NN regression, the model starts over-parameterized with
p = 300 initial particles (neurons) to learn from n = 18, 576 training samples with d =
8 input features. The regularization is set to κ = 0.0005. Table 3 highlights that the
Stochastic+BD algorithm prunes the network down to just p = 60 neurons (via 269 death
events and 29 births). This significant reduction in parameters translates to a 40% decrease
in wall-clock training time (from 265.1s to 158.9s) compared to the standard Stochastic
CPGD, all while achieving a slightly better test MSE of 0.392429. The Full-Batch+BD
method similarly reduces both the particle count (p = 189) and the training time (644.0s
compared to 892.2s). In both experimental settings, the death threshold was consistently
set to τdeath = 5.0.
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Appendix A. Technical Lemmas

A.1 Existence of the Feature Map

Lemma A.1 Let Φ : M(X ) → H be a bounded linear and weak-* continuous operator,
then its dual operator Φ⋆ : H→ C(X ) reads

Φ⋆ : h ∈ H 7−→
(
t ∈ X 7−→ ⟨φt, h⟩H

)
∈ C(X ) ,

where we identified the pre-dual space C(X ) as a subspace of the dual M(X )⋆, and where
φt := Φ δt with δt the Dirac measure at t ∈ X .

Moreover, for every µ ∈M(X ), one has the Bochner integral representation in H:

Φµ =

∫
X
φt dµ(t).

Proof Fix h ∈ H and consider the linear functional Lh :M(X )→ R defined by Lh(µ) :=
⟨h,Φµ⟩H. Since Φ is weak-* continuous and h 7−→ ⟨h, ·⟩H is continuous on H, the map
Lh is linear and weak-* continuous on M(X ). By definition of the weak-* topology on a
dual space E⋆ (here E⋆ = M(X )), the continuous linear functionals on (E⋆,weak-*) are
precisely the evaluations by elements of the pre-dual space E (here E = C(X )). Formally,
(E⋆, σ(E⋆, E))⋆ ∼= E. Hence, there exists a unique fh ∈ C(X ) such that

⟨h,Φµ⟩H = ⟨fh, µ⟩C(X ),M(X ) for all µ ∈M(X ).

Define Φ⋆h := fh ∈ C(X ). Then Φ⋆ : H→ C(X ) is linear and bounded, with

∥Φ⋆h∥∞ = sup
∥µ∥TV≤1

∣∣⟨Φ⋆h, µ⟩∣∣ = sup
∥µ∥TV≤1

∣∣⟨h,Φµ⟩H∣∣ ≤ ∥h∥H ∥Φ∥.
For t ∈ X , let δt be the Dirac measure at t and set φt := Φδt ∈ H. Evaluating the identity
at µ = δt yields

(Φ⋆h)(t) = ⟨Φ⋆h, δt⟩ = ⟨h,Φδt⟩H = ⟨φt, h⟩H.

Hence Φ⋆h is precisely the continuous function t 7−→ ⟨φt, h⟩H, as claimed.

We now prove the integral representation. First, note that

∥φt∥H = ∥Φδt∥H ≤ ∥Φ∥ ∥δt∥TV = ∥Φ∥

for all t ∈ X , so t 7−→ φt is bounded. Next, for each fixed h ∈ H, we already identi-
fied Φ⋆h ∈ C(X ) and established (Φ⋆h)(t) = ⟨φt, h⟩H. Since Φ⋆h ∈ C(X ), the scalar map
t 7−→ (Φ⋆h)(t) = ⟨φt, h⟩H is continuous on X . Hence t 7−→ φt is weakly continuous (i.e.,
all scalar evaluations ⟨φt, h⟩H are continuous in t). Because H is separable, weak measura-
bility/continuity implies strong (Bochner) measurability by Pettis’ theorem, see (Hytönen
et al., 2016, Theorem 1.1.6). Consequently, for any finite signed measure µ ∈ M(X ), the
Bochner integral

∫
X φt dµ(t) is well-defined in H and satisfies, for all h ∈ H,〈

h,

∫
X
φt dµ(t)

〉
H

=

∫
X
⟨h, φt⟩H dµ(t). (31)
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Using the identity ⟨h,Φµ⟩H = ⟨Φ⋆h, µ⟩ =
∫
X (Φ

⋆h)(t) dµ(t) =
∫
X ⟨h, φt⟩H dµ(t), we deduce

that

⟨h,Φµ⟩H =
〈
h,

∫
X
φt dµ(t)

〉
H

for all h ∈ H. By uniqueness of the Riesz representation in H, this implies

Φµ =

∫
X
φt dµ(t),

which is the desired representation.

A.2 Lipschitz Continuity of the Feature Map

Lemma A.2 Assume that the kernel K satisfies Assumption (HP), specifically that K(t, t) =
1 for all t ∈ X and that its second derivatives are bounded by CP . Then, the kernel metric
dK satisfies the following Lipschitz inequality:

dK(s, t) := ∥φt − φs∥H ≤
√

CP∥t− s∥ , (32)

where ∥ · ∥H denotes the norm in the Hilbert space H and ∥ · ∥ is the Euclidean norm.

Proof By the definition of the kernel metric dK and the relation K(s, t) = ⟨φs, φt⟩H, we
have:

dK(s, t)2 = ∥φt − φs∥2H
= ⟨φt − φs, φt − φs⟩H
= ⟨φt, φt⟩H − 2⟨φt, φs⟩H + ⟨φs, φs⟩H
= K(t, t)− 2K(s, t) +K(s, s) .

Using the normalization property K(u, u) = 1 for all u ∈ X from Assumption (HP), this
simplifies to:

dK(s, t)2 = 2(1−K(s, t)) . (33)

Consider the function g(s) := K(t, s). From the normalization and the Cauchy-Schwarz
inequality, we know that K(s, t) ≤

√
K(s, s)K(t, t) = 1. Thus, g(s) achieves its global

maximum at s = t, implying that the gradient vanishes at this point: ∇sK(t, s)|s=t = 0.
Applying a second-order Taylor expansion of K(t, s) with respect to s around t, there

exists ξ on the segment [s, t] such that:

K(t, s) = K(t, t) + ⟨∇sK(t, t), s− t⟩+ 1

2
(s− t)⊤∇2

sK(t, ξ)(s− t) .

Substituting K(t, t) = 1 and ∇sK(t, t) = 0:

1−K(t, s) = −1

2
(s− t)⊤∇2

sK(t, ξ)(s− t) .

Substituting this back into (33):

dK(s, t)2 = −(s− t)⊤∇2
sK(t, ξ)(s− t) = |(s− t)⊤∇2

sK(t, ξ)(s− t)| .
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By Assumption (HP), the Hessian is bounded, i.e., ∥∇2
sK(·, ·)∥∞ ≤ CP . Therefore:

dK(s, t)2 ≤ CP∥s− t∥2 =⇒ dK(s, t) ≤
√
CP∥s− t∥ .

Comment on the Kernel Metric dK : The kernel metric dK(s, t) := ∥φt − φs∥H mea-
sures the Hilbertian distance between data points after they have been mapped into the
high-dimensional feature space H. It defines the “pullback” geometry of the feature space
onto the input space X . The lemma shows that for smooth kernels (specifically C2 kernels
like the Gaussian kernel), this map is Lipschitz continuous with respect to the Euclidean
distance on X . This ensures that points close in the input space X remain close in the
feature space H, a critical property for the complexity (with respect to the dimension) of
the particle gradient descent algorithms discussed in the paper.

A.3 Fréchet derivatives

We consider the objective function J(ν) defined as the sum of a data-fitting term R(ν) and
the total variation norm, i.e., J(ν) = R(ν) + κ∥ν∥TV. The following lemmas establish the
Fréchet derivatives of these components.

Lemma A.3 (Derivative of the Risk Term) Let R(ν) = 1
2∥
∫
X φxdν(x) − y∥

2
H be the

risk functional defined on the space of measuresM(X ), where x 7−→ φx is the feature map
into a Hilbert space H and y ∈ H is the target. Then, the Fréchet derivative of R at ν,
denoted by R′(ν), is the function on X given by:

∀t ∈ X , R′(ν)(t) =

〈∫
X
φxdν(x)− y, φt

〉
H
. (34)

Proof Let ν ∈ M(X ) and consider a perturbation σ ∈ M(X ). We expand the term
R(ν + σ):

R(ν + σ) =
1

2

∥∥∥∥∫
X
φxd(ν + σ)(x)− y

∥∥∥∥2
H

=
1

2

∥∥∥∥(∫
X
φxdν(x)− y

)
+

∫
X
φxdσ(x)

∥∥∥∥2
H

=
1

2

∥∥∥∥∫
X
φxdν(x)− y

∥∥∥∥2
H
+

〈∫
X
φxdν(x)− y,

∫
X
φxdσ(x)

〉
H
+

1

2

∥∥∥∥∫
X
φxdσ(x)

∥∥∥∥2
H
.

The first term is R(ν). The third term is of order O(∥σ∥2TV). The second term is the linear
part in σ. Using (31), we can rewrite the inner product as:〈∫

X
φxdν(x)− y,

∫
X
φxdσ(x)

〉
H
=

∫
X

〈∫
X
φzdν(z)− y, φx

〉
H
dσ(x).

This identifies the Fréchet derivative R′(ν) as the function t 7−→ ⟨
∫
X φxdν(x) − y, φt⟩H,

proving (34).
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Lemma A.4 (Derivative of the Regularization Term) Consider the regularization term
H(ν) = κν(X ) for non-negative measures ν ∈M+(X ) (which corresponds to the TV norm
for non-negative measures). Its Fréchet derivative is constant:

∀t ∈ X , H ′(ν)(t) = κ . (35)

Proof Let ν ∈ M+(X ) and let σ be a perturbation such that ν + σ ∈ M+(X ). The
functional H is linear:

H(ν + σ) = κ(ν(X ) + σ(X )) = κν(X ) + κσ(X ).

We can write κσ(X ) as the integral against the constant function κ:

κσ(X ) =
∫
X
κ dσ(x).

Thus, the linear variation is represented by the constant function t 7−→ κ. Therefore, the
Fréchet derivative is H ′(ν)(t) = κ for all t ∈ X .

A.4 Symmetrization trick

Following Chizat (2022), we address the optimization problem over the space of signed
measuresM(X ) by lifting it to the space of non-negative measures on an augmented domain.
We introduce the extended space X̃ := X × {−1,+1} and associate to any signed measure
µ ∈M(X ) a non-negative measure ν ∈M+(X̃ ). The correspondence is established through
the linear map P :M+(X̃ )→M(X ) defined by:

µ = P (ν) := ν(·,+1)− ν(·,−1).

In the context of the linear model where observations are given by
∫
X φxdµ(x), we define the

augmented feature map φ̃ : X̃ → H as φ̃(x, s) := sφ(x) for any (x, s) ∈ X̃ . Consequently,
the linear measurements satisfy:∫

X
φ(x)dµ(x) =

∫
X̃
φ̃(x̃)dν(x̃).

Furthermore, the total variation norm satisfies ∥µ∥TV ≤ ν(X̃ ), with equality holding if and
only if the positive and negative parts of µ have disjoint supports (which is verified for
optimal solutions of sparse problems). This symmetrization allows us to solve the signed
problem by applying the conic particle gradient descent algorithm to the non-negative
measure ν on the space X̃ .

A.5 Lipschitz Continuity of the Fréchet derivative

By smoothness of the kernel (2a–(HP)), the Fréchet derivative J ′
ν is twice continuously

differentiable for any ν. Define for any twice continuously differentiable ψ:

∥ψ∥C2(X ) := max{∥ψ∥∞, ∥∇ψ∥∞, ∥∇2ψ∥∞} . (36)

The next lemma gives an upper bound on ∥J ′
ν∥C2(X ). We already know from (5) that

∥ν∥TV + CP + κ ≥ ∥J ′
ν(t)∥∞.
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Lemma A.5 Assume that Assumption (HP) holds. For any measure ν ∈ M(X ), the
function t 7−→ J ′

ν(t) is Lipschitz continuous with constant:

L(ν) = ∥∇J ′
ν∥∞ ≤

√
CP (CP + ∥ν∥TV).

and the dual certificate is gradient-Lipschitz with constant:

∥∇2J ′
ν∥∞ ≤ CP

(
∥ν∥TV + ∥y∥H

)
,

so that the full C2 norm satisfies:

∥J ′
ν∥C2(X ) ≤ CP

(
∥ν∥TV + CP

)
+ κ.

Proof Throughout the proof we use the expression of the Fréchet derivative (4b):

J ′
ν(t) = ⟨Φν − y, φt⟩H + κ,

and the common bound:
∥Φν − y∥H ≤ ∥ν∥TV + ∥y∥H. (37)

• For any s, t ∈ X :

|J ′
ν(t)− J ′

ν(s)| = |⟨Φν − y, φt − φs⟩H| ≤ ∥Φν − y∥H ∥φt − φs∥H.

By Lemma A.2, ∥φt − φs∥H ≤
√
CP∥t− s∥. Combined with (37):

|J ′
ν(t)− J ′

ν(s)| ≤
√

CP (∥ν∥TV + ∥y∥H) ∥t− s∥,

establishing L(ν) = ∥∇J ′
ν∥∞ ≤

√
CP (∥ν∥TV + ∥y∥H).

• Differentiating J ′
ν(t) = ⟨Φν − y, φt⟩H + κ twice under the inner product (justified by the

C2 smoothness of t 7→ φt under Assumption (2)) gives, for any t ∈ X and unit vectors
u, v ∈ Rd:

u⊤∇2
tJ

′
ν(t) v = ⟨Φν − y, D2

tφt[u, v]⟩H.

By Cauchy-Schwarz and (37):

|u⊤∇2
tJ

′
ν(t) v| ≤ ∥Φν − y∥H ∥D2

tφt[u, v]∥H ≤ (∥ν∥TV + ∥y∥H) ∥D2
tφt[u, v]∥H.

It remains to bound ∥D2
tφt[u, v]∥H. Since K(s, t) = ⟨φs, φt⟩H, differentiating twice with

respect to t gives:
u⊤∇2

tK(s, t) v = ⟨φs, D2
tφt[u, v]⟩H.

Since φs = Φδs, the closed linear span span{φs : s ∈ X} ⊂ H coincides with the closure of
Φ(M(X )). We assume throughout that this closure equals the whole of H (the standard
non-degeneracy condition for the RKHS associated with K). Then any unit vector h ∈ H
is the H-limit of finite linear combinations

∑
i αiφsi , and by the Hahn–Banach theorem the

operator norm of a continuous linear functional on H equals its supremum over span{φs}.
Combined with ∥φs∥H = 1, this yields

∥D2
tφt[u, v]∥H = sup

∥h∥H=1
⟨h,D2

tφt[u, v]⟩H = sup
s∈X

∣∣⟨φs, D2
tφt[u, v]⟩H

∣∣ = sup
s∈X
|u⊤∇2

tK(s, t) v| ≤ ∥∇2K∥∞ ≤ CP .
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Hence ∥∇2J ′
ν∥∞ ≤ CP(∥ν∥TV + ∥y∥H).

• Combining with the ∥ · ∥∞ bound from (5) and using ∥y∥H ≤ CP :

∥J ′
ν∥C2(X ) = max

(
∥J ′

ν∥∞, ∥∇J ′
ν∥∞, ∥∇2J ′

ν∥∞
)
≤ CP

(
∥ν∥TV + CP

)
+ κ.

A.6 Generalized descent

Some useful properties of this generalized projected gradient can be found for instance in
Ghadimi et al. (2016). In particular Lemma 1 of Ghadimi et al. (2016) may be stated as
follows.

Lemma A.6 (Ghadimi et al. (2016)) The projection operator πX (t, v, β) satisfies the
two properties:

• Correlation of the projected gradient and gradient lower bound: for any t ∈ X , v ∈ Rd
and β > 0:

⟨v, πX (t, v, β)⟩ ≥ ∥πX (t, v, β)∥2 . (38a)

• 1-Lipschitz inequality for projection: For any t ∈ X , (v1, v2) ∈ Rd and β > 0:

∥πX (t, v1, β)− πX (t, v2, β)∥ ≤ ∥v1 − v2∥ . (38b)

Appendix B. Descent properties: technical results

The goal of this Appendix section is to provide some technical proofs of the key descent
properties stated in Proposition 2.

B.1 Proof of Proposition 2

Our argument follows the same lines as in the proof of (Chizat, 2022, Lemma 2.5). We

decompose ν+ as ν+ = ν+(ν̃−ν)+(ν+− ν̃), where ν̃ = Wν,αν and ν+ = T ♯ν,β ν̃. Invoke (4a)

with σ = ν+ − ν to get that

J(ν+)− J(ν) = ⟨J ′
ν , σ⟩+

1

2
∥Φ(σ)∥2H

=

∫
X
J ′
ν(dν

+ − dν̃) +

∫
X
J ′
ν(dν̃ − dν) +

1

2

∥∥∥∥∫
X
φt(dν

+(t)− dν(t))

∥∥∥∥2
H

≤
∫
X
J ′
ν(dν

+ − dν̃)︸ ︷︷ ︸
:=A1

+

∫
X
J ′
ν(dν̃ − dν)︸ ︷︷ ︸
:=A2

+

∥∥∥∥∫
X
φt(dν

+(t)− dν̃(t))

∥∥∥∥2
H︸ ︷︷ ︸

:=B1

+

∥∥∥∥∫
X
φt(dν̃(t)− dν(t))

∥∥∥∥2
H︸ ︷︷ ︸

:=B2
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In order to study the previous terms, we define δ = α(∥J ′
ν∥C2(X ) ∨ 1).

Study of A1. We use the proximal update defined in Equation (6b):

A1 =

∫
[J ′
ν(t− βπX (t,∇J ′

ν(t), β))− J ′
ν(t)]dν̃(t)

≤
∫ (
−β⟨πX (t,∇J ′

ν(t), β)),∇J ′
ν(t)⟩+

β2∥πX (t,∇J ′
ν(t), β)∥2

2
∥∇2J ′

ν∥∞
)
dν̃(t).

By Lemma A.5, ∥∇2J ′
ν∥∞ ≤ CP(CTV + CP). By Lemma A.6 ii) and Lemma A.5,

∥πX (t,∇J ′
ν(t), β)∥2 ≤ ∥∇J ′

ν∥2∞ ≤ CP(CTV + CP)
2.

Using
∫
∥πX ∥2 dν̃ ≤ eδ

∫
∥πX ∥2 dν (same ratio argument as (39b)), the Taylor remainder of

A1 satisfies:

β2

2
∥∇2J ′

ν∥∞
∫
X
∥πX (t,∇J ′

ν(t), β)∥2 dν̃ ≤
β

2
CP(CTV + CP) e

δ ∥gβν ∥2L2(ν). (39a)

We are led to study the first order term. Starting with (38a), we get∫
− β⟨πX (t,∇J ′

ν(t), β)),∇J ′
ν(t)⟩dν̃(t)

≤ −β
∫
∥πX (t,∇J ′

ν(t), β))∥2dν̃(t)

≤ −β
∫
∥πX (t,∇J ′

ν(t), β))∥2dν(t) + β

∫
∥πX (t,∇J ′

ν(t), β))∥2
∣∣∣e−αJ ′

ν(t) − 1
∣∣∣dν(t)

≤ −β
∫
∥πX (t,∇J ′

ν(t), β))∥2dν(t) + αβ

∫
∥πX (t,∇J ′

ν(t), β))∥2|J ′
ν(t)|eα|J

′
ν(t)|dν(t)

≤ −β(1− α(κ+ ∥ν∥TV + ∥y∥H)eδ)
∫
∥πX (t,∇J ′

ν(t), β))∥2dν(t), (39b)

where we have used (4b) and rough upper bounds for the last inequality.

Study of A2. Observe that for any ψ ∈ C2(X ), one has∫
X
ψ(dν̃ − dν) =

∫
X

(
e−αJ

′
ν(t) − 1

)
ψ(t) dν(t) (39c)

We will use the standard inequality:

∀u ∈ R |e−u − 1 + u| ≤ u2

2
e|u| (39d)

and a first and second Taylor expansion on ψ. For any (t, t+ h) ∈ X :

|ψ(t+h)−ψ(t)| ≤ ∥h∥∥∇ψ∥∞ and |ψ(t+h)−ψ(t)−⟨h,∇ψ(t)⟩| ≤ ∥h∥
2

2
∥∇2ψ∥∞. (39e)
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We then use Equation (39d) and Equation (39e) and observe that the first term of the right
hand side of Equation (39c) may be upper-bounded as follows:

(
e−αJ

′
ν(t) − 1

)
ψ(t) = −αJ ′

ν(t)ψ(t) +
(
e−αJ

′
ν(t) − 1 + αJ ′

ν(t)
)
ψ(t)

≤ −αJ ′
ν(t)ψ(t) +

α2J ′
ν(t)

2

2
eα|J

′
ν(t)|∥ψ∥∞.

We then integrate with respect to dν and get (while omitting the variable t for the sake of
readability):

∫
X
ψ(dν̃ − dν) ≤ −

∫
X
αJ ′

νψdν +
α2∥ψ∥∞

2

∫
X
|J ′
ν |2eα|J

′
ν |dν︸ ︷︷ ︸

Remainder(ψ)

(39f)

We are led to study the remainder term. Replacing ψ by J ′
ν in (39f), we get:

Remainder(J ′
ν) ≤

α∥J ′
ν∥∞eα∥J

′
ν∥∞

2
∥gαν ∥2L2(ν).

Using δ = α(∥J ′
ν∥C2(X ) ∨ 1), we then deduce the following bound:

A2 =

∫
X
J ′
ν(dν̃ − dν) ≤ −∥gαν ∥2L2(ν)

(
1− δeδ

2

)
. (39g)

Study of B1. To upper bound the second order terms, we use the
√
CP -Lipschitz continuity

of t 7→ φt from Lemma A.2, so that ∥φt(a)− φt(b)∥2H ≤ CP∥a− b∥2:

B1 =

∥∥∥∥∫
X
φt(dν

+(t)− dν̃(t))

∥∥∥∥2
H

=

∥∥∥∥∫
X
φt(t− βπX (t,∇J ′

ν(t), β))− φt(t)dν̃(t)
∥∥∥∥2
H

≤ β2CP∥ν̃∥2TV
(∫
∥πX (t,∇J ′

ν(t), β))∥
dν̃(t)

∥ν̃∥TV

)2

≤ β2CP∥ν̃∥TV
∫
∥πX (t,∇J ′

ν(t), β))∥2dν̃(t)

≤ β2CPCTV e
2δ

∫
∥πX (t,∇J ′

ν(t), β))∥2dν(t) (39h)

where we used Lemma A.6 ii) and the Jensen inequality on the normalized measure dν̃(t)
∥ν̃∥TV

.
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Study of B2. Since K ≤ 1, for any signed measure µ = µ+−µ− one has ∥Φµ∥2H ≤ (µ+(X )+
µ−(X ))2 = ∥µ∥2TV; hence:∥∥∥∥∫

X
φt(dν̃(t)− dν(t))

∥∥∥∥2
H
=

∫
X

(∫
X
K(s, t) (dν̃(s)− dν(s))

)
(dν̃(t)− dν(t))

≤ ∥ν̃ − ν∥2TV

=
(∫

X

∣∣e−αJ ′
ν(t) − 1

∣∣ dν(t))2
≤
(∫

X
α|J ′

ν(t)|+
α2|J ′

ν(t)|2

2
eα|J

′
ν(t)| dν(t)

)2
≤ 2∥ν∥TV

∫
X

(
α2|J ′

ν(t)|2 +
α4|J ′

ν(t)|4

4
e2α|J

′
ν(t)|
)
dν(t),

where we used in the last line the Cauchy-Schwarz inequality and (u + v)2 ≤ 2u2 + 2v2.
Using again δ defined above, we deduce that:

B2 =

∥∥∥∥∫
X
φt(dν̃(t)− dν(t))

∥∥∥∥2
H
≤ 2αCTV ∥gαν ∥2L2(ν)

(
1 +

δ2e2δ

4

)
. (39i)

Gathering (39b) with (39a) and (39h) on one side, and (39g) with (39i) on the other
side, we deduce the upper bound:

J(ν+)− J(ν) ≤ −∥gαν ∥2L2(ν)

(
1− δeδ

2
− 2αCTV

(
1 +

δ2e2δ

4

))
− ∥gβν ∥2L2(ν)

(
1− α(κ+ ∥ν∥TV + ∥y∥H)eδ − βCP

(
CTV e

2δ +
(CTV + CP) e

δ

2

))
.

We are then led to choose

α <
1

10(1 + ∥ν∥TV + ∥y∥H + κ)(1 ∨ CTV )
,

Such a constraint on α ensures that δeδ < 1
7 , which occurs as soon as α is such that δ < 1

10 .
By Lemma A.5, since ∥ν∥TV ≤ CTV and ∥y∥H ≤ CP :

∥J ′
ν∥C2(X ) ≤ CP(CTV + CP) + κ,

so δ = α(∥J ′
ν∥C2(X ) ∨ 1) is small under the constraint on α. It is then straightforward to

verify that:

δeδ > max

(
α, α

δ2e2δ

4

)
.

In the meantime, using eδ ≤ e1/5 and e2δ ≤ e1/5, the choice β ≤ 1
2CP (CP+3CTV ) e1/5

yields

βCP

(
CTV e

2δ +
(CTV + CP) e

δ

2

)
≤ βCP e

1/5(3CTV + CP)

2
≤ 1

4
,

which finally entails:

J(ν+)− J(ν) ≤ −3

4

(
∥gαν ∥2L2(ν) + ∥g

β
ν ∥2L2(ν)

)
(39j)
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B.2 Linearization of the mirror descent strategy

This section concerns conditional expectations on the mirror descent strategy. Below, we
state a general result on Ĵ ′

ν(t) = 1
m

∑m
l=1 Ĵ

′
ν(t, Zl) where (Z1, . . . , Zm) stands for a mini-

batch sample of size m.

Proposition 5 Assume that α ≤
√
8 log 8E−1

∞ , then:

∀t ∈ X :
∣∣∣E [e−αĴ ′

ν(t,Z) − (1− αJ ′
ν(t))

∣∣ ν]∣∣∣ ≤ α2E2
∞

m
e−αJ

′
ν(t) +

α2J ′
ν(t)

2

2
eα|J

′
ν(t)|.

Proof Below, we compute the expectation with respect to the randomness brought by the
mini-batch sample. Let t ∈ X . We begin with the following decomposition:

E
[
αJ ′

ν(t) + e−αĴ
′
ν(t) − 1

]
= αJ ′

ν(t)− 1 + E
[
e−αĴ

′
ν(t)
]

=
[
αJ ′

ν(t)− 1 + e−αJ
′
ν(t)E

[
e−α[Ĵ

′
ν(t)−J ′

ν(t)]
]]

=
[
αJ ′

ν(t)− 1 + e−αJ
′
ν(t)
]
+ e−αJ

′
ν(t)E

[
e−α[Ĵ

′
ν(t)−J ′

ν(t)] − 1
]

=
[
αJ ′

ν(t)− 1 + e−αJ
′
ν(t)
]
+ e−αJ

′
ν(t)E

[
e−

α
m

∑m
l=1[Ĵ

′
ν(t,Zl)−J ′

ν(t)] − 1
]

=
[
αJ ′

ν(t)− 1 + e−αJ
′
ν(t)
]
+ e−αJ

′
ν(t)
((

E
[
e−

α
m
[Ĵ ′

ν(t,Zl)−J ′
ν(t)]
])m

− 1
)
.

To derive an upper bound, we use the inequality |e−u − 1 + u| ≤ u2

2 e
|u| which holds for any

u ∈ R for the first term and we apply the Hoeffding Lemma to the random variable Ĵ ′
ν(t, Z)−

J ′
ν(t), which is a centered random variable almost surely bounded by E∞. According to

Assumption (9a), we obtain that:∣∣∣E [e−α[Ĵ ′
ν(t,Z)−J ′

ν(t)] − 1
]∣∣∣ ≤ eE2

∞α2

8m − 1 ≤ α2E2
∞

8m
e

α2E2
∞

8m ≤ α2E2
∞

m

where thanks to our assumption on α, we observe that e
α2E2

∞
8m ≤ 8. We finally obtain the

desired upper bound.

Appendix C. Proofs of the deterministic results

In this paragraph, we present all the proofs related to the deterministic results introduced
at the beginning of our work. In particular, we establish the proof of the key results of
Section 2.2 and Section 2.4.

C.1 Total variation boundedness

Proof [Proof of Proposition 3, i)] We address (15–(H∞
TV)). Let k ∈ N be fixed. Our starting

point is the relationship

νk+1 = νk++ + εk1Nν
k+
λ =

(
1− 1Pν

k+

)
νk+ + εk1Nν

k+
λ.
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Computing the total variation norm, we obtain:

∥νk+1∥TV ≤ ∥νk+∥TV + εkλ(X ) ≤
∫
X
e−αJ

′
νk

(t)dνk(t) + max
j≥0

εj λ(X ).

According to Assumption (2), observe that for any t ∈ X

J ′
νk
(t) =

∫
X
⟨φt, φs⟩dνk(s)− ⟨y, φt⟩+ κ ≥ cP∥νk∥TV − ∥y∥H + κ ≥ −∥y∥H + κ.

We then deduce that thanks to the condition εk ≤ α:

∥νk+1∥TV ≤ e−α(cP∥νk∥TV−∥y∥H)∥νk∥TV + λ(X )α

We define M as M = 2
cP
∥y∥H +

√
2eλ(X )

cP
and we verify that

u ≥M =⇒ cPu− ∥y∥H ≥
cPu

2
.

We now consider the two different cases:

• If ∥νk∥TV ≥M, then

∥νk+1∥TV ≤ e−α
cP
2
∥νk∥TV∥νk∥TV + λ(X )α

= ∥νk∥TV − (1− e−α
cP
2
∥νk∥TV)∥νk∥TV + λ(X )α

= ∥νk∥TV −
2

αcP
φ
(
α
cP
2
∥νk∥TV

)
+ λ(X )α,

where φ is defined by φ(t) = t(1− e−t). We check that φ is an increasing function so
that when ∥νk∥TV ≥M, then

∥νk+1∥TV ≤ ∥νk∥TV−
2

αcP
φ
(
α
cP
2
M
)
+λ(X )α = ∥νk∥TV−M

(
1− e−α

cP
2
M
)
+λ(X )α.

Thanks to our condition on α, we know that α cP
2 M ≤ 1, and the convex inequality

when t ∈ [0, 1] : e−t ≤ 1− t/e yields:

∥νk+1∥TV ≤ ∥νk∥TV −M×
α cP

2 M

e
+ λ(X )α.

Thanks to our definition of M, we then observe that in this case ∥νk+1∥TV ≤ ∥νk∥TV.

• If ∥νk∥TV ≤M, then we use the straightforward upper bound:

∥νk+1∥TV ≤Meα∥y∥H + λ(X )α ≤ eM+ λ(X )

A direct induction argument then shows that

∀k ≥ 0 ∥νk∥TV ≤ ∥ν0∥TV ∨ (eM+ λ(X )) .

Recalling M = 2∥y∥H
cP

+
√

2eλ(X )
cP

and R = e∥y∥H
cP

+
√

e3λ(X )
cP

+ λ(X ), we have eM+ λ(X ) =
2e∥y∥H

cP
+
√

2e3λ(X )
cP

+λ(X ) ≤ 2R, since
√
2 ≤ 2 and λ(X ) ≤ 2λ(X ). The proof bound is thus

at most the proposition’s statement bound ∥ν0∥TV ∨ 2R =: CTV , concluding the proof of
the boundedness of the sequence (νk)k≥0.
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C.2 ε-smoothness evolution

In this paragraph, we now establish that our sequence (νk)k≥0 verifies Assumption (Hε)
given by Equation (14), i.e. we establish the second part of Proposition 3. We first prove
the perturbation bound and the deletion-set inclusion stated without proof in Remark 2.1,
on which the proof of Proposition 3 ii) relies.

Proof [Proof of Remark 2.1]
Proof of (18a). The Fréchet identity (4b), with ∥φt∥H = 1, gives

|J ′
νk+

(t)− J ′
νk
(t)| ≤

∫
X

∣∣e−αJ ′
νk

(s) − 1
∣∣ dνk(s).

The uniform bound ∥J ′
νk
∥∞ ≤ CP + CTV + κ (from (5) and (15–(H∞

TV))), the elementary

inequality |e−x − 1| ≤ |x| e|x|, and ∥νk∥TV ≤ CTV now yield (18a).

Proof of (18b). For t ∈ Pνk+ , definition (17) gives J ′
νk+

(t) > −2α−1 log εk + Cw, and (18a)

then yields J ′
νk
(t) ≥ J ′

νk+
(t)− Cw > −2α−1 log εk.

Proof [Proof of Proposition 3, ii)] Recall that the update defined in Section 2.1 yields:

νk+1 := νk++ + εk1Nν
k+
λ = νk+(1− 1Pν

k+
) + εk1Nν

k+
λ, (40)

where νk++ is a positive measure.

Assumption (H+
ε ) The definition of Nνk+ = {J ′

νk+
≤ 0} implies Assumption H+

ε .

Assumption (Hsmooth,1
ε ) First, using (4a),

J(νk+1)− J(νk+) =

∫
J ′
νk+

d(νk+1 − νk+) +
1

2
∥Φ(νk+1 − νk+)∥2H,

≤ −
∫
Pν

k+

J ′
νk+

dνk+ + εk

∫
Nν

k+

J ′
νk+

dλ

+∥Φ(νk+1Pν
k+

)∥2H + ∥Φ(εk1Nν
k+
λ)∥2H,

≤ ∥Φ(νk+1Pν
k+

)∥2H + ∥Φ(εk1Nν
k+
λ)∥2H,

since Pνk+ ⊂ {J
′
ν+k

> 0} and Nνk+ ⊂ {J
′
ν+k

< 0}. Now, by Remark 2.1, it holds the following

inclusion Pνk+ ⊂ {J
′
νk
> −2α−1 log εk}, so that e−αJ

′
νk

(t) < ε2k on Pνk+ . Now, using that

dνk+(t) = e−αJ
′
νk

(t)dνk(t) and ∥φt∥H = 1:

∥Φ(νk+1Pν
k+

)∥2H =

∥∥∥∥∥
∫
Pν

k+

φtdνk+(t)

∥∥∥∥∥
2

H

,

≤ νk+(Pνk+ )×
∫
Pν

k+

∥φt∥2Hdνk+(t),

=

[∫
Pν

k+

e−αJ
′
νk

(t)dνk(t)

]2
≤ ∥νk∥2TVε

4
k ≤ ∥νk∥2TVε

2
k,
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where the last inequality uses εk ≤ 1; the tighter ε4k bound shows that the prune-set
contribution is asymptotically dominated by the birth-set ε2k term derived below. Similarly,
by Cauchy–Schwarz,

∥Φ(εk1Nν
k+
λ)∥2H = ε2k

∥∥∥∥∥
∫
Nν

k+

φs dλ(s)

∥∥∥∥∥
2

H

,

≤ ε2k λ(Nνk+ )
∫
Nν

k+

∥φs∥2H dλ(s) = ε2k λ(Nνk+ )
2 ≤ λ(X )2ε2k,

using ∥φs∥H = 1. This entails that Assumption (Hsmooth,1
ε ) is satisfied.

Assumption (Hsmooth,2
ε ) Concerning (Hsmooth,2

ε ), we use again the inclusion Pνk+ ⊂
{J ′

νk
> −2α−1 log εk} (Remark 2.1). For any t ∈ X :∣∣∣J ′

νk+1
(t)− J ′

νk+
(t)
∣∣∣ = |⟨φt,Φ(νk+1 − νk+)⟩| ,

=

∣∣∣∣∫ ⟨φu, φt⟩Hd(νk+1 − νk+)(u)
∣∣∣∣ ,

≤

∣∣∣∣∣
∫
Pν

k+

⟨φu, φt⟩Hdνk+(u)

∣∣∣∣∣+
∣∣∣∣∣εk
∫
Nν

k+

⟨φu, φt⟩Hdλ(u)

∣∣∣∣∣ ,
≤

∫
Pν

k+

e−αJ
′
νk

(u)dνk(u) + εkλ(X ),

≤ ∥νk∥TVε
2
k + εkλ(X ).

This inequality is uniform in t ∈ X , which proves the desired result.

C.3 One-step analysis

We introduce:

vk−1+ = min(J ′
νk−1+

) ∧ 0 and Θk−1+ :=
{
J ′
νk−1+

≤ vk−1+

2

}
. (41)

We now present a quantitative result that explicitly connects the weight update Tν,α to
Assumption (14), by relating the quantity vk−1+ to the evolution of the energy J under the
update Tν,α. Proposition 6 below is largely inspired by Proposition H.1 in Chizat (2022).
Here, to relate the increments J(νk+) − J(νk) to the minimum of J ′

νk−1+
, we rely on two

main ingredients: the descent property (see Proposition 2) and Assumption (Hε), which
ensures that sufficient mass is present where J ′

νk
is negative.

Proposition 6 Assume (Hε) and (H∞
TV) hold so that Equations (14) and (15–(H∞

TV)) are
satisfied, if α is chosen such that (7) holds and assume that v2k−1+ ≥ 24ε2k−1C

2, then:

J(νk+)− J(νk) ≤ −
3α

2
CdL

−d|vk−1+ |2+dεk−1.

where L is introduced in (4c) and Cd in Lemma 7.
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Proof Consider k ∈ N⋆. Our starting point is Proposition 2: we keep only the negative
descent contribution produced by |J ′

νk
|2 and observe that, with α small enough so that (7)

holds and with β = 0, we have:

J(νk+)− J(νk) ≤ −
3

4
∥gανk∥

2
L2(νk)

= −3

4
α

∫
X
|J ′
νk
|2dνk (42a)

≤ −3

4
α

∫
Θk−1+

|J ′
νk
|2dνk. (42b)

Now, according to Assumption (Hsmooth,2
ε ), we know that |J ′

νk
(t) − J ′

νk−1+
(t)| ≤ Cεk−1

uniformly for all values of t. In particular, for any t ∈ X , we deduce from the inequality
(a+ b)2 ≥ a2

2 − b
2 that:

|J ′
νk
(t)|2 ≥ 1

2
|J ′
νk−1+

(t)|2 − C2ε2k−1 (42c)

Using (42b) together with (42c) leads to:

J(νk+)− J(νk) ≤ −
3

8
α

∫
Θk−1+

|J ′
νk−1+

|2dνk +
3

4
αC2ε2k−1

∫
Θk−1+

dνk,

≤ − 3

32
αv2k−1+

∫
Θk−1+

dνk +
3

4
αC2ε2k−1

∫
Θk−1+

dνk,

= −3

8
α

[
v2k−1+

4
− 2ε2k−1C

2

]∫
Θk−1+

dνk,

where we used the definition of Θk−1+ to lower bound |J ′
νk−1+

|2 in the first line. In particular,

in the specific regime considered here, namely when 24ε2k−1C
2 ≤ v2k−1+ , we deduce that:

J(νk+)− J(νk) ≤ −
3

2
αv2k−1+

∫
Θk−1+

dνk.

Finally, Assumption (H+
ε ) yields:

J(νk+)− J(νk) ≤ −
3

2
αεk−1v

2
k−1+λ(Θk−1+), (42d)

We are led to lower bound λ(Θk−1+). To this end, we introduce the following geometric
lemma:

Lemma 7 (Geometric lower bound on the sub-level set) Let g : X ⊂ Rd → R be
a L-Lipschitz function achieving a minimum value v⋆ = minx∈X g(x) ≤ 0. There exists
a purely dimensional constant Cd > 0 such that the Lebesgue measure of its sub-level sets
satisfies:

λ({x ∈ X : g(x) ≤ 0}) ≥ λ
({

x ∈ X : g(x) ≤ v⋆

2

})
≥ CdL−d|v⋆|d.
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Recall from Lemma A.5 that for any ν ∈ M(X ), J ′
ν is a L(ν)-Lipschitz function with

L(ν) ≤ L as soon as ∥ν∥TV ≤ CTV (see Remark 1.2). In the meantime, we know from
Assumption (15–(H∞

TV)) that (νk)k≥1 and (νk+)k≥1 are two bounded sequences in terms of
their TV-norm. Therefore, L(νk) ≤ L. By applying Lemma 7 to g = J ′

νk−1+
and observing

that vk−1+ = minx J
′
νk−1+

(x) ≤ 0, we have:

∀x ∈ X : |x− argmin J ′
νk−1+

| ≤ |vk−1+ |
2L

=⇒ |J ′
νk−1+

(x)−min(J ′
νk−1+

)| ≤ L× |vk−1+ |
2L

,

=⇒ J ′
νk−1+

(x) ≤ vk−1+

2
≤ 0,

=⇒ x ∈ Θk−1+ .

We then deduce that{
x ∈ X : |x− argmin J ′

νk−1+
| ≤ |vk−1+ |

2L

}
⊂ Θk−1+ .

This inclusion entails that the volume is bounded by that of a Euclidean ball of radius
|vk−1+ |

2L , so for some constant Cd > 0:

λ(Θk−1+) ≥ CdL−d|vk−1+ |d.

We finally obtain from the previous lower bound and from (42d) that:

J(νk+)− J(νk) ≤ −
3α

2
CdL

−d|vk−1+ |2+dεk−1.

This concludes the proof.

The following proposition describes the evolution of the cost function itself along the
iterations. For this purpose, we introduce the non-negative sequence (∆k+)k≥1 and the
auxiliary sequence (∆k)k≥1 defined by

∀k ≥ 1, ∆k+ := J(νk)− J(νk+) and ∆k := J(νk−1)− J(νk). (43)

These two sequences are then associated with our longitudinal evolution as follows.

∀k ≥ 1

∆k−1+︷ ︸︸ ︷
νk−1 −→ νk−1+ −→

∆k+︷ ︸︸ ︷
νk︸ ︷︷ ︸

∆k

−→ νk+ .

We emphasize that, from Proposition 2, the sequence (∆k+)k≥1 is non-negative. However,
we cannot draw the same conclusion for the sequence (∆k)k≥1.

Proposition 8 Assuming (14) and (15–(H∞
TV)), and that α is chosen so that (7) holds,

then

∀k ≥ 1 J(νk)− J⋆ ≤ C (∥ν⋆∥TV ∨ L)max

([
Ld∆k+

αεk−1

] 1
2+d

; εk−1

)
.
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The above result relates the evolution of the sequence J(νk) to the increments J(ν+k )−J(νk),
and is primarily based on Proposition 6. This result involves a trade-off in the choice of
the parameter εk (the amount of mass available in regions where J ′

νk
is negative), which

must be selected carefully. On the one hand, εk needs to be sufficiently large to control the
increment of the objective function (see Proposition 6); on the other hand, they contribute
an additional term that affects the value of J(νk).

Proof Using (4a), we have in a first time

J⋆ − J(νk) =
∫
X
J ′
νk
d(ν⋆ − νk) +

1

2
∥Φ(νk − ν⋆)∥2.

This implies

J(νk)− J⋆ ≤
∫
X
J ′
νk
d(νk − ν⋆) =

∫
X
J ′
νk
dνk︸ ︷︷ ︸

:=A

−
∫
X
J ′
νk
dν⋆︸ ︷︷ ︸

:=B

. (44a)

Study of A: We can first observe that (42a) can be written as∫
X
|J ′
νk
|2dνk ≤ 4

J(νk)− J(νk+)
3α

=
4∆k+

3α
. (44b)

Then, the Cauchy-Schwarz inequality associated with Equation (44b) yields:

|A| =
∣∣∣∣∫

X
J ′
νk
dνk

∣∣∣∣ ≤ [∥νk∥TV

∫
X
|J ′
νk
|2dνk

]1/2
≤
[
4
∥νk∥TV

3α
∆k+

]1/2
. (44c)

Study of B: We use the smoothness of ν 7−→ J ′
ν induced by (Hsmooth,2

ε ) and obtain that:

B =

∫
X
J ′
νk
dν⋆ =

∫
X
J ′
νk−1+

dν⋆ +

∫
X
(J ′
νk
− J ′

νk−1+
)dν⋆

≥ vk−1+∥ν⋆∥TV − ∥ν⋆∥TV∥J ′
νk
− J ′

νk−1+
∥∞

≥ vk−1+∥ν⋆∥TV − Cεk−1∥ν⋆∥TV.

At this stage, two distinct cases may arise depending on the value of vk−1+ .

• 1st case: vk−1+ ≤ −2
√
6Cεk−1. Then, we get from the previous bound that

B =

∫
X
J ′
νk
dν⋆ ≥ vk−1+∥ν⋆∥TV − Cεk−1∥ν⋆∥TV

≥
(
1 +

1

2
√
6

)
vk−1+∥ν⋆∥TV

≥ −
(
1 +

1

2
√
6

)
∥ν⋆∥TV

[
2∆k+L

d

3αεk−1Cd

] 1
2+d

,

where the last line is obtained using Proposition 6. We deduce that:∫
X
J ′
νk
dν⋆ ≥ −

(
1 +

1

2
√
6

)
∥ν⋆∥TV

[
2Ld∆k+

3αεk−1Cd

] 1
2+d

.
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• 2nd case: vk−1+ ≥ −2
√
6Cεk−1. In such a situation we immediately have∫

X
J ′
νk
dν⋆ ≥ vk−1+∥ν⋆∥TV − Cεk−1∥ν⋆∥TV ≥ −(1 + 2

√
6)C∥ν⋆∥TVεk−1.

Regardless of the value of vk−1+ , we then get

∫
X
J ′
νk
dν⋆ ≥ −∥ν⋆∥TV min

(
(1 + 2

√
6)Cεk−1;

(
1 +

1

2
√
6

)[
2Ld∆k+

3αεk−1Cd

] 1
2+d

)
. (44d)

Using Equations (44a), (44c) and (44d), we deduce that

J(νk)− J⋆ ≤ C (∥ν⋆∥TV ∨ L)max

([
Ld∆k+

αεk−1

] 1
2+d

;

[
∆k+

α

] 1
2

; εk−1

)
.

We conclude while observing that (∆k+)k≥1 and (εk)k≥1 are two bounded sequences, which
implies that:

J(νk)− J⋆ ≤ C (∥ν⋆∥TV ∨ L)max

(
α−1/2

[
Ld∆k+

εk−1

] 1
2+d

; εk−1

)
.

C.4 Proof of the deterministic global convergence

Below, we finally provide the proof of our global convergence result in the deterministic
situation, stated in Theorem 2.1. We will use the key property obtained in Section C.3.

Proof [Proof of Theorem 2.1] We introduce the function f : N −→ R+ defined by f(k) =

J(νk)− J⋆ for all k ∈ N. The triangle inequality and Assumption (Hsmooth,1
ε ) yields

∆k+1 = J(νk)− J(νk+1) = J(νk)− J(νk+) + J(νk+)− J(νk+1) ≥ ∆k+ − Cε2k. (45a)

Using Equation (45a) and the definition of f , we then obtain:

f(k)− f(k + 1) = ∆k+1 ≥ ∆k+ − Cε2k. (45b)

Simultaneously, if A = C (∥ν⋆∥TV ∨ L), then we can apply Proposition 8 to get

[A−1f(k)]2+d ≤ max

(
Ld∆k+

αεk−1
, ε2+dk−1

)
≤ Ld∆k+

αεk−1
+ ε2+dk−1.

It leads to

∆k+ ≥ αL−dεk−1[A
−1f(k)]2+d − αL−dε3+dk−1 ≥ αL

−dεk−1[A
−1f(k)]2+d − αL−dε2k−1, (45c)
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where the last inequality comes from the bound εk ≤ 1. Hence, using together (45b) and
(45c), we get

f(k)− f(k + 1) ≥ αL−dεk−1[A
−1f(k)]2+d − (1 + αL−d)ε2k−1.

We use a telescopic sum argument (summing for k = 1, . . . ,K−1), leading to the inequality

f(1)− f(K) ≥ αL−dA−2−d
K−1∑
k=1

εk−1f(k)
2+d − (1 + αL−d)

K−1∑
k=1

ε2k−1,

which in turn implies

f(K) + αL−dA−2−d
K−1∑
k=1

εk−1f(k)
2+d ≤ f(1) + (1 + αL−d)

K−1∑
k=1

ε2k−1. (45d)

Proof of i) and ii): We introduce in the following the quantity ρK , defined as the minimum
value of the sequence (J(νk)− J(ν⋆))1≤k≤K over the first K iterations:

∀K ∈ N ρK = min
0≤k≤K

J(νk)− J(ν⋆) = min
0≤k≤K

f(k).

Thanks to the definition of ρK , (45d) implies that

ρ2+dK αL−dA−2−d
K−1∑
k=1

εk−1 ≤

(
f(1) + (1 + αL−d)

K−1∑
k=1

ε2k−1

)
,

which can be rewritten as

ρK ≤ C


1 + (1 + αL−d)

K−1∑
k=1

ε2k−1

αL−dA−2−d
K−1∑
k=1

εk−1



1
2+d

. (45e)

Starting from (45e), we now consider two different cases.

• Horizon dependent step-size sequence i) Considering the case of a constant step-size se-
quence (εk)k≥0 with εk = ε for all k ∈ N, we deduce from (45e) that in this specific case

∀K ≥ 0 ρK ≤ C
AL

d
2+d

α
1

2+d

(
1

(K − 1)ε
+ ε(1 + αL−d)

) 1
2+d

.

It remains to optimize the previous upper bound in terms of ε. The trade-off between the
two terms appearing in the r.h.s. of the previous bound is attained for

ε = C

√
1

(K − 1)(1 + αL−d)
,
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which yields

ρK ≤ C
AL

d
2+d

α
1

2+d

(
(1 + αL−d)

(K − 1)

) 1
2(2+d)

. (45f)

• Horizon-free step-size sequence ii) It is also possible to derive a convergence rate with a
horizon-free step-size sequence that does not depend on the horizon of the simulation. For
this purpose, we simply consider the sequence:

∀k ≥ 0 εk =
C√

(k + 1)
.

In this case, we verify that:

K−1∑
k=1

ε2k ≤ C

K−1∑
k=1

1

k
≤ C[log(K) + 1] and

K−1∑
k=1

εk =
K∑
k=1

C√
k
≥ 2C(

√
K − 1).

Then

ρK ≤ Cα
− 1

(2+d)

(
1

K

) 1
2(2+d)

log
1

2+d (K).

Proof of iii): We first introduce the function f̄ : N −→ R defined as

f̄(K) = max

(
J(νK)− J⋆ − C

K−1∑
k=1

ε2k ; 0

)
∀K ∈ N, (45g)

where C is here related to Assumption (Hsmooth,1
ε ) (see (14a–(Hsmooth,1

ε ))). This function is
non-increasing as, for any K ∈ N,

f̄(K + 1) = max

(
J(νK+1)− J⋆ − C

K∑
k=1

ε2k ; 0

)

= max

(
J(νK+1)− J(νK+) + J(νK+)− J(νK) + J(νK)− J⋆ − C

K∑
k=1

ε2k ; 0

)

≤ max

(
Cε2K + J(νK)− J⋆ − C

K∑
k=1

ε2k ; 0

)
= f̄(K)

where we applied Assumption (Hε) in the third line and the fact that J(νk+) − J(νk) ≤ 0
(see Proposition 2). We first assume that

f̄(K) ≥ 0. (45h)

Remark that (45h) together with the non-increasing property of f̄ entails that f̄(k) ≥ 0 for
any k ∈ {1, . . . ,K}. We use the discrete integration by part relationship: for p = f̄(k+1)−1

and q = f̄(k)−1,

p1+d − q1+d = (p− q)
d∑
i=0

piqd−i. (45i)
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The relationship f̄(k) ≥ f̄(k+1) then provides, since every term piqd−i in (45i) is bounded
below by qd = f̄(k)−d (resp. by p qd for the i ≥ 1 terms),

1

f̄(k + 1)1+d
− 1

f̄(k)1+d
≥
(
f̄(k)− f̄(k + 1)

) d+ 1

f̄(k + 1) f̄(k)1+d
. (45j)

Using (45h), we have

f̄(k)− f̄(k + 1) ≥ J(νk)− J(ν+k ) + J(ν+k )− J(νk+1) + Cε2k,

= ∆k+ + J(ν+k )− J(νk+1) + Cε2k,

≥ ∆k+ , (45k)

since
J(ν+k )− J(νk+1) ≥ −Cε2k,

according to Assumption (Hsmooth,1
ε ). Hence, (45j) together with (45k) leads to

1

f̄(k + 1)1+d
− 1

f̄(k)1+d
≥ ∆k+

d+ 1

f̄(k + 1) f̄(k)1+d
≥ ∆k+

d+ 1

f̄(k)2+d
, (45l)

where the last inequality uses f̄(k+1) ≤ f̄(k). Since for all k ≥ 0 : f̄(k) ≤ J(νk)−J⋆ = f(k),
(45c) entails that

∆k+ ≥ αεk−1L
−d[A−1f̄(k)]2+d − αL−dε2k−1, (45m)

This last inequality, together with (45l), leads to

1

f̄(k + 1)1+d
− 1

f̄(k)1+d
≥

(
αL−dεk−1[A

−1f̄(k)]2+d − αL−dε2k−1

) d+ 1

f̄(k)2+d
,

=

(
αL−dεk−1A

−(2+d) − αL−dε2k−1

1

f̄(k)2+d

)
(d+ 1).

We then use a telescopic sum argument to obtain:

1

f̄(K)1+d
− 1

f̄(1)1+d
≥ C(d+ 1)

[
αL−dA−(2+d)

K−1∑
k=1

εk−1 − αL−d
K−1∑
k=1

ε2k−1

1

f̄(k)2+d

]
,

≥ C(d+ 1)L−d

[
αA−(2+d)

K−1∑
k=1

εk−1 − α
1

f̄(K)2+d

K−1∑
k=1

ε2k−1

]
,

since f̄ is non-increasing. This last inequality can be re-written as:

αL−d(d+ 1)
1

f̄(K)2+d

K−1∑
k=1

ε2k−1 +
1

f̄(K)1+d
≥ (d+ 1)αL−dA−(2+d)

K−1∑
k=1

εk−1 +
1

f̄(1)1+d
.

Using again the monotonicity of f̄ , we deduce that:

1

f̄(K)2+d

[
αL−d(d+ 1)

K−1∑
k=1

ε2k−1 + f̄(1)

]

≥ C(d+ 1)L−dαA−(2+d)
K−1∑
k=1

εk−1 +
1

f̄(1)1+d
,
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where the monotonicity f̄(K) ≤ f̄(1) was used to upper bound f̄(K)−(1+d) by f̄(1) f̄(K)−(2+d)

(the finiteness of f̄(1) = J(ν1)− J⋆ itself being ensured by (H∞
TV)). The last inequality can

be rewritten as

f̄(K) ≤ C

[
αL−d(d+ 1)

∑K−1
k=1 ε

2
k−1 + f̄(1)

(d+ 1)αL−dA−(2+d)
∑K−1

k=1 εk−1 + f̄(1)−(1+d)

] 1
2+d

.

Since f̄(1) = J(ν1)− J∗ ≥ 0, this leads to

J(νK)− J∗ ≤ C

[
αL−d(d+ 1)

∑K−1
k=1 ε

2
k−1 + (J(ν1)− J∗)

(d+ 1)αL−dA−(2+d)
∑K−1

k=1 εk−1

] 1
2+d

+ C

K−1∑
k=1

ε2k. (45n)

In this context, we consider a horizon-dependent strategy, namely we set εk = ε for any
k ∈ {1, . . . ,K}. The bound (45n) becomes in this case

J(νK)− J⋆ ≤ C

[
αL−d(d+ 1)(K − 1)ε2 + (J(ν1)− J∗)

(d+ 1)αL−dA−(2+d)(K − 1)ε

] 1
2+d

+ CKε2,

≤ C

[
1

A−(2+d)
ε+

J(ν1)− J∗

(d+ 1)L−dαA−(2+d)
× 1

(K − 1)ε

] 1
2+d

+ CKε2

≤ CA

[
ε+

J(ν1)− J∗

(d+ 1)L−dα(K − 1)ε

] 1
2+d

+ CKε2.

Then, choosing ε such that

(
1

(d+ 1)αL−dA−(2+d)
× 1

Kε

) 1
2+d

= Kε2 ⇔ ε =

(
A2+d

(d+ 1)αL−d

) 1
5+2d

K− 3+d
5+2d ,

and defining C large enough to absorb (J(ν1) − J∗)
1

2+d , we obtain that (the constant C
depends polynomially on the initial excess, specifically as (J(ν1)− J⋆)1/(2+d)):

J(νK)− J⋆ ≤ C

(
LdA2+d

(d+ 1)α

) 2
5+2d

K− 1
5+2d .

To conclude the proof, we have to investigate the case where (45h) does not hold. Remark
that the latter entails that

J(νK)− J⋆ ≤ C

K∑
k=1

ε2k ≤ CKϵ2 ≤ C

(
LdA2+d

(d+ 1)α

) 2
5+2d

K− 1
5+2d ,

keeping the same choice for ε. We then use A = C (∥ν⋆∥TV ∨ L) in the final results.
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Appendix D. Proof of the stochastic results

D.1 Almost sure total variation bound

We begin with the study of the almost sure TV norm upper bound, that will be then used
throughout the rest of the proofs.

Proposition 9 Define

R̂ =
H

G
e+

√
e3

G
+ 1

and assume that α ≤ 1

1+R̂
and εk ≤ α for all k ≥ 1, then the sequence (ν̂k)k≥0 satisfies:

∀k ≥ 0 ∥ν̂k∥TV ≤ R̂ a.s.

Proof Our proof follows essentially the same lines as the deterministic case, except that we
have to take into account the randomness of our updates. Let k ∈ N∗ be fixed. According
to (25a) and (25b), we have

ν̂k+1 = ν̂k+ − 1P̂ν
k+

(Vk+1)ν̂k+(Vk+1)δVk+1
+ εk1N̂ν

k+
(Uk+1)δUk+1

Computing the total variation norm, we obtain:

∥ν̂k+1∥TV ≤ ∥ν̂k+∥TV + εk ≤
∫
X
e
−αĴ ′

ν̂k
(t)
dνk(t) + ∥ε∥∞.

Next, observe that for any t ∈ X , according to Assumption (9b), we have

Ĵ ′
ν̂k
(t) =

1

mk

mk∑
l=1

Ĵ ′
ν̂k
(t, Z+

l,k) ≥ G∥ν̂k∥TV −H + κ ≥ −H + κ a.s.,

so that we have the almost sure upper bound:

∥ν̂k+1∥TV ≤ e−αG∥ν̂k∥TV+αH∥ν̂k∥TV + α a.s.

Then, the rest of the proof proceeds exactly following the same lines as in Proposition 3,
i), whose proof is located in Section C.1.

D.2 Proof of Proposition 4

The proof of Proposition 4 is split into several parts, following all the assumptions we need
to verify accordingly. In particular, we establish below Propositions 10, 12, 11 and 13.

Proposition 10 (Assumption Ĥ+
ε,a) For any a > 0, set ca = E∞

√
2a in Equation (24).

Then for any integer k, the iterate (ν̂k+ , ν̂k+1) of Algorithm 1 satisfies for any A ⊂ X :

E
[
ν̂k+1(A ∩ {J ′

ν̂k+
< 0}) |F+

k

]
≥ εk

λ(A ∩ {J ′
ν̂k+

< 0})
λ(X )

− εkm−a
k
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Proof Consider any integer k ∈ N and any measurable set A ⊂ X , we use the definition
of ν̂k+1:

E
[
ν̂k+1(A ∩ {J ′

ν̂k+
< 0}) |F+

k

]
= ν̂++

k (A ∩ {J ′
ν̂k+

< 0}) + εkE
[
1N̂ν

k+
(Uk+1)δUk+1

(A ∩ {J ′
ν̂k+

< 0}) |F+
k

]
,

≥ εk
∫
A∩{J ′

ν̂
k+

<0}
λ(X )−1dx− εkE

∫
A∩{J ′

ν̂
k+

<0}
1N̂ c

ν
k+

(x)λ(X )−1dx

 ,
≥ εk

λ(A ∩ {J ′
ν̂k+

< 0})
λ(X )

− εkP

(
J ′
ν̂k+

(Uk+1) < 0 and Ĵ ′
ν̂k+

(Uk+1) > ca

√
logmk

mk

)
,

where we used the definition of N̂νk+ . Recall in particular that the constant ca is positive.
The key observation is that the sampled point Uk+1 ∼ Uniform(X ) is independent of the
mini-batch Z+

k+1 used to construct the stochastic certificate Ĵ ′
ν̂k+

. Conditioning on Uk+1 =
x reduces the problem to bounding the deviation of an empirical mean at a single fixed point,
where standard Hoeffding’s inequality applies without any covering argument. Specifically,
for any x ∈ X :

P

(
Ĵ ′
ν̂k+

(x) > ca

√
logmk

mk

∣∣∣∣∣Uk+1 = x

)
≤ exp

− mk

2E2
∞

(
ca

√
logmk

mk

)2
 = m−a

k . (46)

Integrating over Uk+1 and setting a = c2a
2E2

∞
, we obtain:

E
[
ν̂k+1(A ∩ {J ′

ν̂k+
< 0}) |F+

k

]
≥ εk

λ(A ∩ {J ′
ν̂k+

< 0})
λ(X )

− εkm−a
k ,

with a = c2a
2E2

∞
. No covering of X is needed, so the dimension d disappears from the birth

threshold. This ensures that Ĥ+
ε,a holds with c = λ(X )−1 and C = 1.

Proposition 11 (Assumption Ĥsmooth,2
ε .) For any integer k, the iterate (ν̂++

k , ν̂k+1) of
Algorithm 1 satisfies:

∥J ′
ν̂k+1
− J ′

ν̂k+
∥∞ ≤ Cεk.

Proof Using (4b), we have, for any t ∈ X ,

J ′
ν̂k+1

(t)− J ′
ν̂k+

(t) = ⟨φt,Φ(ν̂k+1 − ν̂k+)⟩H.

Hence, according to our update scheme,

sup
t∈X
|J ′
ν̂k+1

(t)−J ′
ν̂k+

(t)| = sup
t∈X

∣∣⟨φt,ΦδVk+1
⟩Hν̂k+(Vk+1) + ⟨φt,ΦδUk+1

⟩Hεk
∣∣ ≤ √2εk+εk ≤ Cεk,

where we have used the Cauchy-Schwarz Inequality and Assumption (HP).
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Proposition 12 (Assumption Ĥsmooth,1
ε ) For any integer k, the iterate (ν̂++

k , ν̂k+1) of
Algorithm 1 satisfies:

E
[
J(ν̂k+1)− J(ν̂k+) |F+

k

]
≤ C

(
εk

√
logmk

mk
+ ε2k

)
.

Proof The proof is inspired by the deterministic case, see Section C.2, but we still need to
handle the randomness brought by P̂νk+ and N̂νk+ . We decompose the evolution of J into
two terms:

J(ν̂k+1)− J(ν̂k+) = J(ν̂k+1)− J(ν̂++
k ) + J(ν̂++

k )− J(ν̂k+).

Death part: J(ν̂++
k )− J(ν̂k+). Using ν̂++

k − ν̂k+ = −ν̂k+(Vk+1)δVk+1
1P̂ν

k+
(Vk+1):

J(ν̂++
k )− J(ν̂k+)

=

∫
J ′
ν̂++
k

d[ν̂++
k − ν̂k+ ] +

1

2
∥Φ(ν̂++

k − ν̂k+)∥2H

=
[
− Ĵ ′

ν̂k+
(Vk+1)ν̂k+(Vk+1) +

(
Ĵ ′
ν̂k+
− J ′

ν̂k+

)
(Vk+1)ν̂k+(Vk+1) +

1
2 ν̂k+(Vk+1)

2∥ΦδVk+1
∥2H
]

× 1P̂ν
k+

(Vk+1)

≤ ε2k +
√
2 εk max

1≤j≤pk

∣∣∣Ĵ ′
ν̂k+

(t̂k
+

j )− J ′
ν̂k+

(t̂k
+

j )
∣∣∣ ,

since on P̂νk+ we have Ĵ ′
ν̂k+

(Vk+1) ≥ 0 (so the first term is ≤ 0 and dropped), ν̂k+(Vk+1) ≤√
2 εk, and ∥ΦδVk+1

∥2H ≤ 1. The death process only evaluates Ĵ ′
ν̂k+

at the pk active particle

locations (t̂k
+

j )1≤j≤pk , which are F+
k -measurable. By Hoeffding’s inequality applied at each

fixed particle position and a sub-Gaussian maximal bound over the pk ≤ mk + p0 points:

E
[
max

1≤j≤pk

∣∣∣Ĵ ′
ν̂k+

(t̂k
+

j )− J ′
ν̂k+

(t̂k
+

j )
∣∣∣ ∣∣∣F+

k

]
≤ C

√
logmk

mk
,

since log(pk) ≤ log(mk + p0) = O(logmk). Hence:

E
[
J(ν̂++

k )− J(ν̂k+) |F+
k

]
≤ ε2k + Cεk

√
logmk

mk
.

Birth part: J(ν̂k+1)− J(ν̂++
k ). Since ν̂k+1 − ν̂++

k = εk1N̂ν
k+

(Uk+1) δUk+1
:

J(ν̂k+1)− J(ν̂++
k )

=

∫
J ′
ν̂++
k

d[ν̂k+1 − ν̂++
k ] + 1

2∥Φ(ν̂k+1 − ν̂++
k )∥2H

= εk1N̂ν
k+

(Uk+1)
[
Ĵ ′
ν̂k+

(Uk+1) +
(
J ′
ν̂k+
− Ĵ ′

ν̂k+

)
(Uk+1) +

(
J ′
ν̂++
k

− J ′
ν̂k+

)
(Uk+1)

]
+

ε2k
2 ∥ΦδUk+1

∥2H1N̂ν
k+

(Uk+1).
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We bound each contribution. By the definition of N̂νk+ in (24), it holds that

Ĵ ′
ν̂k+

(Uk+1)1N̂ν
k+

(Uk+1) ≤ ca
√
(logmk)/mk .

Proposition 11 yields ∥J ′
ν̂++
k

−J ′
ν̂k+
∥∞ ≤ Cεk, and ∥ΦδUk+1

∥2H ≤ 1. Since Uk+1 ∼ Uniform(X )
is independent of the mini-batch, conditioning on Uk+1 = x and applying pointwise Hoeffd-
ing gives

E
[ ∣∣Ĵ ′

ν̂k+
(Uk+1)− J ′

ν̂k+
(Uk+1)

∣∣ ∣∣F+
k

]
≤ C
√
mk

.

Taking the conditional expectation and using 1/
√
mk ≤

√
(logmk)/mk for mk ≥ 3:

E
[
J(ν̂k+1)− J(ν̂++

k ) |F+
k

]
≤ C

(
εk

√
logmk

mk
+ ε2k

)
.

The finitely many iterates with mk ∈ {1, 2} contribute an O(1) constant absorbed into C.

Combining the birth and death parts establishes Ĥsmooth,1
ε .

Proposition 13 (Assumption (ĤD)) There exists a large enough constant C such that,
for any integer k, if α ≤ (4C)−1 ∧

√
8 log 8E−1

∞ , then:

E[J(ν̂k+) |Fk] ≤ J(ν̂k)−
α

2
∥J ′

ν̂k
∥2ν̂k + C

(
α2

mk
+ β2 +

β

mk

)
.

Proof Step 1: One-step evolution and second order term. Let k ∈ N⋆ be fixed. According
to (4a):

J(ν̂k+)− J(ν̂k) =
∫
X
J ′
ν̂k
d(ν̂k+ − ν̂k) +

1

2
∥Φ(ν̂k+ − ν̂k)∥2H. (47a)

Writing ν̂k =
∑pk

j=1 ω̂
k
j δt̂kj

and ν̂k+ =
∑pk

j=1 ω̂
k+
j δ

t̂k
+

j
, we introduce the following measure

ν̃k+ =
∑pk

j=1 ω̂
k+
j δt̂kj

. Then, we deduce that:

∥Φ(ν̂k+ − ν̂k)∥2H = ∥Φ(ν̂k+ − ν̃k+ + ν̃k+ − ν̂k)∥2H,
≤ 2∥Φ(ν̂k+ − ν̃k+)∥2H + 2∥Φ(ν̃k+ − ν̂k)∥2H.

First remark that,

∥Φ(ν̂k+ − ν̃k+)∥2H =

∥∥∥∥∥∥
pk∑
j=1

ω̂k
+

j (φ
t̂k

+
j
− φt̂kj )

∥∥∥∥∥∥
2

H

,

≤
pk∑
j=1

ω̂k
+

j ×
pk∑
j=1

ω̂k
+

j ∥φt̂k+j − φt̂kj ∥
2
H,

≤ CP∥ν̂k+∥TV

pk∑
j=1

ω̂k
+

j ∥t̂k
+

j − t̂kj ∥2,

≤ CP∥ν̂k+∥TV β2
pk∑
j=1

ω̂k
+

j ∥πX (t̂kj , D̂k(t̂
k
j ), β)∥2, (47b)
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where we have used (3) and (10b). Similarly

∥Φ(ν̃k+ − ν̂k)∥2H =

∥∥∥∥∥∥
pk∑
j=1

(ω̂k
+

j − ω̂kj )φt̂kj

∥∥∥∥∥∥
2

H

,

=

∥∥∥∥∥∥
pk∑
j=1

ω̂kj (e
−αĴ ′

k(t̂
k
j ) − 1)φt̂kj

∥∥∥∥∥∥
2

H

,

≤
pk∑
j=1

ω̂kj ×
pk∑
j=1

ω̂kj (e
−αĴ ′

k(t̂
k
j ) − 1)2,

where the last line comes from the Jensen inequality and from the fact that ∥φt∥2H = 1 for

any t ∈ X . Moreover, since the random variable Ĵ ′
k(t) is bounded for any t ∈ X ,

∥Φ(ν̃k+ − ν̂k)∥2H ≤ C∥ν̂k∥TVα
2
pk∑
j=1

ω̂kj Ĵ
′
k(t̂

k
j )

2

≤ C∥ν̂k∥TVα
2∥Ĵ ′

k∥
2
ν̂k
.

Taking the conditional expectation, since the particles’ weights and positions (ω̂kj , t̂
k
j )j∈[pk]

are Fk-measurable and independent of the k-th iteration mini-batch, we can push the ex-
pectation inside the sum over the particles:

E
[
∥Ĵ ′

k∥
2
ν̂k

∣∣Fk] = pk∑
j=1

ω̂kjE
[
|Ĵ ′
k(t̂

k
j )|2

∣∣Fk] .
Using the pointwise bias-variance decomposition at each fixed particle position t̂kj ∈ Fk:

E
[
|Ĵ ′
k(t̂

k
j )|2

∣∣Fk] = |J ′
ν̂k
(t̂kj )|2 +Var

(
Ĵ ′
k(t̂

k
j )
∣∣Fk) ≤ |J ′

ν̂k
(t̂kj )|2 +

E2
∞
mk

,

where E2
∞ provides a uniform bound on the variance of the stochastic gradient evaluations

due to assumption (9b). Plugging this into the second-order term and using the almost sure
boundedness of (∥ν̂k∥TV )k≥0:

E
[
∥Φ(ν̃k+ − ν̂k)∥2H |Fk

]
≤ Cα2∥J ′

ν̂k
∥2ν̂k + C

α2

mk
.

Gathering with Equation (47b), we deduce that:

E
[
∥Φ(ν̂k+ − ν̂k)∥2H |Fk

]
≤ Cα2∥J ′

ν̂k
∥2ν̂k + C

α2

mk
+ Cβ2. (47c)
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Step 2: Study of the drift. We expand the first order term in (47a) and observe that:

∫
X
J ′
ν̂k
d(ν̂k+ − ν̂k) =

pk∑
j=1

[
(ω̂k

+

j − ω̂kj )J ′
ν̂k
(t̂kj ) + ω̂kj (J

′
ν̂k
(t̂k

+

j )− J ′
ν̂k
(t̂kj ))

]
+

pk∑
j=1

(ω̂k
+

j − ω̂kj )(J ′
ν̂k
(t̂k

+

j )− J ′
ν̂k
(t̂kj )),

=

pk∑
j=1

[
(ω̂k

+

j − ω̂kj )J ′
ν̂k
(t̂kj ) + ω̂kj ⟨t̂k

+

j − t̂kj ,∇J ′
ν̂k
(t̂kj )⟩

]
+

pk∑
j=1

[
ω̂kj ⟨t̂k

+

j − t̂kj ,∇2J ′
ν̂k
(υkj )(t̂

k+

j − t̂kj )⟩+ (ω̂k
+

j − ω̂kj )⟨∇J ′
ν̂k
(υ̃kj ), t̂

k+

j − t̂kj ⟩
]
,

where υkj and υ̃kj are some auxiliary points that belong to (tkj , t
k+
j ) obtained with the help of

first and second order Taylor expansions. Using Proposition C.1 in De Castro et al. (2025a),
we get

∫
X
J ′
ν̂k
d(ν̂k+ − ν̂k) ≤

pk∑
j=1

[
(ω̂k

+

j − ω̂kj )J ′
ν̂k
(t̂kj ) + ω̂kj ⟨t̂k

+

j − t̂kj ,∇J ′
ν̂k
(t̂kj )⟩

]
+∥∇2J ′

ν̂k
∥∞

pk∑
j=1

ω̂kj ∥t̂k
+

j − t̂kj ∥2 +
pk∑
j=1

|ω̂k+j − ω̂kj | × ∥∇J ′
ν̂k
∥∥t̂k+j − t̂kj ∥,

≤
pk∑
j=1

[
(ω̂k

+

j − ω̂kj )J ′
ν̂k
(t̂kj ) + ω̂kj ⟨t̂k

+

j − t̂kj ,∇J ′
ν̂k
(t̂kj )⟩

]
+A

pk∑
j=1

[
ω̂kj ∥t̂k

+

j − t̂kj ∥2 + |ω̂k
+

j − ω̂kj |∥t̂k
+

j − t̂kj ∥
]
,

where

A := (∥ν̂k∥TV + ∥y∥H)CP .

Using the weights update (10b), we obtain

∫
X
J ′
ν̂k
d(ν̂k+ − ν̂k) ≤

pk∑
j=1

ω̂kj (e
−αĴ ′

k(t̂
k
j ) − 1)J ′

ν̂k
(t̂kj ) + ω̂kj ⟨t̂k

+

j − t̂kj ,∇J ′
ν̂k
(t̂kj )⟩

+A

pk∑
j=1

[
ω̂kj ∥t̂k

+

j − t̂kj ∥2 + ω̂kj

∣∣∣e−αĴ ′
k(t̂

k
j ) − 1

∣∣∣ ∥t̂k+j − t̂kj ∥] . (47d)
The first term of the right hand side of Equation (47d) is dealt thanks to Proposition 5: a
straightforward conditional expectation argument yields:
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E

 pk∑
j=1

ω̂kj (e
−αĴ ′

k(t̂
k
j ) − 1)J ′

ν̂k
(t̂kj ) |Fk

 ≤ −α∥J ′
ν̂k
∥2ν̂k

+
α2∥J ′

ν̂k
∥∞∥ν̂k∥TVE2

∞

mk
e
α∥J ′

ν̂k
∥∞ +

α2∥J ′
ν̂k
∥2ν̂k

2
e
α∥J ′

ν̂k
∥∞

We pay a specific attention to the second term of the right hand side of Equation (47d).
Using the generalized projected gradient and its related properties (e.g. Lemma A.6), we
get for any j ∈ {1, . . . , p},

ω̂kj ⟨t̂k
+

j − t̂kj ,∇J ′
ν̂k
(t̂kj )⟩

= −βω̂kj
〈
πX

(
t̂kj , D̂k(t̂

k
j ), β

)
, D̂k(t̂

k
j )
〉
+ βω̂kj

〈
πX

(
t̂kj , D̂k(t̂

k
j ), β

)
,∇J ′

ν̂k
(t̂kj )− D̂k(t̂

k
j )
〉
,

≤ −βω̂kj
∥∥∥πX (t̂kj , D̂k(t̂

k
j ), β

)∥∥∥2 + βω̂kj

〈
πX

(
t̂kj , D̂k(t̂

k
j ), β

)
,∇J ′

ν̂k
(t̂kj )− D̂k(t̂

k
j )
〉
.

Using the Young inequality, we get

ω̂kj ⟨t̂k
+

j − t̂kj ,∇J ′
ν̂k
(t̂kj )⟩ ≤ −

β

2
ω̂kj

∥∥∥πX (t̂kj , D̂k(t̂
k
j ), β

)∥∥∥2 + 2βω̂kj

∥∥∥D̂k(t̂
k
j )−∇J ′

ν̂k
(t̂kj )

∥∥∥2 ,
where we have used again Lemma A.6. Taking the conditional expectation w.r.t. Fk, we
get

E
[
ω̂kj ⟨t̂k

+

j − t̂kj ,∇J ′
ν̂k
(t̂kj )⟩

∣∣Fk]
≤ −β

2
ω̂kjE

[∥∥∥πX (t̂kj , D̂k(t̂
k
j ), β

)∥∥∥2 ∣∣Fk]+ 2βω̂kjE
[∥∥∥D̂k(t̂

k
j )−∇J ′

ν̂k
(t̂kj )

∥∥∥2 ∣∣Fk] ,
≤ −β

2
ω̂kjE

[∥∥∥πX (t̂kj ,∇J ′
ν̂k
(t̂kj ), β

)∥∥∥2 ∣∣Fk]+ 2βω̂kjE
[∥∥∥D̂k(t̂

k
j )−∇J ′

ν̂k
(t̂kj )

∥∥∥2 ∣∣Fk]
−βω̂kjE

[〈
πX

(
t̂kj ,∇J ′

ν̂k
(t̂kj ), β

)
, πX

(
t̂kj ,∇J ′

ν̂k
(t̂kj ), β

)
− πX

(
t̂kj , D̂k(t̂

k
j ), β

)〉 ∣∣Fk]
≤ −β

4
ω̂kjE

[∥∥∥πX (t̂kj ,∇J ′
ν̂k
(t̂kj ), β

)∥∥∥2 ∣∣Fk]+ 4βω̂kjE
[∥∥∥D̂k(t̂

k
j )−∇J ′

ν̂k
(t̂kj )

∥∥∥2 ∣∣Fk] .
At this step, we can take advantage of the mini-batch step to control the second expectation
in the previous inequality. Indeed, according to (10a), we have

E
[∥∥∥D̂k(t̂

k
j )−∇J ′

ν̂k
(t̂kj )

∥∥∥2 ∣∣Fk] =
1

m2
k

mk∑
l=1

E
[∥∥∥ζν̂k(t̂kj , Zkl )∥∥∥2 ∣∣Fk] ,

≤ E2
∞
mk
≤ C

mk
.

This leads to

E
[
ω̂kj ⟨t̂k

+

j − t̂kj ,∇J ′
ν̂k
(t̂kj )⟩

∣∣Fk] ≤ −β
4
ω̂kjE

[∥∥∥πX (t̂kj ,∇J ′
ν̂k
(t̂kj ), β)

∥∥∥2 ∣∣Fk]+ C

mk
.
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Plugging this expression in (47d), using the almost sure TV boundedness and taking the
conditional expectation, we get:

E
[∫

X
J ′
ν̂k
d(ν̂k+ − ν̂k)

∣∣Fk] ≤ pk∑
j=1

ω̂kjE
[
(e−αĴ

′
k(t̂

k
j ) − 1)

∣∣Fk] J ′
ν̂k
(t̂kj ) + C

β

mk

−β
4

pk∑
j=1

ω̂kjE
[∥∥∥πX (t̂kj ,∇J ′

ν̂k
(t̂kj ), β)

∥∥∥2 ∣∣Fk]

+C

p∑
j=1

E
[(
ω̂kj ∥t̂k

+

j − t̂kj ∥2 + ω̂kj

∣∣∣e−αĴ ′
k(t̂

k
j ) − 1

∣∣∣ ∥t̂k+j − t̂kj ∥) ∣∣Fk] ,
≤ −α∥J ′

ν̂k
∥2ν̂k −

β

4

pk∑
j=1

ω̂kjE
[∥∥∥πX (t̂kj ,∇J ′

ν̂k
(t̂kj ), β)

∥∥∥2 ∣∣Fk]

+C

(
α2∥J ′

ν̂k
∥2ν̂k +

α2

mk
+ β2 +

β

mk

)
, (47e)

where we have used the almost sure boundedness of (∥ν̂k∥TV )k≥0 and a large enough C.
Considering now Equations (47c) and (47e), using α ≤ (4C)−1, the quadratic drift term
Cα2∥J ′

ν̂k
∥2ν̂k is absorbed by half of the linear descent −α∥J ′

ν̂k
∥2ν̂k , and we finally obtain that:

E
[
J(ν̂k+)− J(ν̂k)

∣∣Fk] ≤ −α
2
∥J ′

ν̂k
∥2ν̂k −

β

4

pk∑
j=1

ω̂kjE
[∥∥∥πX (t̂kj ,∇J ′

ν̂k
(t̂kj ), β)

∥∥∥2 ∣∣Fk]

+ C

(
α2

mk
+ β2 +

β

mk

)
.

This bound delivers a stronger conclusion than stated in the proposition, since it retains
the negative projected-gradient term −β

4

∑
j ω̂

k
jE[∥πX (t̂kj ,∇J ′

ν̂k
(t̂kj ), β)∥2 | Fk]; dropping it

recovers exactly the statement of Proposition 13.

D.3 One-step analysis

We introduce below the stochastic counterpart of the set Θk−1+ used in the deterministic

approach and defined in Equation (41), that is denoted as Θ̂k−1+ and is given by:

Θ̂k−1+ :=

{
J ′
ν̂k−1+

≤ v̂k−1+

2

}
with v̂k−1+ = min(J ′

ν̂k−1+
) ∧ 0.

Proposition 14 Assume that the sequence (ν̂k, ν̂k+)k≥1 satisfies (ĤD), (Ĥ+
ε,a), (Ĥ

smooth,1
ε ),

(Ĥsmooth,2
ε ) and (Ĥ∞

TV). Then, for any k ≥ 1:

E
[
J(ν̂k+)

∣∣Fk]− J(ν̂k)
≤ −cαεk−1

([
|v̂k−1+ |2 − Cε2k−1

]
∨ 0
) (
|v̂k−1+ |d − Cm−a

k−1

)
+ C

(
α2

mk
+ β2 +

β

mk

)
.
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Proof First, we use Assumption (ĤD) and obtain that:

E
[
J(ν̂k+)

∣∣Fk]− J(ν̂k) ≤ −α
2
∥J ′

ν̂k
∥2ν̂k + C

(
α2

mk
+ β2 +

β

mk

)
,

= −α
2

∫
X
|J ′
ν̂k
|2dν̂k + C

(
α2

mk
+ β2 +

β

mk

)
,

≤ −α
2

∫
Θ̂k−1+

|J ′
ν̂k
|2dν̂k + C

(
α2

mk
+ β2 +

β

mk

)

We apply the Young inequality |J ′
ν̂k
(t)|2 ≥ 1

2 |J
′
ν̂k−1+

(t)|2 − |J ′
ν̂k
(t) − J ′

ν̂k−1+
(t)|2 to get,

according to (Ĥsmooth,2
ε ),

∀t ∈ Θ̂k−1+ , |J ′
ν̂k
(t)|2 ≥ 1

2
|J ′
ν̂k−1+

(t)|2 − Cε2k−1 ≥
|v̂k−1+ |2

8
− Cε2k−1.

Thanks to the positivity of α
∫
Θ̂k−1+

|J ′
ν̂k
|2dν̂k, we then get:

E
[
J(ν̂k+)

∣∣Fk]− J(ν̂k) ≤ −α
2

([
|v̂k−1+ |2

8
− Cε2k−1

]
∨ 0

)
ν̂k(Θ̂k−1+) + C

(
α2

mk
+ β2 +

β

mk

)
.

The term v̂k−1+ is F+
k−1 measurable, and since F+

k−1 ⊂ Fk, we get

E
[
J(ν̂k+)− J(ν̂k) |F+

k−1

]
= E

[
E [J(ν̂k+)− J(ν̂k) |Fk] |F+

k−1

]
≤ −α

2

([
|v̂k−1+ |2

8
− Cε2k−1

]
∨ 0

)
E
[
ν̂k(Θ̂k−1+) |F+

k−1

]
+ C

(
α2

mk
+ β2 +

β

mk

)
,

≤ −α
2
εk−1

([
|v̂k−1+ |2

8
− Cε2k−1

]
∨ 0

)[
cλ(Θ̂k−1+)− Cm−a

k−1

]
+ C

(
α2

mk
+ β2 +

β

mk

)
, (48)

where we have used Assumption (Ĥ+
ε ) at iteration k − 1 for the last inequality. The last

part of the proof is very similar to the one displayed in the deterministic case. First, recall
that J ′

ν is a L(ν)-Lipschitz function and thanks to the boundedness of the TV norm stated
by ĤTV, we know that for any k, J ′

ν̂k−1+
is L-Lipschitz. We then get:

∀k ≥ 1 : |x− argmin J ′
ν̂k−1+

| ≤ |v̂k−1+ |
2L

=⇒ |J ′
ν̂k−1+

(x)−min(J ′
ν̂k−1+

)| ≤ L× |v̂k−1+ |
2L

=⇒ J ′
ν̂k−1+

(x) ≤ v̂k−1+

2

=⇒ x ∈ Θ̂k−1+ .

This leads to the F+
k−1-measurable inequality:

λ(Θ̂k−1+) ≥
∣∣∣∣ v̂k−1+

2L

∣∣∣∣d .
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Using this lower bound in Equation (48)

E
[
J(ν̂k+)− J(ν̂k) |F+

k−1

]
≤ −cαεk−1

([
|v̂k−1+ |2 − Cε2k−1

]
∨ 0
) (
|v̂k−1+ |d − Cm−a

k−1

)
+ C

(
α2

mk
+ β2 +

β

mk

)
.

We introduce ∆̂k+ that quantifies the amount of decrease on J through the transporta-
tion map:

∆̂k+ = J(ν̂k)− J(ν̂k+).
As the evolution is now randomized, we emphasize that ∆̂k+ is not necessarily greater
than 0.

Proposition 15 Assume that the sequence (ν̂k, ν̂k+)k≥1 satisfies (ĤD), (Ĥ+
ε,a), (Ĥ

smooth,1
ε ),

(Ĥsmooth,2
ε ) and (Ĥ∞

TV). Then, for any k ≥ 1, we have the Fk-measurable inequality:

J(ν̂k)− J⋆ ≤ Cmax

α−1/2

[
E[∆̂k+ |Fk]

εk−1

] 1
2+d

;

√
α

mk
;
β√
α
;

√
β

αmk
; εk−1;m

−a/d
k ;

(
α

mkεk−1

) 1
2+d

;

(
β2 + β

mk

αεk−1

) 1
2+d

 .

Proof Thanks to the convexity of J , we have:

J(ν̂k)− J⋆ ≤
∫
X
J ′
ν̂k
d(ν̂k − ν⋆). (49a)

We now bound separately the two terms in the r.h.s. of (49a) and begin with the term∫
J ′
ν̂k
dν̂k. The Cauchy-Schwarz inequality and Assumption (15–(H∞

TV)) yield:∣∣∣∣∫
X
J ′
ν̂k
dν̂k

∣∣∣∣ ≤ [∥ν̂k∥TV

∫
X
|J ′
ν̂k
|2dν̂k

]1/2
≤ C∥J ′

ν̂k
∥ν̂k .

Thanks to Assumption (ĤD), we have:

α

2
∥J ′

ν̂k
∥2ν̂k ≤ E[∆̂k+ |Fk] + C

(
α2

mk
+ β2 +

β

mk

)
,

which in turn implies that∣∣∣∣∫
X
J ′
ν̂k
dν̂k

∣∣∣∣ ≤ C√
α

√
E[∆̂k+ |Fk] + C

(
α2

mk
+ β2 +

β

mk

)
. (49b)

The second integral in (49a) is dealt with Assumption (Ĥsmooth,2
ε ) leading first to the bound∫

X
J ′
ν̂k
dν⋆ =

∫
X
J ′
ν̂k−1+

dν⋆ +

∫
X
(J ′
ν̂k
− J ′

ν̂k−1+
)dν⋆ ≥ (v̂k−1+ − Cεk−1)∥ν⋆∥TV.

Then, two different situations may occur according to the value of v̂k−1+ .
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• 1st case: v̂k−1+ ≤ −
(
2Cεk−1 ∨ (2C)1/dm

−a/d
k

)
. Then, we get from the previous bound

that ∫
X
J ′
ν̂k
dν⋆ ≥ 3

2
v̂k−1+∥ν⋆∥TV.

Simultaneously, as soon as v̂k−1+ ≤ −2Cεk−1 and |v̂k−1+ |d ≥ 2Cm−a
k , Proposition 14

implies that:

E
[
− ∆̂k+ |Fk

]
≤ −cαεk−1

([
|v̂k−1+ |2 − Cε2k−1

]
∨ 0
) (
|v̂k−1+ |d − Cm−a
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)
+C

(
α2

mk
+ β2 +

β

mk

)
,

≤ −cαεk−1|v̂k−1+ |2+d + C

(
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mk
+ β2 +

β
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)
. (49c)

The last inequality implies that

|v̂k−1+ |2+d ≤ C

(
E
[
∆̂k+ |Fk

]
+ C

(
α2

mk
+ β2 + β

mk

))
αεk−1

.

Hence, we deduce from these computations that:

∫
X
J ′
ν̂k
dν⋆ ≥ −C


(
E
[
∆̂k+ |Fk

]
+ C

(
α2

mk
+ β2 + β
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))
αεk−1


1

2+d

.

• 2nd case: v̂k−1+ ≥ −
(
2Cεk−1 ∨ (2C)1/dm

−a/d
k

)
. In such a situation, we immediately

have from Assumption Ĥsmooth,2
ε that:

∫
X
J ′
ν̂k
dν⋆ ≥ (v̂k−1+ − Cεk−1)∥ν⋆∥TV ≥ −C(εk−1 ∨m

−a/d
k ).

Regardless of the value of v̂k−1+ , we then get the almost sure inequality:

∫
X
J ′
ν̂k
dν⋆ ≥ −Cmax

εk−1;m
−a/d
k ;


(
E
[
∆̂k+ |Fk

]
+ C

(
α2

mk
+ β2 + β
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))
αεk−1


1

2+d

 . (49d)
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Gathering Equations (49a), (49b) and (49d), we deduce that:

J(ν̂k)− J⋆

≤ C√
α

(
E[∆̂k+ |Fk] + C

(
α2

mk
+ β2 +

β

mk

))1/2

+Cmax

εk−1;m
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E
[
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]
+ C

(
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
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;

[
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α

] 1
2

;
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;
β√
α
;

√
β

αmk
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k ;

(
α

mkεk−1
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(
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mk

αεk−1

) 1
2+d

 .

Since (∆̂k+)k≥1 is a bounded sequence, we can verify that the last inequality is translated
into:

J(ν̂k)− J⋆ ≤ Cmax

α−1/2

[
E[∆̂k+ |Fk]

εk−1

] 1
2+d

;

√
α

mk
;
β√
α
;

√
β

αmk
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k ;

(
α

mkεk−1

) 1
2+d

;

(
β2 + β

mk

αεk−1

) 1
2+d

 .

D.4 Proof of Theorem 3.1

Proof In what follows, we set:

F (k) = J(ν̂k)− J(ν⋆) ∀k ∈ N⋆.

Let k ≥ 1 be fixed. Then, we know from Assumption (Ĥsmooth,1
ε )

E
[
F (k)− F (k + 1) |F+

k

]
= E

[
J(ν̂k)− J(ν̂k+1) |F+

k

]
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k

]
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√
logmk
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)
. (50)

Applying Proposition 15, we get

cF (k)2+d ≤ α− 2+d
2

[
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]
+

(
α

mk

) 2+d
2

+

(
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+

(
β
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) 2+d
2

+ ε2+dk−1 +m
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d
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α

mkεk−1
+
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mk
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.
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Then, using Equation (50), the tower rule and then multiplying each term by εk−1α
2+d
2 , we

obtain:

E[F (k)− F (k + 1)|Fk] = E[E[F (k)− F (k + 1)|F+
k ] |Fk]

≥ E[∆̂k+ |Fk]− C

(
ε2k + εk

√
logmk

mk

)
≥ cα

2+d
2 εk−1F (k)

2+d − sk,

where sk is given by:

sk =
α2+dεk−1

m
2+d
2

k

+ α
2+d
2 εk−1

(
β√
α

)2+d

+ εk−1

(
β

mk

) 2+d
2

+ ε3+dk−1α
2+d
2 + εk−1α

2+d
2 m

−(2+d)a
d

k

+
α

4+d
2

mk
+ αd/2(β2 +

β

mk
) + ε2k + εk

√
logmk

mk
.

Taking the global expectation on both side of the inequality, we get:

E[F (k)]− E[F (k + 1)] ≥ cα
2+d
2 εk−1E[F (k)2+d]− sk.

We finally fix now a final horizon K and use a telescopic sum argument to obtain

E[F (1)]− E[F (K + 1)] ≥
K∑
k=1

(
cα

2+d
2 εk−1E[F (k)2+d]− sk

)
,

which can be rewritten as

E[F (K + 1)] + cα
2+d
2

K∑
k=1

εk−1E[F (k)2+d] ≤ E[F (1)] +
K∑
k=1

sk.

Using ρ̂K as the minimal value of F (k)1≤k≤K , this last inequality implies that

E[ρ̂2+dK ] ≤ C
E[F (1)] +

∑K
k=1 sk

α
2+d
2
∑K

k=1 εk−1

.

Using the Jensen Inequality, we finally obtain

E[ρ̂K ] ≤ C

(
E[F (1)] +

∑K
k=1 sk

α
2+d
2
∑K

k=1 εk−1

) 1
2+d

. (51)

We now consider the final tuning of our parameters to optimize the upper bound obtained
in (51). For the sake of simplicity, we restrict our parametrization to constant step-size
sequences that depend on the final horizon K of simulation: i.e. α, β, εk and mk are chosen
constant with a value that only depends on K (the final horizon of simulation). A careful
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inspection of the terms involved in (51) shows that ε needs to balance 1
α1+d/2εK

and ε
α1+d/2 .

A straightforward argument yields

∀k ∈ [1,K] εk =
1√
K
.

Then, we observe that the step-size α of the push-forward has to be chosen small enough
(to guarantee the descent property stated in ĤD) but has to be lower bounded and cannot
be chosen arbitrarily small. Finally, β has to be chosen small enough to make the biggest

term β2

αε smaller than 1
α1+d/2

√
K
. We then deduce that:

β ≤ 1√
Kαd/4

.

At last, we setup the mini-batch size m. Thanks to the pointwise bounds established in

Propositions 10, 12 and 13, the dominant mini-batch–dependent term in sk is now ε
√

logm
m

(from the birth/death process), while the descent lemma contributes only α(4+d)/2

m . Setting

m = K

makes both terms of order O(
√
logK/K) or smaller, so that

∑K
k=1 sk = O(

√
logK). Ac-

cording to these several choices, we then obtain the global convergence rate of our horizon
dependent sequence:

E[ρ̂K ] ≤ C

(
α−(1+d/2)

√
logK

K

) 1
2+d

≤ Cα−1/2

(
logK

K

) 1
2(2+d)

.

This ends the proof of our final result.

Proof [Proof of Theorem 3.2] We start from the general bound (51) with the iteration-
dependent schedules mk = k ∨ 1, εk = min(α, 1/

√
k ∨ 1) and βk = 1/(k ∨ 1). Let kα :=

⌈1/α2⌉, so that εk = α for k ≤ kα and εk = 1/
√
k for k > kα. The first kα iterations

contribute only an additive O(1) to all sums and are absorbed into C.

The saturated regime k ≤ kα is negligible in K. Wemake thisO(1) statement precise.
By Section 2.3, α is fixed once and for all from intrinsic problem data; in particular, α does
not depend on K. Hence the threshold kα = ⌈1/α2⌉ is itself a constant independent of the
horizon K, and although it may be large when α is small, it does not grow with K.

On the saturated range {1, . . . , kα} each summand entering sk in (51) is uniformly
bounded by a constant C(α, d,H,G,E∞) depending only on intrinsic data: indeed εk =
α is constant, βk ≤ β1 = 1, mk ≥ 1, and the assumed bounds in (9b) together with
(H∞

TV) provide K-independent uniform controls on every factor (compare the term-by-term
estimates below). Therefore the total contribution of these terms is bounded by

kα∑
k=1

sk ≤ kα C(α, d,H,G,E∞) = O(1) in K,
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which is additive, K-independent, and absorbed into the generic constant C of (28). For
the lower bound on

∑K
k=1 εk−1 established below, the saturated terms are nonnegative and

may simply be dropped; the dominant
√
K growth comes from the regime k > kα, which is

precisely why the assertion requiresK ≥ 4kα. Equivalently, the theorem assumesK ≥ 4/α2,
ensuring both that K exceeds kα enough to make the lower bound effective and that the
saturated regime is dominated by the

√
K contribution.

Lower bound on
∑
εk−1. For K ≥ kα + 4:

K∑
k=1

εk−1 ≥
K−1∑
j=kα

1√
j
≥
∫ K

kα

x−1/2 dx = 2
(√
K −

√
kα
)
≥
√
K,

provided K ≥ 4kα.

Upper bound on
∑
sk. We bound each group of terms in sk separately. The dominant

contributions are:

• Birth/death term:
K∑
k=1

εk

√
logmk

mk
≤

K∑
k=1

√
log k

k
≤ 2

3
(logK)3/2+C, using the integral

bound
∫K
1

√
log x
x dx = 2

3(logK)3/2.

• Exploration term:

K∑
k=1

ε2k ≤
K∑
k=1

1

k
= O(logK).

• Descent lemma term:
K∑
k=1

α(4+d)/2

mk
= α(4+d)/2

K∑
k=1

1

k
= O(logK).

• Regularization term:
K∑
k=1

αd/2
(
β2k +

βk
mk

)
= αd/2

K∑
k=1

2

k2
= O(1).

• Hoeffding term:
K∑
k=1

εk−1α
(2+d)/2m

−(2+d)a/d
k . With a ≥ d

2(2+d) , we have m
−(2+d)a/d
k ≤

1/
√
k, so the summand is at most α(2+d)/2/k, yielding O(logK) at the boundary value

of a (and O(1) for any a > d
2(2+d)).

• All remaining terms in sk involve strictly higher negative powers of k (each≤ k−(3+d)/2)
and yield convergent sums bounded by a constant.

Therefore,
∑K

k=1 sk = O
(
(logK)3/2

)
.

Conclusion. Substituting into (51):

E[ρ̂K ] ≤ C

(
(logK)3/2

α(2+d)/2
√
K

) 1
2+d

= Cα−1/2

(
(logK)3

K

) 1
2(2+d)

.

Since N =
∑K

k=1 k = K(K+1)/2, we haveK = Θ(
√
N), and the sample complexity follows.
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Appendix E. Extension to β > 0: position updates in the deterministic
CPGD

In Section 2, the deterministic analysis is carried out under the restriction β = 0, meaning
that only the weights of the measure are updated at each iteration. In this appendix, we
extend the analysis to the case β > 0, where the Push-Forward update (Definition 1.1)
also moves the positions of the particles. Throughout this section, we assume that (α, β)
satisfies condition (7). The transition νk 7−→ νk+ now reads:

νk+ = T♯ν,βWνk,ανk, (52)

where T♯ν,β denotes the push-forward by the proximal position update Tν,β (Definition 1.1).

E.1 Total Variation boundedness for β > 0

The TV-norm boundedness established in Proposition 3 i) carries over to β > 0 without
modification. Indeed, the push-forward map preserves the total variation norm: for any
µ ∈M+(X ),

∥T♯ν,βµ∥TV = ∥µ∥TV,

since the push-forward merely redistributes mass without creating or destroying it. There-
fore:

∥νk+∥TV = ∥T♯ν,βWνk,ανk∥TV = ∥Wνk,ανk∥TV =

∫
X
e−αJ

′
νk

(t)dνk(t),

which is the same starting point as in the proof of Proposition 3 i) (Section C.1). The
remainder of that proof—the case analysis on whether ∥νk∥TV exceeds the threshold M
defined there, leading to the bound ∥νk∥TV ≤ CTV—applies verbatim, since it depends on
νk only through its TV-norm.

E.2 Smoothness assumptions for β > 0

We verify that Assumptions (14) remain valid when the transition νk+ −→ νk+1 is applied
after a push-forward update with β > 0.

Assumption (H+
ε ). This assumption concerns the birth process νk+ −→ νk+1 only, and

requires that
νk+11{J ′

ν
k+

≤0} ≥ λεk1{J ′
ν
k+

≤0}.

The definition of the sets Nνk+ = {J ′
νk+
≤ 0} depends on the post-update measure νk+ ,

which now incorporates the push-forward. This is the most delicate point and is discussed
separately in Section E.5 below.

Assumption (Hsmooth,1
ε ). The proof of Proposition 3 ii) (Section C.2) relies on the de-

composition
J(νk+1)− J(νk+) ≤ ∥Φ(νk+1Pν

k+
)∥2H + ∥Φ(εk1Nν

k+
λ)∥2H,

where Pνk+ ⊂ {J
′
νk+

> 0} and Nνk+ ⊂ {J
′
νk+

< 0}. These set inclusions hold by definition

regardless of β. The subsequent bounds rely on the TV-norm of νk+ (which is preserved
by the push-forward, as shown above) and on the inclusion Pνk+ ⊂ {J

′
νk
> −2α−1 log εk}
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of Remark 2.1; the latter inclusion is sensitive to β through the relationship between νk
and νk+ , and its β > 0 counterpart is established in Section E.5 below. Modulo this
re-verification, Assumption (Hsmooth,1

ε ) holds with the same constant C up to a bounded
multiplicative factor eαβL

2
.

Assumption (Hsmooth,2
ε ). The bound

∥J ′
νk+1
− J ′

νk+
∥∞ ≤ ∥νk∥TVε

2
k + εkλ(X )

is obtained via the Cauchy–Schwarz inequality applied to the feature map Φ, and depends
on νk+ only through its TV-norm. The argument is therefore identical to the β = 0 case.

E.3 Extended one-step descent for β > 0

Proposition 16 Under Assumptions (14) and (15–(H∞
TV)), if (α, β) satisfies (7) and v

2
k−1+ ≥

24ε2k−1C
2, then:

J(νk+)− J(νk) ≤ −
3α

2
(2L)−d|vk−1+ |2+dεk−1.

Proof The proof follows that of Proposition 6 with a single modification: we apply Propo-
sition 2 with β > 0 instead of β = 0. The descent property yields:

J(νk+)− J(νk) ≤ −
3

4

(
α

∫
X
|J ′
νk
|2dνk + β

∫
X
∥πX (t,∇J ′

νk
(t), β)∥2dνk

)
.

Since the second term is non-positive, dropping it only weakens the upper bound by an
amount of additional descent, and we obtain:

J(νk+)− J(νk) ≤ −
3

4
α

∫
X
|J ′
νk
|2dνk = −

3

4
∥gανk∥

2
L2(νk)

.

This is exactly inequality (42a), and the remainder of the proof of Proposition 6 (Eqs (42b)–
(42d)) proceeds without change.

E.4 Convergence rates for β > 0

Since Proposition 16 yields the same bound as Proposition 6, the downstream results—namely
Proposition 8 and Theorem 2.1—extend to β > 0 with identical rates.

The proof of Theorem 2.1 (Section C.4) uses two ingredients: (i) Assumption (Hsmooth,1
ε ),

which is verified in Section E.2, and (ii) the descent property J(νk+) − J(νk) ≤ 0, which
follows from Proposition 2 for any (α, β) satisfying (7). The telescoping sum argument and
the optimization over εk are unchanged.

E.5 The screening issue for β > 0

We now address the most delicate point: verifying that the birth process construction of
Section 2.2 still satisfies Assumption (H+

ε ) and that the smoothness bounds (14) remain
valid when νk+ is computed with β > 0.
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Assumption (H+
ε ) is satisfied by construction. Recall that the mass creation step (20)

adds εk1Nν
k+
λ on Nνk+ = {J ′

νk+
≤ 0}. Since νk+1 = νk++ + εk1Nν

k+
λ with νk++ ≥ 0, we

obtain
νk+11J ′

ν
k+

≤0 ≥ εkλ1J ′
ν
k+

≤0,

which is precisely Assumption (H+
ε ). This holds regardless of β, since the birth process is

defined in terms of the actual measure νk+ , whatever its construction.

Perturbation of J ′
νk+

by the push-forward. The more subtle issue arises in the

smoothness proofs (Section C.2), which use the specific relationship between νk, νk+ , and
the set Pνk+ . We denote by ν̃k+ = Wνk,ανk the intermediate reweighted measure (before

position update), so that νk+ = T♯ν,β ν̃k+ .
We control the perturbation induced by the push-forward using a Taylor expansion. For

any t ∈ X :
J ′
νk+

(t)− J ′
ν̃k+

(t) = ⟨φt,Φ(νk+ − ν̃k+)⟩H. (53)

Since νk+ = T♯ν,β ν̃k+ , the change-of-variables formula gives:

Φ(νk+ − ν̃k+) =
∫
X

[
φTν,β(t) − φt

]
dν̃k+(t).

By the Lipschitz property of the feature map (Lemma A.2), ∥φTν,β(t)−φt∥H ≤
√
CP∥Tν,β(t)−

t∥. Recalling the definition Tν,β(t) = t−βπX (t,∇J ′
νk
(t), β) and the bound ∥πX (t,∇J ′

νk
(t), β)∥ ≤

∥∇J ′
νk
∥∞ ≤ L (Lemma A.5), we obtain:

∥Φ(νk+ − ν̃k+)∥H ≤ β
√
CPL ∥ν̃k+∥TV ≤ β

√
CPLCTV .

Combined with (53) and ∥φt∥H = 1:

∥J ′
νk+
− J ′

ν̃k+
∥∞ ≤ β

√
CPLCTV . (54)

Extension of the smoothness bounds. It remains to verify that Assumptions (Hsmooth,1
ε )

and (Hsmooth,2
ε ) still hold with the same order. In both cases, the key observation is the

following: with β > 0, integrals against νk+ over a set A ⊂ X are expressed via the push-
forward as ∫

A
dνk+(t

′) =

∫
T−1
ν,β(A)

e−αJ
′
νk

(t)dνk(t).

On the preimage T−1
ν,β(Pνk+ ), since Tν,β(t) ∈ Pνk+ ⊂ {J

′
νk
> −2α−1 log εk} (by Remark 2.1),

the Lipschitz continuity of J ′
νk

(Lemma A.5) yields:

J ′
νk
(t) ≥ J ′

νk
(Tν,β(t))− L∥Tν,β(t)− t∥ > −2α−1 log εk − βL2, (55)

using the bound ∥Tν,β(t)− t∥ = β∥πX (t,∇J ′
νk
(t), β)∥ ≤ βL (Lemma A.5). Therefore:

∀t ∈ T−1
ν,β(Pνk+ ) : e−αJ

′
νk

(t) < eαβL
2
ε2k. (56)

Under condition (7), the product αβL2 is uniformly bounded by a constant depending only
on CP , CTV , and κ.
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Assumption (Hsmooth,1
ε ). As in the proof of Proposition 3 ii) (Section C.2), the Cauchy–

Schwarz inequality gives:

∥Φ(νk+1Pν
k+

)∥2H =

∥∥∥∥∥
∫
Pν

k+

φt′dνk+(t
′)

∥∥∥∥∥
2

H

≤ νk+(Pνk+ )×
∫
Pν

k+

∥φt′∥2Hdνk+(t′).

Since ∥φt′∥H = 1, both factors equal νk+(Pνk+ ). Using the push-forward and the bound (56):

νk+(Pνk+ ) =
∫
T−1
ν,β(Pν

k+
)
e−αJ

′
νk

(t)dνk(t) ≤ eαβL
2
ε2k∥νk∥TV.

Therefore ∥Φ(νk+1Pν
k+

)∥2H ≤ e2αβL
2
ε4k∥νk∥2TV ≤ Cε2k∥νk∥2TV, where the last inequality uses

εk ≤ 1. The bound on ∥Φ(εk1Nν
k+
λ)∥2H ≤ ε2kλ(X )2 is unchanged (it depends only on εk

and λ(X )). Therefore, Assumption (Hsmooth,1
ε ) holds with a modified constant C.

Assumption (Hsmooth,2
ε ). Following the proof in Section C.2:∣∣∣J ′

νk+1
(t)− J ′

νk+
(t)
∣∣∣ ≤ ∫

Pν
k+

|⟨φu, φt⟩H| dνk+(u) + εk

∫
Nν

k+

|⟨φu, φt⟩H| dλ(u).

The second term is bounded by εkλ(X ) as before. For the first term, using |⟨φu, φt⟩| ≤ 1
and the push-forward:∫

Pν
k+

dνk+(u) =

∫
T−1
ν,β(Pν

k+
)
e−αJ

′
νk

(t)dνk(t) ≤ eαβL
2
ε2k∥νk∥TV,

where we used (56). This yields:

∥J ′
νk+1
− J ′

νk+
∥∞ ≤ eαβL

2 ∥νk∥TVε
2
k + εkλ(X ) ≤ Cεk,

since eαβL
2
is bounded under (7) and εk ≤ 1.

E.6 Global convergence with position updates

We now state the main result of this section, which extends Theorem 2.1 to the case β > 0.
The transition νk 7−→ νk+ is given by the full Weight & Push-Forward update (52), and the
birth process νk+ −→ νk+1 follows the construction of Section 2.2.

Theorem E.1 (Global convergence for β > 0) Assume (2) with κ ≥ 0. Let the se-

quence (νk)k≥1 be generated by the update νk+ = T♯ν,βWνk,ανk followed by the birth pro-
cess (17)–(20), with (εk)k≥0 satisfying εk ≤ α for every k ≥ 0. If (α, β) satisfies condi-
tion (7), then Assumptions (14) and (15–(H∞

TV)) hold (with constants C depending on α,
β, CP , CTV , and κ, and differing from the β = 0 case by bounded multiplicative factors of
order eαβL

2
), and for any final horizon K ≥ 2:

i) If (εk)k≥0 is non-adaptive and εk = ε =
√

C/K ≤ α for all k ∈ {1, . . . ,K}, then:

min
1≤k≤K

{J(νk)− J(ν⋆)} ≤ CL
2+2d
2+d α− 1

2+d K
− 1

2(2+d) .
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ii) If (εk)k≥0 is horizon-free and εk =
√
C/(k + 1) ≤ α, then:

min
1≤k≤K

{J(νk)− J(ν⋆)} ≤ CL
2+2d
2+d α− 1

2+d K
− 1

2(2+d) log(K)
1

(2+d) .

iii) If εk = ε = C
(

L2+2d

(d+1)α

) 1
5+2d

K− 3+d
5+2d , then:

J(νK)− J(ν⋆) ≤ C

(
L2+2d

(d+ 1)α

) 2
5+2d

K− 1
5+2d .

In all three items, the generic constant C may depend polynomially on (∥ν⋆∥TV/L); in
item iii), C also depends polynomially on the initial excess J(ν1) − J⋆ (which is finite
under (H∞

TV)).

Proof We have established in Sections E.1–E.5 that Assumptions (14) and (15–(H∞
TV))

hold under the update (52) with β > 0, with constants C that may differ from the β = 0
case by bounded multiplicative factors (specifically, factors of eαβL

2
, which are uniformly

bounded under (7)).

With these assumptions verified, Proposition 16 yields the same one-step descent bound
as Proposition 6 (up to the modified constants), and the proof of Theorem 2.1 (Section C.4)
applies verbatim: the telescoping sum argument (45d) and the optimization over εk depend
only on the structure of Assumptions (14), not on the specific value of β. The three con-
vergence rates therefore coincide with those of Theorem 2.1.

Appendix F. Statistical guarantees

Definition F.1 (Sparse target measures) Let ∆0 be positive and let s0 be greater than
1. We define the class of s0-sparse measures with minimal Euclidean separation ∆0 as

Ms0,∆0 :=

{
µ0 : µ0 =

s0∑
k=1

a0kδx0k
and min

k ̸=l
∥x0k − x0l ∥2 ≥ ∆0

}
, (57)

where δx denotes the Dirac mass at point x ∈ X and at least one a0k ∈ R is non-zero.

In statistical learning theory, one considers a target sparse measure µ0 ∈ Ms0,∆0 and
one defines the noise term and, respectively, the noise level as

Γ := y − Φµ0 (58a)

resp. γ := ∥Γ∥H . (58b)

The statistical estimation error bounds of (P) are defined by means of the so-called far and
near regions.
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Definition F.2 (Far and Near regions) Let µ0 ∈Ms0,∆0 and let r > 0. Define the near
region of x0k of radius r as

Nk(r) :=
{
x ∈ X , ∥x− x0k∥2 ≤ r

}
, (59a)

and the far region as

F(r) := X \ N(r), with: N(r) :=
s0⋃
k=1

Nk(r). (59b)

In the literature (Azais et al., 2015; Candès and Fernandez-Granda, 2014; Poon et al., 2023;
De Castro et al., 2025b), the estimation errors (with respect to the Euclidean metric) are
proven to be, under some conditions, for some radius r > 0 such that r < ∆0/2,

• Control of the far region:
|µ⋆|(F(r)) ≲d γ

√
s0 , (60a)

• Control of all the near regions:

|µ⋆(Nk(r))− a0k| ≲d γ
√
s0 , (60b)

• Detection level: For every Borel set A ⊂ X such that |µ⋆|(A) ≳d γ
√
s0, there exists

x0k such that
min
t∈A
∥t− x0k∥2 ≲d r , (60c)

where ≲d denotes the inequality up to a multiplicative constant that may depend on the
dimension d, µ⋆ is a solution to (P) with regularization parameter κ ∼ γ/

√
s0 and |µ⋆|

denotes the absolute part of µ⋆. These statistical estimation error bounds hold for all
µ ∈M(X ) such that

0 ≤ J(µ)− J(µ⋆) ≤ J(µ0)− J(µ⋆) =: ε⋆ , (61)

see for instance (De Castro et al., 2024, Theorem 1), under some conditions (see (Poon
et al., 2023, Assumption 1)). Extensions to Fisher-Rao metrics are given in Poon et al.
(2023) and Giard et al. (2025).

We call an ε-solution any µ ∈ M(X ) such that 0 ≤ J(µ) − J(µ⋆) ≤ ε. From an
optimization point of view, Equation (61) shows that there exists ε⋆ > 0 such that any
ε-solution satisfies the statistical error bounds (60), for 0 ≤ ε ≤ ε⋆. While the parameter
ε⋆ is not observed in practice, it shows that any gradient descent path converging towards
a solution will satisfy the statistical error (60) after a finite number of steps.

Appendix G. List of notation
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General Notation & Measure Spaces

d, X Dimension and domain (X ⊂ Rd is compact convex)
c,C Generic positive constants
λ Lebesgue measure on X
C(X ) Space of continuous functions on X equipped with ∥ · ∥∞
M(X ),M+(X ) Spaces of signed and non-negative Radon measures on X equipped with ∥ · ∥TV

Continuous Sparse Regression Framework

H, y Separable Hilbert space and observation vector in H
Φ Linear measurement operatorM(X )→ H
φt Feature map t 7−→ φt ∈ H
K(·, ·) Model kernel defined by K(s, t) = ⟨φs, φt⟩H
κ Regularization parameter of problem (P)
J(ν) Objective function over measures
J ′
ν Dual certificate (Fréchet derivative of J at ν)
µ⋆, ν⋆ Optimal signed and non-negative measures (minimizers of J)
ρK Minimum excess loss along the deterministic trajectory, min0≤k≤K [J(νk) −

J(ν⋆)]

Regularity & Complexity Constants

cP ,CP Kernel smoothness bounding constants (Assumption HP)
CTV Uniform bound on TV norm along trajectories (Assumption (15–(H∞

TV)))
L Uniform Lipschitz constant for J ′

ν , see (4c)
E∞ Uniform L∞ bound on the per-sample dual-certificate estimator (Assump-

tion (A2))

Conic Particle Gradient Descent Algorithm

K Total number of iterations (horizon)
pk, p0 Number of active particles at iteration k and at initialization
α, β Learning rates for weight and position updates
νk, νk+ , νk+1 Measure estimates at iteration k, post-weight update, and next iteration
Wν,α,Tν,β Weight exponential update and position push-forward update operators
πX Generalized gradient descent step on X
∆k,∆k+ Potential energy descents along iterations

Exploration: Birth and Death Processes

Pν , Nν Regions of positivity (particle death) and negativity (particle birth) of J ′
ν

εk Exploration schedule / birth rate parameter

Ĉk, ĉk Threshold parameters for particle death and birth processes
Uk+1, Vk+1 Random candidate points proposed for birth and for death at iteration k + 1

FS&P Stochastic Estimators

W ,T Vectors of particle weights (pk components) and positions (pk × d)
ν̂k, ν̂k+ , ν̂++

k , ν̂k+1 Stochastic counterparts of νk, νk+ , νk++ , νk+1 (current iterate, post-weight up-
date, post-death, and next iterate)

mk, N Mini-batch size at iteration k and total oracle count N =
∑K

k=1mk

Ĵ ′
k, D̂k Stochastic estimators of the dual certificate and its gradient

P̂νk+ , N̂νk+ Empirical regions of particle death and birth

∆̂k, ∆̂k+ Empirical potential energy descents
Fk,F

+
k Filtrations generated by the algorithm up to step k and post-update k+

ρ̂K Minimum stochastic excess loss along K iterations, see (27)

Table 4: List of notation
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