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Abstract

This paper investigates the numerical resolution of the Beurling-LASSO (BLASSO), a convex optimiza-
tion framework that promotes sparsity in the space of measures. We consider its application to the estimation
of Gaussian mixture models (GMMSs) with an unknown number of components and unknown diagonal co-
variance matrices. Our approach combines the Conic Particle Gradient Descent (CPGD) principle with
Riemannian gradient descent, to account for the underlying Fisher-Rao geometry of Gaussian distributions.
Our contributions are twofold. First, we provide theoretical guarantees for the convergence of our algorithm.
In particular, we establish exponential local convergence under a non-degeneracy condition on the solution
and relate this assumption to a separation condition on the underlying statistical target. Second, we address
practical implementation aspects of CPGD and present numerical experiments illustrating its performance.
On the test cases considered, these experiments suggest that CPGD is more robust to overspecification of
the number of components than the EM algorithm. We also investigate the impact of component separation
on recovery accuracy.
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1 Introduction
Our aim in this paper is to investigate the numerical and theoretical properties of a new algorithm designed to

address a specific instance of the BLASSO. This first section recalls the motivation underlying this optimization
problem and sheds light on the setting considered.

The Beurling-LASSO Let L be an Hilbert space with associated norm |+||,. We consider an observation
y € L that we seek to decompose or approximate as a nonnegative linear combination of p € N* parameterized
signals:

p
> Wit (1)
j=1

where for any j € {1,...,p}, the amplitude w; is nonnegative, and the location x; is a real vector belonging to
a compact set X, indexing f, € L. Our goal is to recover a sparse representation, in the sense that only a small
number of weights w; are nonzero. This question can be naturally reformulated as the optimization problem
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However, we stress that (P’) is highly nonconvex due to the joint optimization over amplitudes and locations.
Moreover, nothing guarantees that the corresponding solution will be sparse.

To overcome these difficulties, the Beurling—LASSO (BLASSO), introduced by [De Castro and Gamboa,
2012] and further studied in, e.g., [Duval and Peyré, 2015; Poon et al., 2023], lifts the problem to the space of
measures via the embedding
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Defining the linear operator ¥ : y +— | + fz dp(x), the BLASSO formulation then reads as
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where M(X)" denotes the space of nonnegative Radon measures on X. The problem (P/) includes a penalty
term expressed in the total variation norm and controlled by the regularization parameter x > 0. The total
variation norm plays a role analogous to the /!-norm in finite dimensions and promotes sparsity of the solution
(see, e.g., [Candeés and Fernandez-Granda, 2014]).

The formulation (P},) is convex over the space of measures and does not require specifying the number of
components p in advance. As such, it has been the subject of several investigations, focusing either on the
statistical performance of the solution p* (w.r.t. to a given ground truth u°) or on algorithmic aspects of the
underlying optimization problem. Nevertheless, almost all of these contributions have been developed in the
setting where the kernel (z,2’) — K(z,2") = (¥, ¥d,/); induced by the feature map ¥ is translation-invariant
(see Section 2 for further details). In this work, we extend these investigations to a specific kernel that is not
translation-invariant. Our motivation stems from the classical Gaussian mixture estimation problem. This
extension raises interesting new challenges, both from analytical and algorithmic perspectives.

Gaussian mixtures and non-translation-invariant kernels The particular case of Gaussian mixture
models (GMMs) provides an interesting example in which the kernel is not translation-invariant. This situation
arises when the covariance structures are unknown. In the GMM setting, y represents an approximation of an
underlying target density built from i.i.d. measurements X1, ..., X,, € R% The terms f, in (1) then correspond
to Gaussian densities. The parameter z encodes both the mean and the diagonal covariance matrix.

Classically, GMM estimation is performed using the Expectation—-Maximization (EM) algorithm [McLachlan
and Krishnan, 1997], which maximizes the likelihood of the data. However, this optimization problem is
inherently nonconvex and may suffer from local minima and sensitivity to initialization. In contrast, the
BLASSO provides a convex alternative, offering a principled framework for sparse mixture recovery together
with theoretical guarantees. The properties of the corresponding estimator have been investigated in [Giard
et al., 2025].

From a methodological perspective, previous implementations in the BLASSO literature (see, e.g., [De Castro
et al., 2021; De Castro et al., 2023]) have focused on translation-invariant kernels. In the GMM framework, such
a setting corresponds to the case where the covariance matrices associated with all components are equal (and
known in advance). Imposing a known common covariance structure is quite restrictive and unrealistic from a
practical standpoint. The framework developed in this contribution allows us to relax these constraints within
the BLASSO methodology. In particular, we consider a specific operator ¥ that allows us to handle Gaussian
components with unknown (diagonal) covariance structures. In this setting, we present an implementable
algorithm supported by a theoretical convergence analysis, together with competitive numerical results.

Conic Particle Gradient Descent To address the BLASSO problem (P.,), we develop and investigate, in
Section 2.2, a new instance of the Conic Particle Gradient Descent (CPGD) algorithm introduced by [Chizat,
2022].

The CPGD approach relies on a discretization of the space M(X)T. Since this space cannot be directly
parameterized, the optimization is carried out over discrete measures of the form Z;’:l w;dy;. The algorithm
then updates the weights w; and positions z; through gradient-based iterations. To enforce the nonnegativity
constraint on the weights, a conic retraction step is applied. In our setting, particular attention is paid to
the update of the parameters ;. We exploit the underlying geometry induced by the Gaussian structure and
consider updates based on the Fisher-Rao metric [Amari, 2016], leading to Riemannian gradient descent and
natural gradient descent schemes.

Related works Conic Particle Gradient Descent belongs to a broader lineage of overparameterized particle
methods for optimization over the space of measures. [Chizat and Bach, 2018] analyze the Wasserstein gradient
flow that arises as the mean-field limit of gradient descent on the weights and positions of an overparameterized
model. Under a homogeneity assumption and a separation property of the initialization that can only be
attained in the infinite-width limit, any limit point of the flow is a global minimizer. This yields consistency-
type guarantees for the continuous-time flow, without providing a convergence rate for a finite step size. The
conic version studied by [Chizat, 2022] couples a multiplicative (mirror) update of the particle weights with
an additive update of their positions; its mean-field limit is the gradient flow of the objective with respect
to the Wasserstein-Fisher-Rao, or Hellinger-Kantorovich, metric. This cone geometry was introduced and
developed independently by three groups [Liero et al., 2016; Liero et al., 2018; Chizat et al., 2018a; Chizat
et al., 2018b; Kondratyev et al., 2016]. The Hellinger-Kantorovich distance is characterized through a lifting to
the metric cone over the base space, and interpolates between pure transport (Wasserstein) and pure correlation



(Hellinger/Fisher-Rao). [Gallouét and Monsaingeon, 2017] realize the corresponding gradient flows through a
JKO (Jordan-Kinderlehrer-Otto) splitting scheme that alternates between a Wasserstein transport substep and
a Fisher—Rao correlation substep.

The theory available for CPGD is, however, sharply divided between the flow and the discrete scheme.
At the continuous-time level, [Chizat, 2022] establishes asymptotic global convergence under a full-support
initialization, but without a rate. For the iterates, a sharpness (Polyak-Lojasiewicz) inequality valid within a
sublevel set yields only local exponential convergence; global convergence of the discrete descent additionally
requires an initialization that densely samples the parameter space, which forces the number of particles to grow
exponentially with the dimension d, together with a small position-to-weight step-size ratio g that can make
the guaranteed local rate slow. A faster O (%) rate is available only for the pure-mirror update (8 = 0, i.e.

frozen positions) initialized from a smooth full-support density, whereas the general descent rate is O (%)

Stochastic and birth-death variants address scalability and this initialization burden: [De Castro et al., 2023]
combine CPGD with stochastic gradient descent and random features, proving bounded total-variation norms

along the trajectory and convergence to stationary points at rate O (E}g); [De Castro et al., 2026] add a spawn-

and-prune (birth-death) process, in the spirit of the birth-death dynamics of [Rotskoff et al., 2019], a non-local
reweighting term that keeps the mean-field flow mass-conserving, and thereby obtain global convergence without
an exponentially large initialization.

A widely used grid-based competitor is the Sliding Frank-Wolfe algorithm [Denoyelle et al., 2019], which
interleaves conditional-gradient steps that add a spike at the global maximizer of the dual certificate with
a non-convex “sliding” step jointly re-optimizing all amplitudes and positions. This algorithm terminates in
finitely many iterations under uniqueness of the BLASSO solution together with a non-degeneracy hypothesis
on its dual certificate. Both ingredients are costly in our setting: the per-iteration global maximization is
typically performed by a grid search. The corresponding cost grows with the dimension of the parameter
domain X C RY X [tmin, Umax|?, Whose points = (#,u) encode both means and diagonal scales, while the
sliding subproblem is non-convex. Conic particle gradient descent instead moves particles continuously and
avoids any per-iteration grid search. Such moving-particle dynamics also deliberately steer clear of the lazy, or
tangent-kernel, regime [Chizat et al., 2019], in which a large output scaling keeps the parameters frozen near
their initialization so that no features are learned. Relatedly, high-dimensional analyses of the effective dynamics
of stochastic gradient descent characterize when fixed-step trajectories converge to suboptimal solutions from a
random initialization [Ben Arous et al., 2022].

Against this backdrop, the non-translation-invariant kernel associated with unknown diagonal covariances
induces a Fisher-Rao location-scale geometry into the position updates, making the dynamics Riemannian. In
this setting, we establish local exponential convergence with explicit constants for the joint weight-and-position
dynamics. We further connect the underlying non-degeneracy condition to an interpretable separation condition
on the statistical target through a dual-certificate and Fisher-metric analysis in the spirit of off-the-grid super-
resolution [Duval and Peyré, 2015; Poon et al., 2023].

Outline of the paper and main results Our contribution begins in Section 2, where we provide details on
the framework under consideration. We first introduce a generic algorithm that encompasses several possible
strategies.

Section 3 provides theoretical guarantees for the convergence of the CPGD algorithm. Building on the
works of [Chizat, 2022; De Castro et al., 2023], we first establish convergence of the weights w,;, provided
that the initialization assigns sufficient mass near the BLASSO solution. We then establish exponential local
convergence of CPGD under a non-degeneracy condition on the solution, relying on the convergence of the
position parameters x;. We further connect this non-degeneracy assumption—which depends on the (unknown)
solution—to a more interpretable separation condition on the underlying statistical target. This connection relies
on the analysis of dual certificates and their behavior, following ideas developed in [Duval and Peyré, 2015; Poon
et al., 2023; Giard et al., 2025].

In Section 4, we turn to practical aspects of the method. We make explicit the relationship between
GMMs and the BLASSO problem. We then present numerical experiments illustrating the performance of the
algorithm in this setting. We implement CPGD using natural gradient descent to account for the underlying
geometry of the problem. Our experiments highlight the robustness of CPGD to misspecification of the number
of components, in contrast to the EM algorithm. We also investigate the influence of component separation
and sample size on recovery accuracy: while larger sample sizes improve performance, insufficient separation
between components significantly degrades recovery, and increasing the sample size in this regime brings only
limited gains.

The code to reproduce the numerical illustrations of this article can be found online at [Giard and Denis,
2026]. All proofs and technical details are provided in the appendix to this paper.



2 Optimization problem

2.1 Framework

Functional framework We introduce the space L involved in the data fidelity term in (P},). Let 7 € (0, tmin]
(playing the role of a smoothing parameter, see Section 4). We consider the Hilbert space L as the RKHS
associated with the Gaussian kernel
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In particular, by the Fourier characterization of translation-invariant RKHS [Christmann and Steinwart, 2008,
Chapter 4]:

L m R rerr@men (fE o L [ FUOP,
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with dot product
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where for the Fourier transform we adopt the convention F [f] (&) = [ f(z)e" =8 dz.
We denote by = = (t1,...,t4,u1,...,uq) any element of R? X [tupin, +00)%. We write t = (t)¢_, and

u = (ug)?_,. In the specific Gaussian mixture setting, ¢t € R? (resp. u € [tmin, +00)¢) denotes the mean (resp.
the vector of componentwise standard deviations, i.e. the square root of the diagonal of the covariance matrix)
of a given component. We define the linear operator ¥ : M(R? X [tmin, +00)?)F +— L by

2)1/4 (zk,;w;
2(u2 +72)
1/4 (W2 + 7.2)1/26 R dp(x)

d
Up:z=(21,...,2q) € R > H

REX [tmin,+00)d

This operator maps a measure p to a function in L, obtained as a superposition of Gaussian-shaped functions.
Each point z = (¢, u) indexes a function ¥4,. Note that these functions are not probability densities, but rather
normalized features adapted to the RKHS structure (i.e. [|[¥d,|l, = 1 for any z € X). We will make explicit
the relationship between this setting and the GMM estimation problem in Section 4.1. We refer also to [Giard
et al., 2025] for more details and related properties. In particular, the kernel associated with ¥ naturally arises
as a scalar product between two Gaussian components, while the lower bound i, on the covariance matrices
appears to be a standard constraint to avoid singular models.

Optimization problem Let X be a compact of R? X [tmin, Umax|?. We denote M(X)* the space of nonneg-
ative Radon measures on X. Let x > 0 (regularization parameter). We aim to approach p} a solution to the
BLASSO problem (P),) that can be rewritten as

. 1
argmin Ju (i) where Jw (i) = 5 [P —y|E + 5 llyy ()
peM(X)*

with y € L and x > 0.

This problem can be interpreted as an infinite-dimensional sparse recovery problem over the space of mea-
sures. The first summand of Jy enforces fidelity to the data y, while the total variation norm |||/ promotes
sparsity, favoring measures that are concentrated on a small number of points.

The operator ¥ plays the role of a forward model: solving (P,) amounts to recovering a sparse representation
of y in terms of the parameterized family of functions ¥¢,. The underlying statistical motivation for this problem
is presented in Section 4.1.

This problem has a solution (not necessarily unique), see for instance [Giard et al., 2025, Proposition B.1].
In general, solutions are not necessarily discrete.

Kernel and geometry Problem (P,) is associated with the feature map ¥. We consider the corresponding
(normalized) kernel: for z,7" € R? X [umin, +00),

d 2)1/4(9 /2 2\1/4 _ _ (tp—t))?
Knorm(]:yx ) = (U6, Vs, H ) ( 2";/7; ) 2@+ 7 (3)
(uf + u}, Zyq )

Interestingly, this kernel induces a specific geometry over € R? X [tmyin, +00)%. We will take advantage of
this underlying geometry when designing our algorithm (see Section 2.2). Formally, the space R? X [tmin, +00)¢



can be endowed with the Fisher-Rao metric associated with K,orm [Giard et al., 2025]. For € R X [upin, +00)9,
the corresponding metric tensor is defined by

(4)

1 1 2u? 2u?
Oz = v1v2[(1r10rm(xvx) = dlag ( o ud )

2 472 B 12 2 122 (2l 12)2
This metric naturally induces norm and scalar product, defined by
("), =vTg0" and o[, = VoTgev  Vo,0' € R* € RY X [upin, +00)¢ .

We denote by ;. the Fisher-Rao geodesic parameterized between 0 and 1 connecting & = v, (0) to 2’ =

Yz—z(1). In particular, it minimizes fol ||W(y)||,2y(y) dy among smooth functions from [0, 1] to R? X [tmin, +00)%

such that v(0) = x,v(1) = 2’. The corresponding distance between any x,z’ € R? X [tmin, +00)¢ can then be
defined as
%(@,2") = [Famse W,y forany yel01].

Finally, we can define the associated Riemannian gradient, which will be of particular interest when designing
our algorithm.

Definition 2.1 (Riemannian gradient). Let v € C2(R? X [upin, +00)%). Let 2 € R? X [upin, +00)¢. We define

V() = g5 ' Vi(z).

Additional details on the metric g, can be found in [Giard et al., 2025, Appendix H].

2.2 Optimization procedure

We have now all the ingredients to design our algorithm based on the CPGD principle. In this context, the
Fréchet derivative of the target objective function plays an important role. We first recall its main properties
and discuss how we can take advantage of this quantity to address our problem.

Fréchet derivative Let z € R? X [umin, +00)% and p € M(R? X [tmin, +00)%)*. The Fréchet derivative .J),
of Jy verifies

1
Tt a) = () = [ Jydo+ 5 %ol 5)

RdX[umm,-‘roo)d
for any 0 € M(R? X [tumin, +00)%) such that g + o € M(R? X [tmpin, +00)?)*. In particular, there exists an
explicit expression for this derivative, namely

Ju (@) = = (Woy, y)p + (Vo Uy + k. (6)

The Fréchet derivative is strongly connected to our optimization problem. Indeed, as proved in [Chizat,
2022, Proposition 3.1], the KKT conditions associated with the problem (P,;) impose that for p a solution to
(Pr), J)x > 0on X and J,. =0 on supp(s;).

Discretization To numerically solve (P,), we must discretize the space M(X)™", as it cannot be directly
parameterized. We therefore restrict our attention to discrete measures supported on p particles.

The gradients of Jy with respect to the weights and the positions of these particles are linked to J’. This
relationship is formalized in [Chizat, 2022, Section 2.1]. In particular, for any discrete measure p = Z§:1 Wil
we can check that

O, Jw () = J)(x;) and Vg Jw () =w;Va,J,(x;) Vje{l,...,p}.

I Tj“p

Starting with an initialization ul = 1;7:1 wfémk with p € N* particles, the general CPGD principle consists
J

in designing iteratively a sequence of measures (u*) where at each step k > 1, weights and positions of the

current measure pf = SF_ w¥5, x are (roughly speaking) updated according to a gradient descent. Since our
J

J=17"7
target is a positive measure, this gradient descent includes a conic retraction to constrain the nonnegativity of
the weights. In the same time, the updates on the positions will take advantage of the underlying geometry of

the considered problem.



Weight update Following [Chizat, 2022], we use a conic retraction for the weight updates, with step size
a > 0. In particular, given p¥ for k > 1, we write

k+1 K —adl (@) .
wj+ :wje wulk NI VJE{I,,p} (7)
Contrary to a direct gradient descent, this update ensures that the weights remain positive throughout the
iterations. Note that w®™! can be written as the solution of

J
. J ( k ( _ k) =+ 1 k _ T+ wl W
arg min uk .Tj) w wj wj W T wlin = y

weRt j

where the second term is the Bregman divergence of the entropy, leading to an entropic mirror descent step for
the weights. We stress that the update (7) is in accordance with the KKT condition. Particles x; associated
k41

with a negative Fréchet derivative are promoted (i.e. w;i > wf) to secure mass guidance in regions where we

observe a default in the KKT condition, while particles for which .J L % (ch) > 0 are scaled down.

Position update The underlying Riemannian geometry associated with the statistical problem (see Section
2.1 above) gives different strategies for the position update. Formally, we use a custom operator 7 and a step
size 8 > 0: %(x;“, J;/Lk) denotes an update on the location-scale parameter of the jth particle, with step size 3,

depending on J IL «- We can think of three different approaches for this update:

Ta(ak, Jin) = expgﬁ?(—ﬁV’Z‘Jl’d2 (%)) (RGD)

These updates (illustrated in Figure 1) correspond respectively to Euclidean gradient descent (EGD), natural
gradient descent (NGD) and Riemannian gradient descent (RGD). In the expression (RGD) above, exp, denotes
the exponential map, i.e. exp, (v) = (1) where v is a Fisher-Rao geodesic with starting point v(0) = xo and
initial direction 4(0) = v. In dimension d = 1, the Fisher-Rao geodesics are either straight lines parallel to
{t = 0} or semicircles centered on {u = 0} [Giard et al., 2025, Appendix H.2].

u

EGD NGD

RGD

t

Figure 1: Illustration of the three update strategies in dimension d = 1. The parameters ¢ (mean) and u
(standard deviation) define a two-dimensional location—scale space (¢, u). Each arrow starts at  and points to
the corresponding updated position.

The updates (NGD) and (RGD) account for the intrinsic geometry of the space of Gaussian distributions
(means and diagonal covariances). We refer to [Nielsen, 2020, Section 4.1] and [Amari, 1998]. Furthermore, the
RGD update is invariant under any invertible smooth reparameterization of the parameter space. These two
schemes are closely related: natural gradient descent can be viewed as a first-order approximation of Riemannian
gradient descent when the step size [ is small.

We emphasize that the existence of these different strategies is specific to our setting. In particular, when
considering GMM with known and identical covariance structures, the Fisher-Rao metric reduces to the Eu-
clidean one, and (EGD), (NGD), (RGD) lead in this case to similar descent schemes (up to the choice of the
learning rate 8). This is a strong difference with previous implementations of the BLASSO problem (see, e.g.,
[De Castro et al., 2023; De Castro et al., 2020]), all of them being restricted to translation-invariant kernels.
Considering a non-translation-invariant setting generates new questions that are addressed in the following.

Remark 2.1 (Ensuring well-defined updates). We stress that these updates are well-defined under certain con-
ditions or modifications. We can for instance think of some projected version of (EGD) or (NGD), to keep



the location-scale parameters in R? X [tmyin, +00)%, or in X. We could use the Euclidean projection, or the
projection w.r.t. to the Fisher-Rao distance. Thinking about a projection step is particularly important for
(RGD), because the exponential map is not defined everywhere (i.e. exp, (v) is defined for all v such that
[0]l,, < €ao, With ¢z, > 0 depending on o, but not for all v € R*?). Moreover, alternative instances can be
considered using alternative optimization tools or strategies. A solution involving freezing the particles outside
a certain set will be presented in Section 3.2, while numerical experiments displayed in Section 4 use AdaGrad
strategies for the calibration of the learning rates o and (.

A general algorithm Gathering the weights and position update strategies discussed above, Algorithm 1
proposes a generic instance of the CPGD algorithm adapted to our framework.

Algorithm 1 CPGD
P

Require: Step sizes o, 8 > 0, number of iterates K, initialization u}, = i1 wjl-éx;
J
1: fork=1,... K —1do

2 for j=1,...,pdo

3 Wf“ . w;?efa‘]:n’i (@) > Weight update
4 m?Jrl - 7'5(:c§7 J;,zfi) > Location-scale update
5: end for

6 /Lffrl < Z?:l w;?"_l(;w;;ﬂ

7: end for

Geometry and gradient descent The relative updates for the weights and positions are adapted from
[Chizat, 2022]. They rely on the cone metric, whose metric tensor at point (w,z) € R x R2? and for step sizes
a, > 0 is given by

-1
diag <047ﬂ1w7 . ,ﬂ1w> € R(1+2d)x (1+2d)
w

This choice induces multiplicative updates in w, while the updates in x are independent of w. In addition,
a mirror retraction is applied to w in order to ensure its positivity. The retraction (EGD) together with the
weight update (7) is no more than a natural gradient descent for the cone metric and using a logarithmic
reparameterization (© = lnw).

On the other hand, using (NGD) corresponds to the more intricate metric

) ﬁ_lw 1 2u” » B_1w2u2>

1 ,B_lw b
2u2 + 72 (2u? + 72)2 (2u? + 72)2

2%+ 72

1
diag (a’ B lw

w
which combines both the cone and Fisher-Rao metrics.

For more details on the cone metric and related properties, we refer to [Liero et al., 2016; Liero et al., 2018;
Chizat et al., 2018a; Chizat et al., 2018b; Kondratyev et al., 2016].

3 Theoretical analysis of the algorithm

This section provides a theoretical analysis of the CPGD principle in our setting. We investigate the convergence
properties of Algorithm 1 and one of its variant under generic conditions.

3.1 Convergence of the objective values via the weights dynamic

We first establish a sublinear O (1\1}%) rate on the objective values of the Cesaro average, driven by the weight

dynamics only. More precisely, if pl is constructed on an grid dense enough in X, then we can expect to
recover the target measure. We revisit here [De Castro et al., 2023, Theorem 1.2] and part of the proof of
[Chizat, 2022, Theorem 4.1] in our specific setting. At this step, we do not select a specific position update
among (EGD), (NGD), (RGD), but work instead with a generic scheme under general conditions (in particular,
freezing positions would work). The proof of the following proposition is displayed in Appendix B.

Proposition 3.1. Choice of initialization: Assume that ul, = ?:1 wjl»&m; with w]l > 0 and le € X. More-
J

over, we suppose that there exists disjoint regions {Xj}§:1 C X such that for all j = 1,...,p, x]l € X; and

SUp zex, Og(x},x) < 71w x for aradius vy x> 0. We write Xo = X'\ (U§:1Xj)-
Jj=1,...,p

Choice of location-scale update: We choose T and [ such that for u(’f, = ?:1 w}“dmk € M(X)T, x?“ =
J




ﬁ(x?,JLﬁ) € X and 04(xk, 25 < OrpB.

7’]

Control of the Cesaro average: Let K > 2. Let k < 1. If a = f and 0 < B < K3/20 , then
K
1 & . Hui,ug +1 *
Jw (K ;#w> = IW O] St o Iyl ol ey~ e T+ H(20) (8a)

where

w!
Hyy s = Z —In | —— S | () — i (X5) +H'LLWHTV (8b)
. Hey (XJ)
J€{1,....p}
1l (X5)>0
Proposition 3.1 describes the convergence of the algorithm. In particular, it provides a control on the
performances of the Cesaro average % Z?Zl © in terms of the quantities displayed in the r.h.s. of (8a). Inside
this bound, the term H,: . measures the divergence between the target y;, and the initialization. The smaller
this divergence, the faster the convergence. This upper bound is completed by the mass of u, outside the search
space Xp and the radius 7,1 x. In particular, the grid should be thin enough to guarantee a good recovery
precision.
Note that Proposition 3.1 only establishes convergence of the objective values, in the Cesaro sense. In
particular, it does not guarantee that u¥ converges to u*. When the descent property holds, i.e. when k
Jw (uF) is decreasing (see Lemma 3.1 for sufficient conditions), the bound in Proposition 3.1 applies directly to

Tw (1) — Jw (1)-
Remark 3.1 (Choice of 8 and limits of Proposition 3.1). In Proposition 3.1, the step size 8 can be taken equal
to zero without affecting the bound on Jy (% Zszl ,ufj) — Jw(p). The choice of location—scale updates is

likewise largely immaterial, as it only needs to satisfy a very mild condition. In particular, one may simply

use the trivial update %(xf, J IL v) = x? . This reflects the fact that this convergence analysis depends solely

on the behavior of the weights, and not on the evolution of the location—scale parameters. Consequently, the
initialization must place sufficient mass near the support of the solution p,. More precisely, it requires that
there exists Xy C X such that u},(Xp) is small, and for every = € supp(u;) \ Xo, minj=1 ., 04(z, ) is small.

Remark 3.2 (Construction of the initialization). The initialization ;}, can be specifically designed to control the
terms Hy1 s, 70 2 and pf(Xo) appearing in Proposition 3.1. Setting pl, = >7_; %6%1_ where the points 2
form a grid and the regions X; correspond to the associated cells, then we have p(Xp) = 0 and we can expect
7. x to be of order p —1/(d) (omitting the dependence on the total volume of X'). Moreover, recalling (8b),

with this choice of u},
4%l ry 1
Hy, pz, < max {'M:HTV In (mlnjwjl L 08 =y + 1 (Xo) + [[ ] gy
< Nplllpy (max{Inp || [lpy) 03 = 1) +1

In particular, choosing p = [K‘ﬂ we get H 1 dIn(K) and

D NHu Iy

K
1 k In(K)
Jw (K Z”w) = IwHG) Siug ey d il x ~ 7=

! HTV = 1 does not depend on p.

Remark 3.3 (Need to work on a compact set, positivity of the kernel). Working on a compact set ensures the
existence of a solution to the BLASSO. Moreover, in the absence of prior information on u}, restricting the
problem to a compact set is necessary in order to construct the initialization as described in Remark 3.2.

In addition, we used in the proof the explicit form of Kyomm and in particular the fact that inf, ,cx Knorm =
Cx > 0 since X is compact. This control allows to establish a bound on H'LLUJHTV An alternative approach,
which does not rely on the positivity of Cy, can still yield a bound on Huw HTV, but this bound then depends on
p (see Remark A.1 in appendlx) In particular, without prior information on p;, one cannot expect convergence

as p grows, since the bound on Jy (% Zszl uf)) — Jw (p,) then involves the term pr,1 x, which may scale as

1— L . .
p~ @D when constructing ui on a grid.

3.2 Exponential local convergence

The investigation presented in this section relies on [Chizat, 2022, Corollary 3.5]. We leverage here not only the
dynamic of the weights but also that of the location—scale parameters. To this end, we employ the Riemannian



gradient descent updates defined in (RGD) together with the weights update (7). To avoid difficulties related
to projection, we adopt a simple strategy: freezing particles outside a region of interest. More precisely, we
assume that the compact set X satisfies X € R? x [umm, umax] for some 7 < Upmin < Umax. We also consider
a known compact set X C X. Particles lying outside X are frozen during the optimization, which ensures that
the iterates remain in X (see Lemma 3.1). This strategy is formalized in Algorithm 2.

Algorithm 2 Conic Particles Riemannian Descent with freezing process

Require: Step sizes o, § > 0, number of iterates K, initialization pj, = 3°7_, wjl-zsx}
1: fork=1,... K —1do
for j = 1,...7pd0/ .
wfﬂ — wfefa‘]”i?’ (=3)
if ok € X\)E then

k+1
J A x]

> Weight update

x?%—l < exXpy (75V9J”LB (x;“)) > Location-scale update
end if
end for
10: k+1 — Z —1 w?+16wl;:+1

11: end for

2
3
4
5:
6: else
7.
8
9

The update (RGD) is well-defined, and x?'H remains in X’ provided that f is sufficiently small. Note that
the underlying manifold is not geodesically complete, so exp, (v) is not defined for all v € R?. In practice, this
can be addressed by restricting to vectors v with bounded norm |[|v||,. This requirement, together with the need
to ensure that x;“ remains in X', motivates the assumption below that 3 is sufficiently small.

Descent property The following lemma (whose proof is postponed to Appendix C) provides a first description
of the performances of Algorithm 2. In particular, it establishes that the objective function Jy is non-increasing
along the trajectory (uf)r>1.

Lemma 3.1. Assume that & < 1. For 0 < o, 8 < 1 small enough (depending on X, X, ||yl , (|1, T), the

position updates of Algorithm 2 are well-defined and for all k > 1,

v+

k k 1 / / 2 k 1 / k
T (i) = ) < =5 | (al%(mﬂ?wvame)Hw) i) =5 | M@ anka).

The inequality displayed in Lemma 3.1 describes the behavior of the increment of the sequence Jy (u*) in
terms of some energy terms related to the Fréchet derivative J Lk and its gradient. This result is in line with

the KKT conditions associated with our problem. In particular, the descent property holds as long as J ;/A’“ #£0
on a set where p” is strictly positive. However, the descent breaks off as soon as .J L » cancels out in the support

of ¥, which does not guarantee that p” is indeed a global minimum.

Non-degeneracy of the solution Establishing strong convergence guarantees requires structural assump-
tions on the solution u},. Specifically, the latter must be a discrete measure satisfying a non-degeneracy condition
(see Assumption 1 below). This condition involves the Riemannian Hessian, which we define next.

Definition 3.1 (Riemannian Hessian). Let ¢ € C2(R? X [tumin, +00)9). Let 2 € R? X [tmin, +00)?. We define

He%)(z) = Zrtkat V(x Zrukaukw

with ' T defined by (19).

Assumption 1 (Non-degenerate certificate for the solution). Location of the solution: The solution to (Pr)

is unique and of the form pl, = Epflw Og 5 Moreover, it satisfies wi > w, >0 and zj € X
Non-degeneration: In addition, there exist g2 >0, Cy >0 and a non-degenerate certificate associated with
wy, namely

1 J(x
n* iz € R% x [Umim—l—oo)d = —— (U6, W, _y>]L =1- ”wi()
K

satisfying



1. " <1lon &,

*

2. n*(z) =1 <= z e {z}}]_,,
3. Vn*(z3) =0 forall j=1,...,p",

4. —vTHO* (23)v > &y ||v|\i* for allv e R? je{1,...,p*},

J

5.7 = Cs3I with C3 > 0, where

—1/2
8 (Knorm (5, %)) ji=1,....p* (VaKnorm (25 2) 70,2 "% jim1..o

T = ' ~ (9)
(g;;l/Qlenorm (I;a x:))j,i:l,...,p* (9;31/2V1V2Knorm(x;a m:)gx_;/2)j,i:1,...,p*

The non-degeneracy assumption is in line with [Poon et al., 2023; Duval and Peyré, 2015], where it is
introduced to establish the closeness between p¥ and the statistical target measure p°. It is referred to as
the non-degenerate source condition (NDSC), which postulates the existence of a non-degenerate certificate
associated with uY.

Here, however, the non-degenerate certificate is associated with u* rather than with u°. The connection
between the non-degeneracy of u° and that of the BLASSO solution is discussed in [Duval and Peyré, 2015,
Section 3.

Note that any solution of the BLASSO satisfies n* < 1 on X and n* = 1 on supp(u,) (this follows from the
KKT conditions, ¢f. [Chizat, 2022, Proposition 3.1]).

Convergence guarantees Under Assumption 1, combined with a strong condition on the initialization, we
establish exponential convergence of the objective values, as stated in the following theorem whose proof is
given in Appendix D.

Theorem 3.1 (Exponential local convergence under non-degeneracy of the solution). Let 0 < k < 1.
Conditions on the solution: We suppose that Assumption 1 is satisfied.
1

Choice of initialization, updates: Assume that pl, = Z§=1 w}§z1 with w; > 0 and zjl € X. Assume that it
J

satisfies
Tw (i) = Jw (1) < Jok'?, (10a)

with Jo > 0 depending on X, X, T, s s Nyl HuiHTV. We use Algorithm 2 together with the parameter
choices a, B described in Lemma 3.1.

Convergence of CPGD: There exists Ry > 0, depending on X, X, T, w, s |yl and H,u&,
2 min{a, B}Rok® < 1 and, for all k > 1,

HTV, such that

1 k—1
T () — T (1) < (1 - min{a,ﬂ}Roﬁf") (o () = T (1)) - (10b)

In contrast to Lemma 3.1, Theorem 3.1 describes the behavior of the difference between the current state
Jw(pF) and the target Jy (uf) in terms of the iteration number k. In particular, it establishes exponential
convergence of the objective values, provided that x is small enough and that the initialization condition (10a)
holds; the convergence is hence said to be local.

Three limitations should be kept in mind when reading Theorem 3.1. First, the constants Jy and Ry depend
on the solution p, and on its associated certificate n*, both of which are unknown. Condition (10a) should
therefore be understood as a qualitative locality requirement, and not as a criterion that can be evaluated on a
given initialization; likewise, the rate in (10b) is not a quantity the user can compute in advance. Second, for
the sake of proof readability, the exponents for £ in (10a) and (10b) are not optimized, as discussed in Remark
D.1. For k small, the resulting basin of attraction is correspondingly narrow, and the guarantee is qualitative
rather than quantitative in nature. Third, Theorem 3.1 says nothing about how the initialization condition
may be met: Proposition 3.1 controls the Cesaro average rather than the last iterate, and we do not claim
that combining the two yields a complete convergence theory. We note that the numerical behavior reported in
Section 4 is considerably more favorable than these constants would suggest.

Since the problem (P, ) restricted to discrete measures is non-convex, obtaining global convergence guarantees
remains challenging. We refer, for instance, to [De Castro et al., 2026] for a similar problem involving a
translation-invariant kernel.
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Checking the non-degeneracy assumption Assumption 1 allows to obtain an exponential local conver-
gence for Algorithm 2 and plays a crucial role in our analysis. Nevertheless, it is impossible to check in practice.
We can however try to give some hints on this condition in a specific setting, by shifting the condition on the
solution x4, to an underlying statistical ground truth. More precisely, we assume that the measurement y can
be written as

y=Tng,+b, (11)

where b € L and p = 22:1 wgémg, with wJO. > 0 and :L‘]Q € X. We interpret b as noise and refer to u? as the
statistical target. Section 4.1 discusses the relevance of this model in a statistical context.

We prove below that Assumption 1 holds provided that the noise b and the regularization parameter x are
sufficiently small, and that the particles of u° are well separated with respect to a tailored semi-distance. This

semi-distance is defined, for z, 2" € R? X [umin, +00)%, by

2 K a tk _t/)Q
[[(J},.’L' ) - —211’1( norm 5 o - —|—1n
2
=1 up 7 V2ui + 72 2u§€2+72

’2 2 2
uy” Fup+T

(12)

These conditions are formalized in the following theorem whose proof is postponed to Appendix E.

Theorem 3.2 (Checking Assumption 1). Assume that y is of the form (11), that s > 2 and {z9}5_, C X.
Assume that min;z; d (29, 29) > Ar, where

A, = ma

VB + F 23925 (202, 4 72) ( 0.3025)
X A+

2 4 [dn [ Lmax 13a
v (=) s

Umin Umin mm

and

A =2/11.9 +3In(d + 6.62) + In(s — 1). (13b)

There exists 9 > 0 depending on d, and C, > 0 depending on X, X, T, ul such that if 0 < k < C, and
0]l < Yok, then Assumption 1 is satisfied with Cy =

This result relies on the connection between the Non-Degenerate Source Condition introduced by [Duval
and Peyré, 2015], studied in our setting by [Giard et al., 2025], which concerns the non-degeneracy of the target
w0, and the non-degeneracy of the BLASSO solution.

The numerical constants appearing in (13a) and (13b) are those of the local positive curvature property
satisfied by Korm: the radius 0'3’/0325 and the associated curvature parameters are established in [Giard et al.,
2025, Theorem 5.3 and Lemma 5.4], and the separation (13a) is the corresponding condition of [Giard et al.,
2025, Theorem 5.1].

It is worth making explicit what is imported from that work and what is established here. The construction
of non-degenerate dual certificates for the statistical target u?, together with the separation condition under
which it succeeds, is the object of [Giard et al., 2025]. Assumption 1, by contrast, bears on the BLASSO solution
1y, and it is this form that the analysis of Section 3.2 requires: the descent argument is driven by the behavior
of »* in the vicinity of supp(u}), a set that is not known in advance and does not Coincide with supp(u?).
Theorem 3.2 accordlngly performs two steps that have no counterpart in [Giard et al., 2025]: it transfers
non-degeneracy from u® to p*, which calls for quantitative control of both the locatlons and the weights of
the solution in the small-x, small-noise regime; and it upgrades the resulting condition to a Riemannian one,

expressed through the Fisher-Rao Hessian H9 and the metric-normalized matrix T of (9). The normalization

—-1/2

produce the explicit rate of Theorem 3.1.

is what renders the curvature bound uniform in the location-scale parameters, and hence usable to

Note that Theorems 3.1 and 3.2 establish pointwise convergence rates. In Theorem 3.2, the condition on b
required for Assumption 1 to hold depends on the statistical target u’. Meanwhile, in Theorem 3.1, both the
condition on the initialization and the resulting convergence rate depend on the solution u.

Positioning relative to [Chizat, 2022] Our contribution relies on [Chizat, 2022, Corollary 3.5]. A difference
with the setting of [Chizat, 2022] is that the domain of the particle positions is not a compact manifold without
boundary. The presence of a boundary in X requires a specific treatment, which we handle by freezing particles
outside X.

In addition, we provide an interpretable condition under which [Chizat, 2022, Assumption 5], is satisfied.
This yields a concrete criterion for verifying the assumption in our setting. To the best of our knowledge, this
is the first work showing that, in a statistical framework, the non-degeneracy assumption of [Chizat, 2022] is
met under a more explicit condltlon on the support separation and noise boundedness.
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4 Numerical experiments

In this section, we discuss the practical implementation of CPGD for the statistical estimation of a Gaussian
mixture model with unknown (diagonal) covariances and present numerical experiments on simulated data.
The code is shared in the archived release [Giard and Denis, 2026]. We first provide a proof of concept in
a favorable setting, illustrating the good convergence properties of CPGD. We then compare its performance
to the EM algorithm. Finally, we investigate the influence of the separation between target components on
recovery accuracy.

4.1 Statistical motivation

The optimization problem (P,) is particularly relevant in a statistical setting. In this framework, the goal is to
recover the target probability measure encoding a Gaussian mixture distribution,

S S
— 0 0 0 0_
= E ajémg where aj,...a; >0, E a; =
=1

j=1
We assume that the location-scale parameters (29,...,29) are distinct, where for any j € {1,...,s}, x? =
(t9,u?), with 9 = (t Wi, € RY and u) = (u?,k)gzl € [Umin, +o0)?. The parameters t? and u9 represent

respectively the mean and square root of the diagonal covariance of the j** Gaussian component with weight
a?. The lower bound i, on the minimal eigenvalue of each covariance matrix is a standard constraint for

Gaussian mixture estimation based on likelihood maximization (see, e.g., [Bouveyron et al., 2019]).

We observe a sample Xq,..., X, bt fo drawn according to a Gaussian mixture distribution, whose density
fo is associated with the measure p°. In particular, it can be rewritten as fo = ®u° where ® : M(R? x
[Umin, +00)?) — L?(RY) is the linear operator defined by

d Az —t1)2
1 (GG —tg)
Pu:zeR e i du(t,u) Ype MR X [umin, +00)%).
R X [umin,+o00)d 27 V 2muy,

To compare the observations with a candidate density, we use a Gaussian convolution with smoothing
L H2

parameter 7: introducing A : z € R? om 2)d/2, we define y = L 3" | A(- — X;). The term y involved in (P},)

corresponds in such a case to a kernel estimator associated Wlth the density fo.
We then introduce a reparameterized version of the target measure, pg, = >7_, w?dzg with wf = W (z9)a)
where

VA2 72TV Y = ((ty,. . L), (U, . ug)) € RY X [tmin, +00)9 . (14)

u::&

With this notation, one has
Wy = A x* @% MRS M(Rd X [umin,—l—oo)d) ,

which makes explicit the connection between the BLASSO problem (P,) and the recovery of the parameters
of a Gaussian mixture model. In this formulation, a solution to (P,) approximates p? rather than pu°. This
renormalization is essential for obtaining recovery guarantees [Giard et al., 2025], as it leads to a kernel that is
normalized (i.e., x — Kyorm (2, ) is constant).

Note that in thls statistical setting, y = A« f, where f,, = L5 1 0x,. The updates (EGD), (NGD), (RGD)
admit closed-form expressions when y is of the form A * v with v € M(R?) a discrete measure. In this setting,
the integrals appearing in the norms and inner products on IL can be computed exactly, and no Monte Carlo
approximation is required (the formal computation is given in cpgd_sympy.ipynb, and the implementation is
available in methods.py in [Giard and Denis, 2026]).

Remark 4.1 (Extension to general covariance structures). We focus our attention on the case where the covari-
ance matrices associated with each component of the mixture are diagonal. These investigations are grounded
in the statistical analysis displayed by [Giard et al., 2025] in the same framework. Extending this theoretical
analysis to general covariance structures is still an open problem. From a computational perspective, the exten-
sion of the CPGD principle to general covariance matrices is not straightforward. It indeed requires to handle a
non-diagonal metric tensor. Guaranteeing the positive definiteness of the estimated matrices is also a key point.
Such an extension hence goes outside the scope of this paper.
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4.2 AdaGrad with natural gradient descent

In Section 3, theoretical results are presented, when the Riemannian gradient descent with fixed step sizes is
used, together with a freezing mechanism (see Algorithm 2). In practice, the step sizes «, 8 must be chosen
sufficiently small to ensure that the updates are well defined (Lemma 3.1). Moreover, fixing a prior region
outside of which the location—scale parameters are frozen might be cumbersome. It requires identifying, at each
iteration, the particles that lie outside this region, and selecting [ sufficiently small to ensure that the iterates
remain in R% x (0, +00)?. Finally, computing the geodesic trajectories—even though they are available in closed
form—requires more computation than a classical Euclidean gradient descent.

For these reasons, we use the natural gradient descent (NGD) for our numerical experiments. We stress that
the (NGD) scheme can be considered as an approximation of the Riemannian gradient descent (RGD) when
the step sizes are small. This choice is theoretically justified (see Section 2.2), and also leads to better results
than Euclidean gradient descent in practice. Moreover, we do not perform any projection or freezing outside a
prescribed domain; instead, we retain only the componentwise absolute value of u;?, noting that the loss Jyy is
even in u,, for 1 <1 < d. Finally, we use AdaGrad [Duchi et al., 2011] to avoid dealing with step sizes, and to
improve convergence. This construction leads to Algorithm 3.

Algorithm 3 CPGD with NGD and AdaGrad

Require: Numerical stability term e > 0, number of iterates K, initialization !, =

w15 1
j=1"j"%;
1: vgj 0, vgj 0 forj=1,...,p > Initialize AdaGrad accumulators
2. fork=1,... K —1do

3: for j=1,...,pdo

2
4: vfjj'l — Ufjj + 1 ()2, v’afj‘l — v’;j + 5 HVE Il (%) X > Update AdaGrad accumulators
w w xh
J
J (1}?) .
5: WL whexp f“zij > Weight update
J J ij+_1+€

VQJLK,S (rf)

6: R (IR PR > Location-scale update
J J J J vkt e
vz, e
7: uf“ — |u§+1| > Componentwise absolute value
8: end for
. k+1 Pkt
9: PN Zj:l W (Sw.l;_-,+1
10: end for

Note that we do not use separate adaptive steps for each coordinate. Instead, we accumulate the squared
norms of the gradients per particle. The underlying metric is essential: the Riemannian gradients determine
how the relative updates of (¢1,...,tq4,u1,...,uq) should be scaled. In practice, the adaptation operates at the
level of particles, controlling the relative step sizes between weights and positions, as well as across different
particles.

We emphasize that Algorithm 3, which produces all the numerical results reported below, differs from
Algorithm 2, to which the analysis of Section 3 applies: it replaces the Riemannian update (RGD) by (NGD),
the fixed step sizes of Lemma 3.1 by AdaGrad, and the freezing mechanism by the componentwise absolute
value. None of the guarantees of Section 3 therefore covers Algorithm 3; the experiments below should be read
as an empirical study of a practical variant.

Hyperparameters The estimation procedure is sensitive to both the smoothing parameter 7 and the regu-
larization parameter . If k is chosen too large, the weights tend to shrink to zero. Conversely, if  is too small,
additional local minima may appear, and some irrelevant particles may persist in the solution.

Regarding 7, excessively large values may deteriorate the accuracy of the estimation when the components
are not well separated. In particular, 7 should not be too large relative to umy,i,. On the other hand, if 7 is taken
too small, the theoretical bounds governing the estimation become less favorable [Giard et al., 2025, Theorem
1.1]. Moreover, in certain settings, the estimator returned by CPGD is not robust with respect to 7, as even
small variations in this parameter can result in significant changes in estimation quality.

In practice, the parameters x and 7 can be tuned by cross-validation, for instance using a Monte Carlo
estimate of the KL divergence on a test sample.

4.3 Scores

We aim to evaluate the recovery of u achieved by CPGD, by comparing the last estimate u’ produced by
Algorithm 3 to the ground truth x°. Since many discrepancy measures require probability measures, we will in
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fact compare ;¥ with the renormalized version of i defined as

K K agK .
Hnorm = K Z a] norm ;vK ) where a’j,norm = D K VJ € {]-, s ap}
[ HTV j=1 j=19;

We consider several quantitative criteria to illustrate the discrepancy between the reconstructed measure

and the target u°. First, we compute a Monte—Carlo approximation of the Kullback-Leibler divergence
7. z d.

Porm
Dgp(®p®, ®uk ) between ®u® and ®pk . Formally, given a sample Zi,..., 7,
approximation

®u°, we use the

- (Zi) KL
DKL(¢/’[’O? ¢/’Lnl(orm ~ — ( = S )
Zl (I)Mnorm(Z )
with m = 10000. Second, we compute a Wasserstein-type distance between u® and X . defined by
= i i id )
S= iy 2 wdehe

—,0 7
225 Vii=ag,
_ K
Zi Yij =% norm

Several choices of ground distance d, independent of 7, can be considered:
e The semi-distance defined for z, 2’ € R? x (0, +00)? by

d
tk: _ t/ 2 ’1,62 + u/Q
‘fU('T7 m/)2 = Z (u2 + ,5/)2 +In ( . /k :

= Uk [ 2uguy,

We refer to (12) or [Giard et al., 2025] for more details on dy. Please note that the associated Wasserstein
discrepancy S? is only a semi-distance in such a case.

e The Fisher-Rao distance with 7 = 0, i.e. the Poincaré half-plane distance

2
V(e =t —uj )2+t — t,)? T )2
040(z, 2") —2§ In ( B )"+ (e — wp)” + /( (ug + uy,)

2 ukulC

In such a case, S°¢ is a distance.
e The Euclidean distance, for which S¢ reduces to the classical Wasserstein—1 distance.

In the following, we report results using the scores S%, S%, ¢ and SKL,

4.4 Proof of concept

We first illustrate the behavior of the algorithm in a favorable setting where successful recovery is expected.
More precisely, we consider the one-dimensional case with well-separated components. The target measure
consists of two particles with equal weights and identical scale parameters, but distinct means, namely

1 1
0
no= 55(71,1) + 55(1,1) . (15)

We consider a sample of size n = 5000 drawn from the Gaussian mixture distribution associated with p°
(Figure 2). The hyperparameters are set to 7 = 0.2 and x = 10~°. Algorithm 3 is initialized with three particles
and run for 5000 iterations.

The performance of our approach is illustrated in Figure 3. The first curve, on the left, illustrates the
descent behavior. In particular, the loss decreases sharply over the iterations (on a logarithmic scale). Al-
though the overall behavior is not monotone, the loss decreases for the most part before reaching a plateau
after approximately 10? iterations. Starting from three particles at initialization, we observe that two remain
significant after a few iterations, while the third is associated with a small final weight (around 0.15). The plot
on the right illustrates the trajectories of the individual particles: one converges to one of the target atoms
(located in (—1,1)), while the other two particles, including the one associated with a small weight, converge to
the same target atom. Although this issue is beyond the scope of this paper, one could consider introducing a
post-processing procedure to merge particles with similar positions, based on an appropriate similarity criterion.

To conclude this discussion, we can notice that our algorithm produces the scores

S% =0.064, S° =0.059, S¢=0.091, and S¥F =0.00088,

for this experiment.
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Figure 2: Target mixture and observation y where u° is defined in (15).

Loss Trajectories of weights a; Trajectories of positions (t;, u))
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Figure 3: Illustration of the convergence of Algorithm 3. From left to right: evolution of the loss in terms of the
iteration number, trajectories of the weights according to the iteration number and trajectories of the positions
(mean ¢ on the x-axis, scale parameter u on the y-axis). Target: u® of (15), n = 5000, p = 3 particles, 7 = 0.2,
k= 107", K = 5000 iterations.

4.5 Comparison with EM

The EM algorithm is the standard approach for estimating Gaussian mixture models and can be considered as
a benchmark for numerical comparisons. Specifically, we use here the vanilla diagonal EM algorithm (which
estimates only diagonal covariance matrices) as implemented in scikit-learn. No regularization is applied to the
covariance estimates.

The comparison displayed in this section is not intended to be exhaustive. It rather illustrates performance
in a representative setting. We consider below a two-dimensional problem with three target components sharing
the same mean and equal weights, but with different covariance structures. More precisely, our target measure
is

1 1 1 . /
MO = 56(0,0,01,02) + 56(0,0,02,01) + 56(0,0,03,03) withoy; = 0.5, 00 =2, 03 = U% + O’% : (16)

The first two components have anisotropic covariances forming a cross-shaped pattern in the observation space,
while the third one is isotropic. We consider a sample of size n = 1000 drawn from ®u°.

In this specific setting, we set 7 = 0.7, k = 0.01 in Algorithm 3. Both EM and Algorithm 3 are initialized
identically with p particles of equal weights, whose means are uniformly distributed on a circle of radius 1
centered at (0,0), and with identical initial scale parameters uj = (1,1). Both algorithms are then run for 3000
iterations.

Initialization with 3 particles The case p = 3 is particularly favorable to the EM algorithm, since it is
specifically designed for situations in which the number of mixture components is known in advance.
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Figure 4: Target mixture and samples when " is defined according to (16).

In this setting, both algorithms yield comparable results. For CPGD (Figure 6), we obtain
SY=0.11, S° =0.11, S°=028, S¥L=0.023,
while for EM (Figure 5), the corresponding scores are
S =014, S° =0.15, S°=025, S¥L=0.0087.

The Wasserstein-type scores are of similar magnitude for both methods, whereas the KL divergence is smaller
for the EM algorithm.

Concerning the trajectories of the parameter estimates, we also notice globally similar behaviors. Note that
the estimated weights for Algorithm 3 are (as expected) smaller than those of the target (Figure 6). This is a
consequence of the ¢! regularization of the weights induced by the total variation norm in the loss.

Trajectories of particles - weights a; 5 Trajectories of particles - means Tra3j§ctories of particles - sqrt of diag. covariance

038d [ Y Target Y Target
5 Y¢ Start 3.0 4 Y Start
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Figure 5: Convergence of the diagonal EM when the target measure is defined in (16). From left to right:
evolution of the weights in terms of the iteration number, evolution of the mean along the iteration, evolution
of the variance along the iteration.

Influence of overparameterization To extend these investigations, we considered a similar analysis with
several values for the particle number p. For the sake of readability, we focus our attention on the evolution of
the metrics introduced in Section 4.3 in terms of p. Corresponding results are displayed in Figure 7 (Wasserstein)
and Figure 8 (KL). As p increases, Algorithm 3 exhibits stable and consistent behavior, whereas the performance
of EM deteriorates.
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Figure 6: Convergence of Algorithm 3 when the target measure is defined in (16). From left to right: evolution
of the weights in terms of the iteration number, evolution of the mean along the iteration, evolution of the
variance along the iteration.

The EM algorithm aims to maximize the log-likelihood associated with the observed sample for a mixture
model with a prescribed number of p components. It is therefore particularly sensitive to misspecification of
the number of components. This is a well-known issue that can be addressed by introducing an additional
model-selection step, in which the log-likelihood is penalized by a function of p designed to promote sparsity.
We refer, among others, to [Maugis and Michel, 2011] for a description and analysis of such a strategy.

In contrast, the CPGD principle offers greater flexibility in the choice of the initial number of components p.
Tt is based on the optimization problem (P,) , which includes a regularization term (the total variation norm)
that promotes sparsity of the solution. In the experiments reported here, the accuracy of Algorithm 3 is therefore
largely insensitive to the number of particles, provided that p exceeds the number of target components. We
stress that this statement concerns the accuracy of the reconstructed measure: the algorithm does not by itself
return exactly s particles, and the surviving particles may remain split across a single target atom, as observed
in Section 4.
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Figure 7: Wasserstein-type scores for EM and Algorithm 3 expressed in terms of p.

4.6 Influence of the separation and sample size

To conclude these numerical investigations, we illustrate the impact of the separation between target components
and the sample size on the performance of Algorithm 3.

Experimental design We work in dimension d = 1. The target is
1 1
0 _
1= 50(-1,u0) F 5001,u0)
with u® > 0. We consider different samples of size n drawn from ®p°.

We study the convergence of CPGD for various values of u® and n. As u® gets larger, the separation between
components gets smaller (measured by 04 or &).
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Figure 8: KL divergence for EM and Algorithm 3 expressed in terms of p.

For each pair (u”,n), Algorithm 3 is run with 10 independently generated samples, and three different
initializations. For each sample, we retain the solution achieving the smallest final loss among the initializa-
tions. The results are then aggregated over the samples, using the median performance. We get 3 aggregated
Wasserstein-type scores depending on the ground distance used in S. For each configuration (u°,n,d) (with d
the ground distance), we then select the hyperparameters 7, x that yield the best (aggregated) score (this choice
depend on the score used, via the ground distance). The parameters 7 and k are searched over a grid: 7 ranges
from 107° to 100, and x from 10~** to 0.1. Since this selection uses the score itself, which depends on the
ground truth £°, the results reported below are an oracle envelope. They describe the best accuracy attainable
by the method over the hyperparameter grid, not the accuracy a practitioner would obtain from a data-driven
choice of (7, k) (for instance selecting hyperparameters using an approximation of the KL divergence on a test
sample).

Results The selected hyperparameters vary significantly with n and u°, and this dependence does not follow
a clear or predictable pattern. Still, larger values of u° tend to correspond to larger 7.

Moreover, the recovery scores themselves exhibit substantial variability across different initializations and
sampled observations, indicating that CPGD lacks strong stability in this setting.

Despite this variability, a meaningful trend emerges from the experiment. We report the best median
recovery scores, selected over the different initializations and choices of 7 and & (Figure 9).

Euclidean Fisher-Rao semi-distance

10° 5 m:3:.§‘*=.

u°=0.001
u°=0.0028
u®=0.0077
u°=0.022
u°=0.06
u°=0.17

’\"‘0‘0\‘\' u°=0.46
1072 4 \ 3 ! o u’=13
—o— u°=36
‘\\ | —e— u°=10
10—2 4

102 10° 104 10° 102 10° 104 10° 102 10° 104 10°
n n n

&K

score
)

Figure 9: Recovery scores for Algorithm 3 in dimension d = 1, for the two-component target pu° = %5(,1#0) +
%5(1#0), as a function of the sample size n (horizontal axis, logarithmic) and of the scale parameter u° (legend).
From left to right: the Wasserstein-type scores S¢ (Euclidean ground distance), S% (Fisher-Rao distance) and
S? (semi-distance) introduced in Section 4.3; lower is better. Each point is the median, over 10 independently
generated samples, of the best score over three initializations, minimized over the grid of hyperparameters
(1,k). As discussed above, this selection of (7, k) uses the score itself, so that the reported values form an oracle
envelope. The vertical scales differ across the three panels.

A phase transition phenomenon becomes apparent in the recovery behavior, and it is visible in all three
panels of Figure 9. The quantity to follow is the slope of the curves rather than their level. For the smaller
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values of u%, that is when the components are well separated relative to their own width, the score decreases
steadily with n, as expected from a consistent procedure: larger samples improve recovery accuracy.

In contrast, beyond a critical scale located around u" ~ l—precisely the regime in which the standard
deviation of each component becomes comparable to the half-distance between the two means—the curves
flatten: CPGD no longer recovers the target measure accurately, and increasing the sample size by three
orders of magnitude yields only marginal improvement. The location of this transition is consistent across
the Euclidean, Fisher-Rao and semi-distance scores, which suggests that it reflects a genuine difficulty of the
recovery problem in this regime rather than an artifact of a particular discrepancy measure.

When interpreting these results, it is important to keep in mind that both the semi-distance and the
Fisher-Rao distance tend to yield larger values in regimes characterized by small variances. This effect should
be taken into consideration when comparing scores across different configurations. It accounts for the reversal
of curve rankings between the Euclidean distance plots and the Fisher—Rao (as well as semi-distance) plots.

5 Discussion and open problems

The CPGD algorithm has been studied in a general setting by [Chizat, 2022], and with stochastic gradient
methods in [De Castro et al., 2023]. Its specific application to the Gaussian mixture problem with unknown
covariance matrices has been overlooked. Three aspects of this contribution deserve emphasis.

From a methodological standpoint, unknown diagonal covariances endow the parameter space with a location-
scale Fisher-Rao geometry, which we exploit directly in the position update, beyond its role in the analysis.
The resulting Riemannian scheme (RGD) is invariant under any invertible smooth reparameterization of the
parameter space, a property that the Euclidean update (EGD) does not share, and one that becomes meaningful
precisely because the metric is no longer constant over X.

On the theoretical side, we establish exponential local convergence with explicit constants for the joint weight-
and-position dynamics. The non-degeneracy condition underlying this rate bears on the BLASSO solution,
which is not known in advance; Theorem 3.2 connects it to an interpretable separation condition on the statistical
target, allowing the assumption to be read in terms of the model rather than the optimizer, with an explicit
dependence on the regularization parameter «.

Numerically, on the test cases considered here, our approach performs on a par with the well-established
EM algorithm, with an advantage in robustness to an over-specified number of components and a disadvantage
on the Kullback-Leibler score when the number of components is known. The accuracy of the method proves
largely insensitive to overparameterization, and the experiments of Section 4 exhibit a phase transition governed
by the separation between components, consistently across the three ground distances considered.

We now turn to the limitations of the approach and to the questions they leave open. We successively discuss
the convergence guarantees and their local nature, the estimation of the scale parameters, the gap between the
algorithm covered by our analysis and the one used in practice, and the evaluation of the optimality gap along
the iterations.

Convergence issues The discretization of the space of measures destroys convexity, which prevents us from
establishing global convergence guarantees. At present, we can only prove the exponential convergence of CPGD
when the initialization is close to the solution, provided strong assumptions on the solution (Theorem 3.1). This
convexity issue could be bypassed by introducing a spawn-and-prune step to our algorithm (see, e.g., [De Castro
et al., 2020]).

Scale parameter estimation FEstimating the scale parameters of the components requires handling projec-
tion strategies. When using natural gradient descent, one can exploit the symmetry of Jy with respect to u;
and apply the simple transformation u; — |u;|. Alternatively, to enforce the nonnegativity of u;, one may
take advantage of the invariance of the Fisher-Rao metric under reparameterization. For instance, we could
consider the parameterization In u, or In(u — i, ), and use the associated natural gradient descent. The related
covariance updates are then

2(u’;)2 +72)2
’ 814 J, k min -
(u% — Umin)2(uf)2 () |

ufT = (uf = tin) exp (—ﬁ

This issue becomes more challenging when using Riemannian gradient descent, as the exponential map is not
globally defined. Freezing particles (see Lemma 3.1) provides a theoretical workaround, but it is not easily
implementable in practice.
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Optimality gap A natural direction for further investigation is to exploit the KKT conditions associated with
the first variation J’ (Section 2.2). Formally, let 1* denote an approximation of the minimizer z%. The function
JLE can then be used to derive an upper bound on the optimality gap Jw (u*) — Juw (1), which is generally

sharper than the trivial bound Jy (u) obtained from the nonnegativity of Jy . More precisely, assume that
a > 0 verifies
on;Ag () > (a—1)k VzelX. (17)

Setting h = a(Vuk —y), we get

T () = () < Jur () + 5 I + (hy), (15)

We refer to Appendix F for the proof. Observe that the case a =1 corresponds exactly to the KKT feasibility
condition J’ > 0.

In practlce to determine « satisfying the condition displayed in (17), one may compute either an approxi-
mation J' of inf cx ‘]u (z), or a rigorous lower bound, for instance — || ¥yl — y||]L + k. A valid choice is then

a = which is the largest value of o ensuring the above condition. Indeed, (17) bounds « from

above, while (18) degenerates to the trivial bound Jyy (1) when o = 0: the bound is therefore all the more
informative as « is large. When no estimate J' is available, the rigorous fallback o = W_Z/HLK} of
Appendix F is always admissible.

This construction is an instance of a general duality-gap mechanism, which clarifies both its scope and its
limitations. Writing the objective as F(¥u) + kR(u) with F = y||i and R = ||+||y, [Aubin-Frankowski

and De Castro, 2026] establishes the exact identity

-

A(p,h) = Lr(Yp || h) + & Lr(p [ m),  n=-Y"h/k,

valid for any primal p and any dual h, in which L and L are the Fenchel-Young losses of F' and R. Evaluated
at a dual-feasible h, the left-hand side is computable without any knowledge of u}, and upper bounds the
suboptimality of y: the bound (18) is exactly A(uk,h) for the choice h = a(¥u* — y), and condition (17) is
precisely the requirement that this h be dual-feasible.

This reading explains the role played by «. For the quadratic fidelity F, the data-fidelity loss Lz (¥ u || h)
vanishes exactly at h = VF(Uu) = ¥u — y, that is, at @ = 1; the whole gap then reduces to the regularizer
term. Shrinking « below 1 is what restores dual fea51b1hty when J’ uk takes negative values, but it moves h
away from that alignment and inflates Lr. The bound is therefore mformatlve only when « can be taken close
to 1, which requires inf » Ju’“ to be close to nonnegative. Computing an informative lower bound .J’ is, in this
respect, the practical bottleneck.

Preliminary experiments are consistent with this analysis. On the setting of Section 4, the bound (18)
evaluated at the output of Algorithm 3 remains close to the trivial bound Jy (uX), and becomes informative
only when the components are well separated and & is taken large enough—a regime that in turn requires more
particles at initialization. Larger values of k also relax (17) and thus allow « closer to 1, so this improvement
is not merely an artifact of the term & |||y, in the objective. We do not report these experiments here.

A comprehensive study of this duality gap, including the construction of certified dual-feasible points and
the resulting early-stopping rules, is carried out in [Aubin-Frankowski and De Castro, 2026]. In particular, a
constructive form of the Brgndsted-Rockafellar theorem turns an approximately feasible pair into a dual-feasible
one at controlled distance, which removes the need to compute J' exactly and makes the stopping criterion
certified. The Beurling-LASSO with quadratic fidelity considered here is a special case of the Generalized
Beurling-LLASSO studied therein, so the questions raised in this section fall squarely within the scope of that
work.
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Appendix

A Technical lemmas and definitions

A.1 Geodesics, distances

Compatibility with the semi-distance For A C R? x [tmin, +oo)d and zg € A, we define the set containing
all points from geodesics connecting o with points of A,

Guo(A) = {~(y) : 7 is a Fisher-Rao geodesic, y € [0,1], v(0) = z¢,7(1) € A}.
For R > 0 and z € R? X [upi,, +00)¢, we write
By(z,R) = {2’ € R? X [upin, +00)? : d(z,2') < R}.

From [Giard et al., 2025, Lemma 5.2], we know that for » > 0 and 29 € R? X [umin, +00)%, it holds that
Gao (Bg(x0,7)) C By(xo,r) (the semi-distance is increasing on geodesics, i.e. y € [0,1] — d (20, Yooz (y)) is
increasing for any z € R? X [umpin, +00)%).

Fisher-Rao distance [Giard et al., 2025, Lemmas H.2 and H.3] give a closed-form expression for d4. This
expression depends on 7.

A.2 Riemannian derivatives

For the sake of convenience, we reproduce definitions and properties from [Giard et al., 2025].
The non-zero Christoffel symbols associated with g are

—2ug
%t =Ty, = =
Ukt kUK 211% ¥ 2
v = !
tetey — 7
Uk
L 72— 2ui
UREE T g (2u? + T2)
with £k = 1,...,d. We define
t t .
. (T4 1<tm<d (D% 40, )1<t,m<d . (T e )1<tm<d (T g, )1<t,m<d
s = and I = . (19)
t tr .
(T wt, )1<tm<a (T wu,,)1<tm<d (T e 1<tm<a (T wyu,, )1<t,m<a

Definition A.1 (Covariant derivatives, associated norms). Let ¢ € C2(R? X [tmin, +00)%). Let z,2’ € R? x
[umina +oo)d
Covariant derivatives: Let v, v’ € R?¢. We define

Doly)(z) = ¢(x), Dily)(z)[v] = v" Vi(x) = (v, V(2)), , Dalt)](2)[v,v'] = v H¥(x)v'.

Operator norms: For j € {0,1,2}, we define the operator norm

1D;[4](@)l,, = sup Dj;[yl(x)[V].
V:[’Ul ..... ’Uj]G(]R2d)‘7
Vi1, o, <1

Kernel derivatives and associated operators: Let 7, j € {0,1,2}. We define the covariant derivative of the kernel
of order ¢ with respect to the first variable z and of order 7 with respect to the second variable 2’ by

QUK (2, 2")[V] = (D;[V](2)[Q), D;[¥](2")[V]), VQ € R,V e (R*).
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The associated operator norm is

K a)|| = sup QUK ") V]
T Q[Qu, QER), V=[Va,.. V] E(R)

VHQull, 5 Vil <1

Simplified expressions for the operator norms are given in [Giard et al., 2025, Lemma J.1]. Note in particular
that || Vo (@), = ||z V@) .

We use global controls on the covariant derivatives of the kernel, and also on “euclidean-flavored” counter-
parts, as well as on the local curvature.

In the following lemma and its proof, we adopt the notation introduced in the proof of [Giard et al.,
2025, Lemma J.2]. In particular, we use the decomposition of the kernel as a product: Kyorm(z,2') =
Hizl Kyorm (2, ),) where, by abuse of notation, Knorm(zk,z),) denotes the one-dimensional kernel evaluated
at xp = (g, ur) and x}, = (¢}, u},). The notation by stands for either ¢ or uy, and gy, = 8bk8b;€Knorm(xk7:rk)
denotes a diagonal entry of the metric tensor.

Note that any derivative of Korm belongs to L, and that for all z, 2" € R X [umyin, +00)%, one has (see [Giard
et al., 2025, Remark 5.1]) (01 %0z, 02Wd,/); = 0102 Knorm (2, 2"), where 01 (resp. 02) denotes differentiation with
respect to = (resp. z’).

Finally, the notation H9%0y, o, stands for H9 (x +— 0y, ¥J,,). where 0y (resp. 02) denotes here any derivative
w.r.t. x (resp. z').

Lemma A.1 (Controls on the kernel). Assume that 7 < Umin-
Global controls on the covariant derivatives: For i,j € {0,1,2}, we have

sup ) (@, 2") < Byj
2,2 €ERE X [Umin,+00)% z,z’
with
By =1,
Bio = Bo1 = V2d,
B =2d,

Boy = Byo = \/4d% + 10d ,
By = By = V2dBy2,
By = 2842 .

Global controls on the “euclidean-flavored” derivatives: We also have

sup
z,x' €ERY X [tbmin,+00)9]

8,2V Ko (v, )g; /2| < 6 = B,

and
2
2d sup sup Hvl gbklbmgx V2H89,, w,g5 1 ng < 1554d® = BS,.
TER X [umin,+00)?, lv1ll, <1 [Jv2]l, <1 L
bre{tr,ur}

Local curvature: Let x,2' € RY X [upin, +00)¢. If £ (x,2') < , then

i
—K®(z,2")[v,v] > & |[v]? Yo eR*@, with& =0.13139.

Proof. The bounds By, B1g, B11, Boz2, B12 come from the global controls of the covariant derivatives given in
[Giard et al., 2025, Lemma J.2]. The bound By can be found in the proof of [Giard et al., 2025, Lemma
K.1]. To derlve the global bounds B§, and B$;, we follow the strategy used in the proof of [Giard et al., 2025,
Lemma J.2].
B§,: We refer to cpgd_sympy.ipynb in [Giard and Denis, 2026] for the formal computations used to derive the
bounds presented here.

Using that the metric tensor g, is diagonal, we have

_1/2w2 —1/2 1/2 —1/2
9, /lenorm((E,x/)gx// H < 2d sup gbkbi gblbl/ 10,0, Knorm (7, 2")| -
2 bi,b) 2,2’ €ERY X [Umin,+00)?]

sup
2,2’ €ER? X [Umin,+00)?]

24



If b, € {tx,ur} and b; € {t;,w;} with k # [ (i.e. the derivatives are not taken in the same dimension), then
~1/2
gbkbi gblbl |8bkbl norm(33 T )| < gbkbk |8bk norm(xkaxk”gblbl Iabl norm(l'lyl'l”
<1

as shown in the proof of [Giard et al., 2025, Lemma J.2] when deriving Big. If by = b; = ty,

g;ék |atktk Knorm(x, $/)| S g;jtk \/atktkat;ct;c Knorm(xkv xk) 5

=V3.

With the same approach, we obtain

-1/2 —
‘gtkti gukluzlatkuk norm(fE X )| < f

and
22 74
auu[(nlrm 7/ =4/9— —5 7<3a
gukuk| kUK O (l‘ $)| uz + 2’LL% —
where we used that 7 < ug. So we can take B, = 6d.
Bs55: We have
-1/2 _—1/2 79 2
2d sup sup Hvl Op,p, 9z | HOOp, Wo,g; H
:L’E]Rdx[umin,+oo)d', [lv1]l, <1, |2, <1 L
br € {tk,ur}
< (2d)° sup sup gbkbkgb b 9, b || (H %0y, W02 )b, b, ||IL

ZER X [Umin,+00)? b ,bi b

If by, is not in the same dimension as either b; or b,

gbkbkgb b 9, b || (H 28y, W6, ), 1, ||IL = gbkbkabkb/ norm(wk,xk)gl;iigljj}) [(HoW6, )y, 0, H]L’
<7

where for the last inequality we used the controls established in the proofs of [Giard et al., 2025, Lemma J.2,
Lemma K.1] when deriving B;; and Bas.

If by is taken on the same dimension as b; or b;, but b; and b; are not on the same dimension (say that for
instance by, is on the same dimension as b;),

gbkbkgb b 9, b H (90, V)b, b, H]L gbkbkgb b gb]b7 Habkb b; Vo, H]L J
< gb].b].abjbj Knorm(xj7 xj)gbkbkgbibiabkbi8b§qb;Knorm(xka -ﬁk) ,

<9,

as shown when establishing B§,.
If by, b;, b; are all taken on the same dimension, gb_klbkg;iiigb_ﬁ)j ||(H98bk U2 )b, b, ||i can take the forms

— 2
gt;jk Hatktktk\lj(s - Uktktkauktkqla ”]L
or gtktkgukuk Hatktkuk O — I tkukatktlc\ll(s H]L

or gtktkg’;kuk Hatkukuk\yéx - F -tkukatkuk\llézH]L

-2 -1 i 2
OT Gy Btpts Oty Yz — T ukukawtkq}dwnm

or GJ,fuk 1O, ¥z — FUkukukaukuk\Ij(siUHi :
These expressions are bounded respectively by 1, 21, S; 1OT + 55 < 55, 55, ‘ZT: + 322 IGT +171 <
k k
194.25. We used that 7 < umin < ui. Hence we can take Bdg = (2d)® x 194. 25
Local curvature: This control comes from [Giard et al., 2025, Theorem 5.3]. O

Lemma A.2 (Taylor expansions on the kernel). Let x,2' € R? X [upin, +00)¢. We have

”\IJ((ST - 57/)”; < Bozbg(x,:p/)2.
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Proof. Remark that Kyorm(z,2) = Kporm(2',2") = 1 and that VoKyorm(z, ) = 0. Writing 7, the Fisher-
Rao geodesic such that v, (0) = &, Y44 (1) = 2/, it comes that

”\II((Sx - 61:’)”]% = 2Knorm($7$) - 2Knorm($7xl) 5

1
= =2V (O)TVQKnorm(xv 93) - 2/ (1 - y)’yx%x’(y)THggKnorm(xv Ve—ax’ (y))%c—m:/(y) dy,
0

1
= _2/ (1 - y)%%az’(y)THgKnorm(mv Yz—z’ (y))%:%x’(?/) dy.
0

From the control on the Riemannian Hessian (Lemma A.1), and as ;. stays in R? X [umin, +00)¢ (Section
A1), we have

|’.Yx—>x/(y)TH2gKnorm(1'7'Yac—m/(y))'%c—m/(y” < BOQDQ(I7I/)2 .
So || W(8, — 8,0)||7 < Bogdg(z, z')2. O

A.3 Bound on the TV norm of the iterates, control of the Fréchet derivative

Lemma A.3 (TV norm of the iterates). Let X' be a compact subset of R X [umin, +00)? and Cx = inf, e x Knorm (7, ').
Let pl = ijl w}-dR be the initialization of CPGD, with w1 >0 forj=1,...,p. Let u¥ be the kth iterate of
J

the algorithm, with weights updated via wf“ = wj e k( ), and location-scale parameters verifying xf e X
forallj=1,...,p and k > 1. Then u¥ is a nonnegative measure. Moreover, for all k > 1,

1 B ) )
H“wHTv < max {C«X(”yHL — r)e* vl =r) H:“i;HTv} < max {CX lylly, eIl Hﬂi}HTv} = Brv .

Proof. Note that as our kernel is positive ((¥4,,¥d,/) > 0 for z,2' € R? x (0,+00)?) and as X is compact,
Cx > 0. As w;-“ >0 forall j=1,...,p, it comes that, for z € X,

P
T () = <‘I/5z, DAL y> + 1> O ||l | oy = Iyl + 5 (20)
j=1 L
Case ’|ﬂw’|Tv > ”ygL ~: From (20), as we assumed that x € X, it comes that for all j =1,...,p, J[/l.k (x?) > 0.
Hence w1 = whe ™) < b and [l 1y < [l 1y
Case HMWHTV < HyHL—" : Then [|y|l, — £ > 0 (because ||u¥|] 1, > 0) and from (20) we get = (zF) < lyll, — &,

leading to wf“ < wfea(”y”lt #). Tt comes that ||| 1 < g Iyl - Kk)elyll—=r)
We showed that for all £ > 1,

1
I e { ol = e }
O

Remark A.1 (Controls on the TV norm of the iterates without Cy). Without exploiting the positivity of the
kernel K, orm, one can still derive a bound on although this bound depends on p. Indeed, without
using that C'x > 0, we have

k
[

(@) 2 wf =yl +5 Veex,
from which, by distinguishing the cases w f > |lyll, — & and w;? < |ly|l;, — &, we can obtain

[ ey = e (ool = me 0l
Lemma A.4 (Control of J'). For p € M(R? X [upin, +00)4) T and z € R X [umpin, +00)?,
=yl + & < Ju(@) < lpllpy + Iyl + 5
Moreover, for z,x' € R? X [tumin, +00)%,
HVQJL(JU)HQC < Bll(”:uHTV + ||ZUHJL)7
|z 2m0 0 @a; 2| < V/Baallilly + 1yl

and
|, (x) = J,(«")] < v/ Boadg(x, ") (|1l oy + lyllL) -
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Proof. Let p € M(R? X [tpin, +00))T. For x = (t1,...,tq,u1,...,uq) € R? X [umin, +00)%, again as our kernel
is positive it comes that J;,(z) > — [yl +~. Moreover, as ||¥d, | <1, we have J, () < [|pllpy + [yl + . In
addition (c¢f. Definition A.1),

Vo, @), = |57/2 (VoW v =), |,
< VBullellpy + llylly)
and
a2 me g @e; || = (o2 (2w, o=y, 5.2
< VBaa(l[lpllpy + 19l -
Finally, using Lemma A.2, for 2,2’ € R% X [tmpiy, +00)¢ we have

[T (@) = JL ()] = [{¥ (00 — b2r), i = y)y |,
< W02 = dur)lly, (lllpy + lyllL)
< VBo2dg (@, ) ([l vy + llyllL) -

B Proof of Proposition 3.1

Let 1 < k < K. Our condition on 7 ensures that u* € M(X)*. We follow the proof of [De Castro et al., 2023,
Theorem 1.2] (inspired by [Chizat, 2022, Section 4.2]).

In this proof, we denote ¢, a constant depending on a, where a can stand for instance for ||y||; , Hul ||TV. Its
value may change between lines.

Remark that

* * 1 * 2 *
Jw (uly) = Jw () = /X iy A — o) = 5 [ W — w2l < /X Ty duly — pil)

We introduce an auxiliary measure p* = ?:1 w50 %, which shares the same position-scale parameters
J

as p*, but with different weights wj > 0 which are independent of &k (remain fixed through the optimization
procedure). We have

T es) = o) < [ Ty =)+ [ gt - ).

j=1
Y B
Control of A: We introduce the entropy between pu1, us € M(X)™:
_ dpn
Hpa,pe) == [ In{ o= dpz = llpzllpy + llpllry - (21)
X H2
k k41 ko—odl (@) o 1 wi !
Remark that as wj >0 for all K > 1 and as wiT =wje e Ju"" (x]) =—-In L ).

We also use the inequality e™* + 2 — 1 < ¢,_. 22 for 2 > 2y, together with Lemma A.4 which gives
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aJ > —amax [[yllg, for @ < amax. With the convention w$ In (ﬁ) = 0 when w§ =0 and w > 0, it comes that
J

P
A= Zw;?‘];g (xf) — Wi (xf) ,

[22%)
j=1
1 k+1
— waJLg (xf) + Ew§ In ( R ) ,
j=1 J
a 1 1 wk i
= waJLk (xf) + (wé”'1 wf) + = | —wjln —]6 —i—w;c + w§In J . w;”'l ,
- e (07 (0% W we
j:l J J
1 —ady (2%) 1
=32 (a () e ) 1) = (Ml ) = MO ),
j=1
1
< oyl |11y + 5 (s, 1) = H (ST ™))
1
< OCa ol X ity o (s, 1) = H (S ™)) (22)

where for the last line we used Lemma A.3 to get

1
e el e [ I

< Camaniyll X, 1L |y -

Control of B: For f a continuous real-valued function on X', we denote
) x) — f(a'
Lin(f) = sup M@ =S
r#x' €X Dg(‘rax )

When f is bounded and has a finite Lipschitz constant, we also define the norm BL (Bounded-Lipschitz) by
1fllgr = 1flloc + Lip(f), ¢f. [Chizat, 2022, Section 1.3]. The dual norm is ||ul|z, = sup [, fdu. Using
fec(X)

Ifllp<1
Lemma A.4, for z,z' € X we have

[Ty (@) = T (2")] < V/Bo2dg (@, ") (|| 1l ||y + M)
< Cotmmans 19l X 118 .y O (2, )

(the dependence on d coming from By is contained in the dependence on X. From Lemmas A.4 and A.3 again,
using that £ < 1 it also comes that [J), | < Capuellyll, 2, 153l - SO

e
“ |l B

i =zl
S Caxnaxvl‘y”p/\/:‘lui”Tv Huf - IJ/:H*BL : (23)

Control of the Cesaro average: Gathering (22) and (23), we get

]. (¥
JW(MUJ) JW(/‘LW) < acannxyHyH]LvX Hl"wHTv +E(H(/'L(If)”u]€€) _H(M(Iz’—i_l’ﬂf-‘rl))+CO‘mamHyH]Lv-le‘/"&;HTV ||MI: _'LLWHBL :

As Jw is convex,
1 & 1 &
Jw <K2u5> Tw (1) < 52 D (Iw () = Jw (L)
k=1 k:l
leading to

. - H(uk, ul) Camanlluly, X l6d ey S g b1 24
ZMW w ILLW) — CYK +acamax7“y“]1‘7-x H.uwHTV + K Z ||ME _MWHBL ( )

using that H > 0. The triangle inequality gives

*Z |t —

K k-1

* 1
pr < et = willpp + 32 D03 e = el

k=2 1=1
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Moreover for [ = 1,..., K — 1, according to the assumption on our update scheme T,

S|

e = el < Z (25" = 2§) < |lwellpy CrB- (25)

Indeed, any f such that ||f|| 5, <1 is 1-Lipschitz, hence leading to

/X F (it — Z 2 Z 2 gl

Using (24) together with (25), we obtain

K
1 " H(uly, )
Jw (K g—l ﬂw) —Jw(ul) < Ak T o, lylly XL ey

+ Comm 0l X b oy 1126 = B0+ E BN 18 | oy Cotmm 1l i oy O

(26)

Choice of {w$}¥_; and control of (|l — ”wHBL Let {X;}%_, be disjoint regions of X such that z} € X; for
j=1,...,p, and let Xy =X\ (U§:1Xj)~ We set
wj = (X)), Vi=1,....p. (27)

Remark that H/QHTV < gy -
Let f such that ||f|| 5, < 1. Then f is 1-Lipschitz and || f]| . < 1. We get

/de(ui—MZ)=Zp:/)(}fd(ui—ul)—/)(ofdu2,

p
SZ X;) Su}?a( ) + pi(Xo)
[AS
Jj=

<Nelllry sup dg(x5,2) + i (Xo)

TEX,
j:L...,p
from which we deduce that
*
Hﬂi - M:;HBL < |[|pllpy  sup Dg(m},x) + 15 (Xo) - (28)
TeX;,
Jj=1,...p

Control of H(u}, ul): Recalling (21) and using (27), we get

1
11 “j 1 1
ot == 5 () i+
J€{l,-.p}, Wit
1 (X5)>0
wl
- Z —In *(i\’) 1o () = 15 () | + (ol vy = Hug - (29)
j€{l,.p}, Hua\eta
1 (X5)>0
Conclusion: Choosing a = \/7 <l=oamxand 0< < W, gathering (26), (28) and (27), we get

Hy e
HEHu
( Zm) Tw (1) S — 555 F 0oyl Xl ey F Cotman ol Xollid ey (Gl Tt 2+ 115(X0))

+ KB 15 Ity OT Cama 1yl X 1

Hyy g, +1

<
S eg ey 1l el oy K

llpy

+ 71 x + pd (X)) -
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C Proof of Lemma 3.1

Well-definedness of the updates We denote XC = (R% X [tmin, +00)%) \ X. Remark that

0,(XC, X) =  min  d4(z,2’) >0,
zeEXC x'eX

since X, X are compact sets such that X C X. This minimum distance depends on X, X, and 7 (through the
expression of 0g—cf. Appendix A.1). It therefore suffices to choose 8 small enough so that

6904551 < 047, B

whenever :E € X. This guarantees that :Ek+1 = expzk( BVE, (z )) remains in X'
Moreover, we get from Lemmas A.4 and A.3 that for pEMX ) and z € X, ||V9JL(:1:)HUE < VB (||pllpy +

lyll;) and that ||pf < max{é [yl el ||'LL3JHTV} (we used that o < 1).

|y
Therefore, the required smallness of 5 depends only on DQ(F, X ) Cxs [yl

| ,ui” 1v » Bi1; equivalently, on
XX |yl HML}JHTV ,7 (with the dependence on d through By; encoded in X).

Descent property Let k> 1. Using (5) we have

2
Jw () = Jw(uii):/x‘]laz(w)d( B f) (= H‘I’ AT

P

Study of the second order term: We write gF+! = —1W; 5 BEL We have

1 -
5 PG — b < NGul™ = AP + 26 — AL

2 2
P p

—aJ’, (zF
= wa(e Tk (@5 1)\11637;.‘*1 + walll(ézfﬁ —5I?)

Jj=1 L

E1 E2

Jj=1 L

As J) (z%) < Brv + |lyll, + 1 (we used Lemmas A.3 and A.4 with x < 1), for a small enough depending only

ot (aF
on Bry, |yl it holds that |e s (73 1 < 2alJ), (z%)]. So

P
k ko —od) g (x5) 2 2
By < HMWHTV;"G (e Tms -1) H‘I/(Sz;?-*—l L
P
< 4Bty waa2|J,;5(a:§)\2. (30)

j=1

Using Lemma A.2, we also have

)

P 2
Eﬁwmw24W@w—%%

<BO?||/%HTVZW Oq( J’ §+1)27

j=1
2
SBOQBTVﬁ2 Z va ;Lk ;C) P (31)
1<j<p. i
x?ei’
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Study of the first order term:

/X T () At = pl) =

j:l
A B
p
+ ) (W =) (T (2T = T ()
j=1
E3

FE5 is a second order term. Indeed, using Lemmas A.4 and A.3,

p
|Es| <D e
j=1

D 1 ) - g 1

Ko N
<208/ Boa(lyll, + 5l y) D w1 @I Vo @), -
1<5<p i
zfe/\?
2
Boalloll + Brv) 3 o (o210 @D+ 62 [vo ], ) (32)
1<j<p, 5
T kex

Again using the bound on J; . (xé“) from Lemma A.4, we also have, for o small enough only depending on
BTV7 ||y||]La
aJ' ( )

le

By dealing separately with the cases J[&’E (xj) >0 and J//tli (rf) <0, we get

—1+alJ), s (T Bl SaQJlbg(xf)Q.

p
—aJ, (z®
j=1
p p
<—ad Wl (@) +a? D Wk (P
j=1 j=1

p p
S-QZW}“IJ' (@9)? + & (Brv + [yl + 1) Z |J' . (33)
j=1 =

To deal with B, we consider 2 cases: 1fx € X\ X, xk“ —x andw (J' (z k“) J’ ( k“)) =0. Ifx;? €,

by definition of the update using the exponentlal map we have (usmg the control on H 9], from Lemma A 4)
wk

J’ ( k+1) J/:Z‘; (If) = <’.7$§H$;?+1(0)T,vngg(x§)>mk
Tj
1
+ / (1- y)'.yzf%zf“ (y)THgJ;ILB (%cf%x?ﬂ (y))ryz"ﬁrk“( )dy,
0

2
o VB2(llylly + Brv).
J

’ +352HVGJ’ (ack)‘
: 51

Finally,

B= 3 wf (™)~ du )

l<j<p
T kex
2 1 2
-8 3w [V @[+ 58 X w Vi@ VBall+ B (39)
1<j<p, I 1<j<p, I
aheXx e
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Choice of a, § and end of the proof: Combining (30), (31), (32), (33), (34), we get

/4
T ) = T () < 0 S Wk P~ 5 30wk [ver, |
Jj=1 1<J<p
z; kex

p
+a®(5Brv + [lyll, + 1+ v Boa([lyll, + Brv)) D whl e (25)]?

j=1

1
+8 (5Ballbll. + Brv) + BuaBrv +VBualyl, + Brv)
X Z wj HVE‘J’ ’

l<j<p
T kex

We can choose «, 8 small enough only depending on X, X, lylly, 7 || e HTV (the dependence on d is captured
by the dependence on X) such that the gradients steps are well-defined and ensuring that for all k£ > 1,

1 ! / 2 1 !
Il = i) < =3 [ (alggs @ + 8| vers @) abo - 5 [ @R ).

D Proof of Theorem 3.1

We rewrite here the calculations of the proof of [Chizat, 2022, Corollary 3.5] with the geometric objects induced
by our particular geometry, including geodesics and Rlemanman derivatives. In particular, we make use of the
specific retraction (RGD), corresponding to Riemannian gradient descent.

Roadmap of the proof In the next subsections, we assume that Assumption 1 holds. We fix the parameters o
and [ as in Lemma 3.1, so that for all £ > 1,

T (™) — Ji () < — 5 mina, 5) ( /. (iJ;g<x>|2+ HVgJ,:gg(x)Hi) ) + [ \{?|J,/45($)|2dﬂfj($)> .

(35)
This estimate on the objective decrease serves as the starting point for the convergence analysis of the algorithm.

When the solution g, is discrete and of the form Z?;l w;féi;, we define the associated near and far regions,
for r > 0, as

near ,_ . * far __ near . near _ near
X; (r)y={ze X : r[(gc,scj)gr}, X (r) = X\ A7 (r) with X (r)—UXj (r).

J
We choose r small enough so that (X7**"(r))1<;<p are disjoint and contained in X (Lemma D.3). In particular,
this implies that X \ X € X™(r). As a consequence, (35) yields

T () = T ) < —3 minfa, 5)G (36)

where for y € M(X)T,
2
G, ::/X ()<|J;L(x)|2+ Ives@)]2) du(x)—&-/xf o P dp(). (37)

Using Assumption 1, we derive quantitative controls on the certificate n* over the near and far regions (see
Appendix D.1).

In Appendix D.2, we establish a lower bound on the objective decrease G,, for measures p € M(X)" such
that [[pllry < Brv.

In Appendix D.3, we derive an upper bound on the optimality gap Jw (1) — Jw (1,).

Finally, in Appendix D.4, we combine these estimates. For r sufficiently small, and for p such that Jy (u)
is close enough to Jw (uy,), we show that G, 2 Jw (1) — Jw (13)-

Recalling (36), this relation leads to exponential convergence, provided that the initialization is chosen
sufficiently close to the solution (see Appendix D.5).

Throughout the proof, the notations A, B, and FE; may refer to different quantities depending on the
subsection.

32



D.1 Controls of the certificate over near and far regions
D.1.1 Control of the Fisher-Rao metric

Lemma D.1 (Bounding the semi-distance by the Fisher-Rao distance). For all x,2’ € R? X [umpin, +00)? such
that & (x,2') < 93925 4t holds that

NG
1
vg(z,2")? < —d(z,2")? with & =0.13139
&)
along with
1
0y (w,2")? > E—z{(x,x’)Q with &3 = 2.84.
3

The radius 0'?\’/0325 and the constants &3, €3 are the local positive curvature parameters of Kyomm obtained in
[Giard et al., 2025, Theorem 5.8 and Lemma 5.4).

Proof. Let z,2" € R X [y, +00)? such that & (z,z’) < &\/0825' For y € [0,1], Yoz’ (y) € R% X [tmin, +00)¢ and
d(Vooa (y),z) < d(z,2") < % (¢f. Appendix A.1). We then use the control on the local curvature (Lemma

A.1) to deduce that 71((2())(%_)3lc (y), z)[v,v] > & |Jv||?

() forv e R24,
So

Yo—a

1 — e 2¢@a’)’ =1— Kporm(2', ),

= - /0 (1- y)K(2O) (Yoo (¥), x) ['.Ymﬁm’ (), Yo—ar (y)] dy,

1
> [a=palier Wl o .
= 6;Dg(an,x')Q.

As 22 >2(1 — e~ 2%), we deduce that

1
dg(z,2')? < —d(x,2)%.
€2
The second inequality comes from [Giard et al., 2025, Lemma 5.4]. O

Lemma D.2 (Local variation of the metric tensor). For z,2’ € R? X [umin, +00)% such that d(x,z') <1,

<

Proof. Recall that

) 1 1 2u? 2u?
g, = diag N , . d .
2u? + 72 2u2 + 727 (2uf + 72)? (2ug +72)2

/2 _—1/2 _ ‘ 2(u;)2 472 (2(ui)?+72)4/2(u})2 <
So the eigenvalues of g,/ gz are bounded by \ = maxl{\/z(u;)uﬁ’ AW As 7 < Upin,

A< fmaxl 7% From [Giard et al., 2025, Equation (34)], as \/2((/ 2)+tz\;r2;2+72 < e we have

<e++vez—-1<2e.

D.1.2 Implications of Assumption 1

Lemma D.3 (Control of the certificate on near and far regions). Under Assumption 1, we can choose 0 <

Tmax < 0'?/0325 small enough, depending on d, X, X, T, wy, such that

near p* ; ; ; ; Y
1. (&; (Tmax))j:1 are non-intersecting regions contained in X,

2. n*(x) <1 —eo(Tmax) for all € X (rpay), for e0(Tmax) > 0 depending on rmax, n*, X,
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3. —vH%p*(zx)v > % ||v||i for allv e R* z ¢ G2 (Be(2F, Tmax)), implying that n*(z) <1- 0g(x,2%)? for
all v € ijear(rmax),

4. For 0 <r < min {rmax, 450(”"“)63} =7l and x € X (1), n*(x) < 1 —e)r? (with e = 22 ).

S max 4&5

Proof. We exploit the information about the location of the solution provided by Assumption 1, the smoothness
of 4, the fact that d(z,2') =0 < a = a’, the compactness of X, and that S X to establish the first item,
for rmax small enough.

The items 2 and 3 come from Assumption 1 together with the smoothness of n* and the compactness of X.
With item 3, we also have, for x € X]near(rmax),

1
(@) =07 (05) g O () [ (1= ) (0 O (0 g ()
0

1
=1+ A (1- y)%ﬁ;ﬁz(y)THgn*('Ym;%x(y))%c;%x(y) dy,

135} 2
<1- 409(1:,%]) .

The last item can be deduced using the previous ones, along with Lemma D.1, taking rpax < 0'\3/0325. For

r € X (rpa), n(2) €1 — go(rmax). For x € X2r(r) \ X2 (r,,,), there exists j € {1,...p*} such that
T € X (Tmax). So as d(z,27) >,

€2 2 €2 €2 o
() <1— =04(z,25)° <1 — —d(x, <1l-—
7@ <1 Zogla ) < 1= o) <1 22,

O

In the next subsections, we consider 0 < r < 7/ small enough so that the conclusions of Lemma D.3 apply.
In particular, (36) holds. The radius r will be chosen even smaller later in the proof.

Identification of the error terms Throughout the proof, we rely on a basic control of the optimality gap
Jw (1) — Jw (us) (for p € M(X)T), which makes it possible to isolate the relevant error terms. Combining (5)
with Lemma D.3, and using Jj,, = (1 —7*), we obtain

T ) = I u2) = [ Tz @ ante) + 3 19— I

P

* * 1 *
Yk / —n)dum/ (=)t 2 0= )12
_: near Xfar(,,,) 2

| \/

Z/X"e“m o) dife H%TQ”(MM(T))*%H‘I’(u—u;)lli- (38)

D.2 Lower bound on the objective decrease

Let p € M™*(X) such that ||u|/;, < Bry (¢f. Lemma A.3). The goal of this section is to provide a lower
bound on G, (see (37)). There are 3 terms to consider: fxnear(r) |7, () dpu(z anear ’|V9Jlg(z)||i dp(z)

and foa,.(T) |72, ()| du ().
For z € X, we control |J;(z)| and HVEJL(.%‘)HI using the decomposition

J() = T (1) + (W6, W — i),
=T ( / Kporm(,2') d(p — i) (). (39)

We study these terms with Taylor expansions on Jy,» and Kporm. Throughout the proof, we will use the identity
JZL* = k(1 — n*) together with the controls on n* provided by Assumption 1 and Lemma D.3. In particular,

Ju(@3)=0 and VJ,.(z})=0 Vj=1,. : (40)

We will also rely on the controls on J;L given in Lemma A 4.
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Definitions for the main terms For any 4,5 € {1,...,p*}, we denote I;x]. = fX;w gglcéQ%;Hz(O) dp(z),

by, = PP (r)) — wy, b= and K (2%, 27) = Kyorm (2% x},x7). We multiply the derivatives of Kyorm by

J Jri

the metric, defining

R1<x;v‘ri) 71/2V1 norm(x 1‘)7

i

]’?2(1’* x*) = _1/2V2Knorm(x z; )7

[ g

Kuo(a,a}) = *1/2v 2V1 Kporm (27, @ )9*1/2

AR
We also write H; = g *1/2H9Jl’, (w;)g;}ﬂ.
w J

Remark that as Yz —ar =0, ij = fX]pear(T) gigz%;_m (0) d(p = p;) ().

D.2.1 Lower bound on fxnear(r) ‘JMQ dp

We first derive an upper bound on fxneaf(r) |, |2 dp, then a lower bound on

Axxear (T’)

and finally conclude using (39).
Control of J),, (z): Let 2 € X***(r). Using (40), we obtain

2

dp(z)

/ Korm (2, 2) (i — p3)(2)
X

Ey(z) = J;;(*u (z) = JL:} (.Z‘;) + 'yx;ﬁw(o)Tv‘];;:) (.’L‘;) +/0 (1- y)'}/w]*—m( ) HQJ/ (’V:v —>x(y))7w;—>w(y) dy,
= | 0= 0 ), (e () g )

Applying Lemma A.4, we deduce that

P~ 2
N B
RCICIREED oy NN (Rt (e %) IR )
J:

2
Sayl ozl " E :/Xm( 20l 2)” du),
T

where we used that, for z € X7 (r),

<
[

/\
| —
BN

Dg(a:],as) < = (xj,x) < —

™

[\v]
™)

[V}

by Lemma D.1.
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Control of [ Kyorm (%, 2") d( — p)(2): Moreover, for any 2 € X7 (r),

/ Eorm(,a') d( — ) ()
= [ Ko = )"+ / goon 0 [ V1B (5o ), /) = 12) (@)

p”

X[ B ) = )
=1 i r

+/0 ﬁ/a:;ﬁz(y)T/lenorm(’ya:;—)z(y)7x/) d(/”_:u:;)(x/)dy'i_/ Knorm( )dM( )

Xfar (7)

P p*
= Zl}wf((x;,w;‘) + Zf(g(wj*,xz)Tb x

=1 =1
p* 1
A [ s ) HS K05 a0 g () i )0
i1 J xpest(r) Jo
1
+ 0 ;ij*.—MC(y)T/lenorm(’Yx;%x(y%x/) d(,LL _:u‘z:)(xl) dy+ Af ( )Knorm(x;,l'/) diu’(x/)v
2 L 2 ~
= by K@}, 2}) + > Ko}, a}) be, + Ba(z)
=1 =1

where

Ex(a B”Z /X ot dpae’) + 0 (@ 2)y By Wt — i), + (X (7).

near ('I")

Note that we used Jzr 2 =0 to get

p* 1
> /X . / (1= 1) o ()T HE Konormn (Yt s (8)) ¥ e () dy A — i) ()
. near (. 0

Z/Xuen( )/ (1- ’Y:z: (Y ) Hanorm(x VYar—az’ (y))% S (y)dy dp(z )

Bos p 9
< — xf, 2’ ) du(z’).
28 )

So according to (38),

Jo B0 0) S (Z Jop, el a0 x> +3 Jopny 2o o) 9 )

()

1 *
SBTV1d,56a52 W(JW(/J‘) - JW(/u‘w))2 .

Conclusion for anear(r) |J), ()| dpu(z): Using that (a+b)? > Fa*—b? and collecting the error terms Jxcnear () 11 ()2 du(z)
and anear(T) | Eo(2)]? du(z) into b, we obtain

* * 2
1 a n r Y I % * c % TT ! 2
3 LA O) | b Keat) 4 3 ol B | = [ W(T)'WN e
j=1 1=1 =1 (41)
1
Sd, By ull i oy 2206 o —— (Jw () = Jw (1)) +7’22/nem z}, )% dp(x) .
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D.2.2 Lower bound on fxfar(r) |J;L|2d/¢

According to Lemma D.3 and recalling that J,,» = £(1 —n*), we have [J),. (z)| > kehr? for x € X (r). Hence

[T (@) = [T (@) + (W0, Wi — )y | = kegr? — |9 (n — )y, -

Using again the inequality (a + b)* > 1a? — b? with (38),

[ i an) > ( II‘P(u—uLNi)u(Xf”(r)),
Xfar ()

1 far 1 *
> SRR A1) s () — T ()
leading to
1 ar 1 *
SRR )~ [ )P dule) S s (e ) = T (2. 42)
Xfar (1) KT

D.2.3 Lower bound on [y, HVQJL(;U)Hi du(z)

Dealing with Riemannian gradients: For x € R? X [upin, +00)? such that d(z;,z) <r, Lemma D.2 gives

—1/2
1/2 1/2%;/ H

vz, = ez , < oz, Joia?], < Co o), voere.

So for z € X7 (r) (j =1,...,p"),

IVe @), = lloz"V L@, =

> o 0, VI )HQ. (43)

We use this inequality together with & (27, vas -2 (y)) < (2}, 2) < r for y € [0,1] (see Appendix A.1).
Decomposition of gw;_l/ZVJL(m): Let © € X (r). As V2J). < (z7) = HeJ. (7) (because VJ), (z7) = 0), using
(39) we get the decomposition

g;;/zvjﬁ( z) = 9;1/2V2J/;; (a:;)%;%(o)

0 [V B3 ) s = 12)(&)

A(z)
1
40 [ [ T K05 0,5 Vg 0 Al — ) (@) +Eal)
J 0
El(m)
— 9;51/2]'{9]}::) (x;)'yrj*_m(()) + A(z) + Er(z) + Es(x) (44)
where
8 o (U= s o0 ()T HOO T}y (Yas 0 (1) irs s (y) dy
8 Jo (L= ) ma ()T HOO, T} (s 0 (9)) iy 0 ()
E2($) B 1/2
0o e Jo (0= ) ()T HOOu, T (s 0 (1) ey (9) dy
O R ) QTN (1) L ¢ LT W PN CT 7)) P (1)

FE4 and Es are negligible. In fact,

—1/2 1/2 —1/2 2 o\ —1/2
9as gvz]%(y) ) gvz;%(y) <V \116%;%@),\11(”—uw)>g%;%(y)

< Cng(amxj)BSQ [ (p— :U‘:;)“L .

. 1/2
'Y:I:]*. -z (y)Tg’y,/xt Sa(y)
J 2

)

X1 <sup\

2 ‘
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We also have

1 1/2 -1/2
B2l < oot 01202 Vad
« sup ’%;{f ~1/2p79g, J/ 71/2H

ZERIX [Uumin,+00)?, bp€{tr,ur}

1

5 VB Colllus vy + 1ylL)0g (2. 5)*
1 *

5 VBSCs (il + lvll) 570

IN

IN

g(a:,x}f).

Moreover,

A(z) = / 0. AViK normu;,:c')d(ufu:)(x'),
:waq‘,Kl J’ z +ZK12 ]7 ’L

+3 /X . / (1= 9)as > HEV) Koorma (5, Yot a0 (1) Bt (0): s a0 ()] dy A — i) (&)
near 7 0 J

E3 ({L’)
+ / 052V Ko (2%, 2') da(a) -
der(r) i

E4 (ZE)

Es5 and Ej are negligible: ||E4(z)|, < p(X™(r))Bio and using again that fX!*ea*'(r) Og(zf, &) dpl(2") = 0, we

get
B
Bl < 5 5 /X 2t 2')? du(e’)

near (T‘)

Gathering the error terms, we have

/ oy /1) Baw) & Ba(w) + Ea(a)l; du(a)
< * gl U x 2 4
S Brv Iyl s ey (Z/()a (a7, 2")* du(x )) G = w2)I” + Z/ )2 dpu(z)

nedr(,r)
2
+ (Z/X ( )Dg(x?,w’)Qdu(x’)> + (X (r))?,
7: ’Lpear r

1
Sd Byl oy easy 2z (Iw () = Jw () +T22/m() @) dp(w), (45)

where we used (38) to obtain the last inequality.
Assembling the bounds: From (43), (44) and (45), it follows that

2
C2Z/XW() 0,/ a5 (0 +wazK1 7, @] +ZK12 )b, || (o)
' 2
2
[ @ dute)
Xnear(,r,)
1
S, Brv llyll I oy e2.eh 2a (T (1) = Jw (1g)) +r22/m (F, ) du(z) .

Finally, remark that for some v not depending on x, a bias—variance decomposition gives, for j such that
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(X (r)) >0,

So1/2. 2
ngg;*. fYI;~>$(O) +v dﬂ(‘r)
X;‘ea‘(r) J 2
b ’ b i
= Hj it +o|| du(e) + / Hj | 0,503 0(0) = —itess || dul@),
/X';near(r) J /l(X] (T)) 5 X;}ear(r) J 7 i ,LL(X] (7')) 2
; : b, |
z S+ / Hy | 8,401 50(0) = ——ts | | dp(a)
xeneas () < x —x ,U(XJ ea (T‘)) )

2

As H; is a symmetric matrix of positive definite type, with eigenvalues greater than kes (by Assumption 1)

comes that
- 2
[ e+ o dute)
X‘;xear(r) J 2
i 2 z 2
> (A0 (1)) || = + v +5252/ gi/gw 2(0) — ———2 | dp(z).
! ! u(Xper(r)) , 2 Jaepear - P (r) )|,
So applying this inequality with v = 3>, b, K1 (z* T, Ty) + ) Kyg(2* T¥, @] )b, , we get
1 b ’
72‘ Z M(Xjnear(T)) HH 7()(“6;“( ) +wa1 j7 xy) ZKlg xj, xy)
8 j,u(xpesr(r))>0 i 2
2.2 b 2
K°€5 / —1/2. x; / 2
+ 03 a0 = s | dut) = [ Ve @)2 duto)
2092 (X];(T))>O X ear () J ILL(XJ (T)) 9 A mear (1) i
S Brv s ey ea.ch 2oz w (H) = Jw (1)) +7"QZ/W() 2)* du(x).
(46)
D.2.4 Conclusion for the lower bound, choice of r
Remark that
-2
/ (5. 2)* du(a) SN SR RN PR ]
0 (%, )" dp(x) = 1, xnear (1)) >0 / px Vot 2(0) — ———— w(z) + —
one 1) o\l p(xeer(r))> — ar Tri— M(Xj ear (1)) , (xrear (1))
(47)

39



We now have all the ingredients to control the objective decrease G, (37). Assembling the bounds (41), (42),
(46) and using (47), we get

« . . 2
p P p
G Zep e KT (X (1) + ) (& (r)) bo K (@}, 27) + Y Ko(a},27) s,
7j=1 =1 =1
i 2
+ Z pu(Xe (1)) HJX“* Zb Ko (25, 2% +ZK12 r3, x})
j near /’[’( 7 (’r)) .
(XD (1)) >0 ; )
3 2
. Z / gz_l/Q%” ~z(0) (Xn:;r( ) dp()
Jau(xneer (r))>0 7 X7 () 5
1 *
~ Crower =5 (Jw (1) = Jw (1))
ReT
~ 2
2 Z 1/2 by, by, ,
— ClowerT / o s 'ij*- e (0) — nZ;r d,u(a:) + — )
Gz (>0 \ A ] (e (r)) (Xrear(r))
2
2,4, (pt . - 0 0 b,
Repeea £ (X () + min p(XF=(r)) | T+ ) k
0 diarg(]l#(‘)(‘;lear(r))>0WHj)j:l7“_,p* by ,
~ 2
be,
Y / 0, P (0) — — | ()
J7M(Xnear(r))>0 Xnear(r) J ’ /’[/(X] (r)) 2
1 *
~ Crower =5 (Jw (1) = Jw (1))
K2r
~ 2 > 2
bwj sz 9

gz/ 'Ya: 52(0) —

- C’lowerr2 Z /
xpear(r)

dp() + e |
Gou(XJeer () >0 HAF(r)

with Clower > 0 only depending on d, Brv, ||ylly , |15 |1y » €2, €0, and where the matrix T has been introduced
in (9).
- 0 0
Now, remark that T and are symmetric positive matrices.
0 diag(1l X"ear(r))>om i)i=1..

Moreover, T = C+I. Remark also that for j = 1,...,p*, as Wi > wy (cf. Assumption 1), min; (X7 (r)) >
w zw*fHEwH . So

e’} 2

- . 0 0 _
G;J« 286,5270-?7(—0* K2T4M(Xfar (’I“)) + bT T+ N b
0 dlag( n(xrear(r))>0 (Amear( ))H])g:1 ..... p*
5 2
+ K2 3 / g;;/z%;_m(o) - (X“:;r( ) dp(z)
G (X ()50 7 ) A 2
T - 0 0 -
= Cler |[B| |57 | T+ b

0 diag(]l#(x;mar(r)»oWh@)j:hwp*

1 *
- Cl/owerW(JW(/‘L) - JW(/u’w))z

/ 2
- Clowerr Z /
Ao (r)

J(X P (1) >0

~ 2

by, b,
1/2 Tj 2
gac ryi 2(0) — near d/J, T)+ near
O <r>>H2 ) g ()

with C},,,., > 0 only depending on d, Brv, ||yl , (|15 |1y > €2, €0, Cq» Wa-
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Choice of » According to Lemma D.3, H ; has eigenvalues greater than keg, leading to the inequality

-2
7 1 -~ ~ T
bl diag(1u(amear (1)) >0 —memr s Hy)j=1,..p*ba > g Z — (48)
uAT ) i g0 1A (1)
Setting C, = \/20’; min{es, 1} and r = min{C, k&, 7, }, we obtain
lower
I 0 0 B
G,LL 266,62,0«1»,&1* "<‘./27A4M(Xfar(/r)) + bT T + b

0 diag(]lM(X]pear(r))>0 M(X;]é‘lar('f')) Hj)j:l,...,p*

_1/2. by
+:2 Y / %;1/2 Yz 0 (0) — W du(x)
Gu(apear () >0 X ) || s 2 (49)
TR R ) 0 i
- Cl/(/)wer wa2 bT T + b

1 *
boser o (I (1) — T (25))*.

with C}/ ., > 0 only depending on d, Brv, ||yl , |45 |lpy s €2: €6, Cq,wi. Moreover, the constant C, depends
Only on da BTV7 ||yHlL ) ||/’[’Z||TV €2, 567 C’T’w*'
D.3 Upper bound on the optimality gap
Let g € MT(X) such that ||p||py < Bry. We aim to upper bound Jw (1) — Jw (1) Recall that (see (5))
* 1 2
T = i () = [ Th w5 %= 0 (50)
| S —
) B

Control of A: Remark that Jy: < £+ ||l oy + ||yl (Lemma A.4). As J). (z7) = 0 and VJ,. (27) = 0 (see
(40)), using a Taylor expansion we have

A= / T () dpz) + / T (@) du), (51)
jZl Xpear(,r) 'uw Xfar( ) /U'w
2 1
= Z/ / (1= 9z —a(y)” <H”\If6wmum<y)7 Upg, — y> Yar—a(y) dy dp(z) +/ I (@) dp(z)
o ager ) Jo ; L .

1 * : * * ar

< 5 VBa(lul + Intlle) Y [ oy 20 ) Q@) + (4 i+ W),
j=1v%; "

b,

" w1

2

g;/2;yw]*. —x (0)

11 s
Sz lyllsli ey > (W(Xnear(r))bxﬂjbmj +/
J

G(Xper (1)) >0 )

+ (X (r)
(52)
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where we used Equations (47) and (48) to get the last inequality.
Control of B: We also have

]' * 1 * *
B=3 (Wp, W — p))y, — 3 (Ul U(p — pl))y

1 7 * * * 7 *
=5 5 (R A = 1200 + [ V)T, i = )01
j

1 ! . .
+5 /X ( )/X/ (1 = 9w () HE Ko (Vaz -2 (), #')es -0 (y) dy d(p — p) (2) du(x)
— Jaweseiry S o

Eq
1 N
b5 [ Kuomla) e - ) duo),
Xfar(r) X

Eo

772%2( K(a},a}) + VoK (x],xl)TEIi)

i

+§ZZ(bwiv1f< 5 a) by, + 0 VoV K (a8, @ z)Tbe>

+= ZZ’%/

Xuemr (,r)

1
/ (1- y)'.ya:i*%w (y)THQQKnorm (x;, Yar—a! (y))’waﬁw (y)dy dM(x/>

Es

FE [y o )t

1 . .
+ 5 Z Z / xmens(r) / 1- :1:] Kr(ll)%l)'n( ;7 fo—)z’ (y))[’y‘rfﬁx (:l/), lyxfﬁz (y)] dy dﬂ(x/)
J g

Es
+1 Z / VKo (@,2) s, du()
Eg
+ El + E2 9
Lo~
= SV Tb+ By + By + By + By + Bs + B, (53)

where T is defined by (9). Using controls from Lemma A.1 and (38), we get

1 ar *
Z|E|< VB |8 I>> / 2 du(e) + (X)) 0G0 — )l
B
ENIDY / (et dula) + G a(X) A
312 7 N2 ’ B far T
gy TP )+ A ) T [,
J
1
Sdeacy s (Jwn) = Jwln ))3/2+f(JW() Jw (1)) Z|bw|+ |l |
1 N
Siency g (I () — T ) g () — mew))HbHQ. (54)
As T>C 1, we have H H CLETTI; So

ITAT 1 * 1 * 7|12
B Stepicpupr 07 Th 4 — () = Jw (W) + — () = Jw () + |8

S 1 1
Saenchpr 0y VL0 —5 (Tw (1) = Jw () + 5 (Jw () = Jw (u2))* (55)
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Conclusion for the upper bound: Assembling (50), (52) and (55), we get

~ 2
by
Jw (1) = Iw (B5) Shully s o sdieaschp* O / %c «52(0) — ————— || du(x)
L TV 0 i H(X“%T(v))>0 xpen (r) M(Xj (’I“)) 5
| 1. (o 0 ) 56
p(XE () + =" | T+ b (56)
K

0 diag(]].u(xpear(7.))>0Wﬁj)j:17m7p*

U ) = T )+ — ) = Jw (12)°.

Bound on HBH : We revisit the bound on Jyy (1) — Jw (1) Remark that A > 0, because n* < 1 (implying that
2

. 12
Jus > 0). Recall also that b Tb > Cy HbH2 Hence, using (50), (53) and (54), we get

v

T () — w2 > 50 [ - SIE.
k=1

Y

L [~ e (s = 2+ L)~ w1,

with ¢, denoting a positive constant depending only on a. It comes that
Cd, 2 1
50 ([, ~ 22 i) = A2 )) ) o) = ) + g i) = I )
165,
€0» *
t3 - KQOZ (Jw () — Jw (1))?
If p is such that Jy (p) — Jw (1)) < K214, we get
112
2], Sacncrrcn Jw () = (). (57)

D.4 Assembling the bounds

Choice of J: We recall Equations (49), (56) and (57). We deduce that there exists 0 < J§ < 1 small enough,
depending on C}/ ... d,e2,€0, 0%, Oy, ||yl » |5 || pys such that if Jy (1) — Jw (pf) < J§k?r?, then it holds that

0 0

GH Za{),sz,CT,w* H2T4M(Xfar(r)) + ET T + ~ b
0 diag(]l#(x;mar(r)»omﬂ'j)jzl,m’p*
LD DI BN F=iC E RO by dute)
R MEG))

(X (1)) >0
- l/gwerKQ 4(JW( ) JW(IJ’:)))z

(where C})J,, ... depends on d, Brv, ||yl , |45 |ty » €2, €0, Cq» wy) together with

lower
8 2
Iw (1) = Jw (15) Siyl sl doezchp O > / 0./ *40;4(0) - W du(z)
3, #(Xrlear ’l") >O chdr(r) © J 2
f Lo [ 2, |0 ’ b
(X () + 5 [ T+ b.

0 diag(Ly(xpes(r)>0 s )=t

This implies the existence of Ry > 0 depending on ||y||., ||p% || v - d, €2, sé,p*, C4,w, such that
Glt > RE)/"{Q?A(JW(,U’) - JW(IU‘:))) - CEQ,E&,CT,UJ* Cl,gwer KQ 4 (‘]W( ) JW(M:}))2 .
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Hence there exists J§ > 0 depending on Jj, C}”

/ / 3
lower? 507 €2, C’fa Wi and RO > 0 dependlng on ||y||]Lv ||/u’:)||TV3 da
€2, €0, p*, Cy, wy, such that

Tw () = Tw(u) < Tps'r® = Gy > Ryw®r (Jw () — Jw (u3))

Tracking dependence on parameters: We recall the definition of the constant factors, and the choice of r made

; ol

and r{ .. depending on d, X, X, 7, u¥, n*. The constant J) > 0 depends on p*, d, X, ||ublj||Tv, Nyl sl

max

in Appendix D.2: 7 = min{C, &, 7., } with C. > 0 depending on d, ||yl |15l rvs €2, €6, Cys wer X, |1
€2, €, Cg, wi. We denote Ry = R{min{r/ ., C,}*. This constant depends on X, X, T, s s 1yl H/‘a{)HTv'
(Remark that n*, u%, contain the dependence on Cy, €p, €2, Wy, p*, || |1y, and that X contains the dependence
on d.) We also define Jy := Jj min{r}, .., C,.}5. It also depends on X, X, 7, u%, n*, v/, H/J,i)HTV.

max?

If u satisfies Jy (1) — Jw (1) < Jok'?, then

Gy = Ror®(Jw (1) — Jw (1)) - (58)

D.5 Exponential convergence
If pul verifies
Jw () = Jw (u) < Jor'?, (59)

we retrieve the result of [Chizat, 2022, Corollary 3.5]. First note that ||uf < Brpy for all £ > 1 (Lemma
A3).
Then, as k € N* — Jy (u*) is decreasing, it also holds that Jy (u) — Jw (uf) < Jok'? and we get

v

T () = Jw (1) < —%min{a,,@’}G% < —%min{a’ﬁ}ROKG(JW(MfZ) = Jw (1)) »

where we used (58). Note that the contraction factor is automatically admissible: writing ¢ = % min{a, 8} Rok"
and gy = Jw (uF) — Jw(us), the above reads gpr1 < (1 — ¢)gg, while gpr1 > 0 since p, minimizes Jy over
M(X)*. Hence ¢ < 1 as soon as g > 0, so that 1 —c € [0,1) and the geometric bound below is never vacuous.
So for k > 1,

1 k—1
T (i) — T (1) < (1 - min{a,ﬁ}RoKz6> (o () = T () - (60)

Remark D.1 (Refining the dependence on x). To obtain the lower bound for G, we used several times the
inequality (a + b)> > 1a? — b?. A parameterized version of this inequality holds: for § € (0,1), (a + b)* >
(1—96)a® — 1%%2. By optimizing § where we use this inequality, we can improve both the condition on the
initialization and the convergence rate. Specifically, this allows one to reduce the exponent associated with &
in Equations (59) and (60).

We do not present this approach here in order to keep the exposition simple, since it would require choosing
based on results given later in the proof.

E Proof of Theorem 3.2

This proof relies on calculations established in a previous work [Giard et al., 2025]. More precisely, we import
results from the following parts: Lemma K.1, Theorem 5.1, Theorem 6.1, Proposition K.1 and its proof, Lemma
K.4, Proposition 1.1 and its proof.

Non degeneracy of the statistical target We suppose that y = W +b, where b € L and u0, := ijl w?ézo,
J

with w? > 0 and x? S /'E', and s > 2.

We then use [Giard et al., 2025, Lemma K.1]. If the minimal distance between the particles of 2 is
sufficiently large, i.e. if min; d(z3,27) > A where A; depends on d, Umin, tmax, 7, § (see [Giard et al., 2025,
Theorem 5.1] for the precise value of A, ), then ul satisfies the NDSC.

We can apply [Giard et al., 2025, Theorem 6.1]: there exists ko > 0 (depending on X, 7,ul), 70 > 0
(depending on d) such that for all 0 < x < k¢ and if ||b]|;, < ok, then the solution p; is unique and s-sparse:
ply = 35— Wi gy with wi >0 (i.e. p* = s).

Non degeneracy of the solution Under these assumptions, the proof of [Giard et al., 2025, Proposition
K.1] shows that n* verifies items 1,2,3,4 of Assumption 1 with g2 = 0.06158.
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Control of the solution We have w, = min;w; > 0 (¢f. [Giard et al., 2025, Lemma K. 4]) This minimum
weight depends a priori on the problem (P,). We can obtain finer results with [Glard et al., 2025, Theorem 6.1]
It comes that for 1 < j < s,

|w —wi| Swpo,r £ and (Y T3, 0%) Sapuor K-

K 18 chosen sufficiently small, and i e noise is small w.r.t. x, we have w* = min; w} close to min,; w;,an
If h i tly 11, and if th 11 t. K, h * j j* 1 t j ?, d

z close to x? and in particular, z} € X. This provides a condition ensuring that the statement regarding the
location of the solution in Assumption 1 is satisfied. More explicitly, there exists C!. depending on X, X7, ul

such that if £ < min{xko, C};} and ||bl|, < yok, then min; wy > %minj w;-’, and for all j € {1,...,s}, 2} € X.
Positive definiteness of T We know that

(Knorm(x?amo))j,i:1,“.,s (VQKnorm(x xO) giol/z)j,i:L..‘,s

x’t

( 71/2V1Knorm(x xo))j,izl,“.,s (9;91/2V1V2Knorm( )9 01/ )j,i:l,...,s
T J

is positive definite, from the Separation assumptions made to obtain the NDSC. We refer to the proof of [Giard
et al., 2025, Proposition 1.1]: To =
As the minimal eigenvalue of TO is continuous in the parameters {x and as T is the matrix built from

the same expression at the pomts {x

Jl’

#_,, it suffices for each z} to be sufficiently close to z¥ for the minimal

eigenvalue of T to remain above 7- In particular, there exists 0 < C; < min{C,, s} depending on X, X, T, ul
such that if 0 < x < C,; and |||, < Yok, then T > 11

F Proof of the bound on the optimality gap

We prove the result stated by (18) in the Discussion section (Section 5).
Let p* be the minimizer of Jiy on M(X)". Let u € M(X)*. We want to give an upper bound on
Jw (1) — Jw () that does not depend on p%, but that is still more informative than the value of Jy at point

73
Let a > 0 such that inf,ex a(J, () — k) > —k. Let h = a(¥u —y). As pf, is nonnegative, it holds that

— (b W) — k| gy < 0. (61)

Furthermore, as 4, is a minimizer, the KKT conditions hold and in particular [, J 1x dug = 0, which can be
rewritten as

(Opl, O, = y)y, + 6 [pGllpy = 0.
Using (61), it follows that (g, Upr —y), < (h, Up), implying that ||@us || < ||k + y||;. Hence
* 1 * (|12 1 2 * * *
Jw () = Jw (i) = Jw () + 518Gl = 5 IWIL = (Yul, Yug =) = wllegley

Loz 1, o

= Jw () + 5 1PuillE = 5 1Yl
1 s 1, 9

< Jw () + 5 b +yl =5 Iyl
L2

= Jw () + 5 lIpll + (b y)y

Since
JL(x) =(Up—y, W)y +6=>—[Yp—yll,+r VzeX,

the condition on « is always satisfied by choosing o = W
L»
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