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Abstract

For the Kostlan-Shub-Smale field X of degree k > 3 on the sphere S*~!, we prove the two-sided
bound (1—e(u)) 0x(u) < P{sup X > u} < d.(u) at every finite (k, d), where d, (u) is the expected number
of critical points above u, halved when k is even, and e(u) is explicit for pu > min{d — 1, %\/Z(d -1}
The gap is therefore at most of order e~ (1+2)v*/2 with p2 = k/(2(k—1)). We also give 8, itself in closed
form, as a finite sum of Hermite polynomials, together with a two-term envelope that is asymptotically
sharp and a single-monomial relaxation of the form Cud=2e=%*/2_ As an application we bracket the
annealed complexity of the spherical k-spin Hamiltonian at every finite (k,d): the upper bound holds
at every energy, a lower bound of the same form at every energy above 9/4 times the spectral edge
\/2(d —1)/p, above twice the edge when d > 10, and is consistent with the Auffinger Ben Arous-Cerny
complexity function as d — co.
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1 Introduction

Let X be the Kostlan-Shub-Smale (KSS) field of degree k& > 3 on the unit sphere S¥~1 ¢ R4, d > 3:
the centered Gaussian field with covariance E[X (s)X ()] = (s, t)*. It is the canonical isotropic Gaussian
homogeneous polynomial of degree k, the Hamiltonian of the spherical k-spin model up to normalization,
and the noise part of the spiked tensor model; its paths are polynomials. This paper is about one quantity,
P{supga-1 X > u}, and about how well the Kac-Rice first moment describes it at finite (k,d).

Two things are proved. The first is that the Kac-Rice bound is not only an upper bound but a two-
sided one, with an explicit error: Theorem 1.1 brackets the supremum probability between (1 —e(u)) 04 (u)
and d,(u), where 0. (u) is the expected number of critical points above u (halved for k even) and e(u) is
explicit at every finite (k, d). The second is that 0, itself is computable: it has a closed form as a finite sum
of Hermite polynomials (Theorem 2.4), together with two explicit relaxations (Theorems 2.7 and 2.10)
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that trade tightness for a form one can invert. Section 5 applies both to the annealed complexity of the
spherical k-spin Hamiltonian.

The point of the bracket is that it turns a bound into an approximation. Without it, an explicit upper
bound on a tail can always be suspected of being loose by an unknown factor, and there is no baseline
against which to judge it. Here the baseline is d, itself, and the bracket says the first moment is right to
within e(u), which decays like e=?"%*/2 with p? = k/(2(k — 1)).

1.1 The Kac—Rice integral and the conditional Hessian

Throughout, p := +/k/(2(k — 1)) and ¢? := 1/p* = 2(k — 1)/k; ® and ¢ are the standard Gaussian
distribution function and density, ® := 1 — ®; Apax is the largest eigenvalue of a symmetric matrix, |G|
the operator norm of a matrix G, and |Y||, := (E|Y|?)"/? for a random variable Y N[ipoo)(F) and

Nlm
u,00
ar[gument being omitted when F' = X. The Gaussian Orthogonal Ensemble of size n, GOE(n), is the law of
a real symmetric n x n random matrix G' = (G};) whose entries are jointly Gaussian, centered, independent
up to symmetry, with the normalization Var(Gy) = 1 and Var(Gy;) = 1/2 for i # j; equivalently, the
density on the space of real symmetric matrices is proportional to exp(—tr(G?)/2) and the law is invariant
under conjugation by any orthogonal matrix [14].
Fix t € S*! and an orthonormal basis (€a)a<d—1 of t+ = T;S% 1. Differentiating (s, t)k, the covariant

derivatives of X at ¢ satisfy

)(F) count the critical points and the local maxima of a smooth function F' with value > w, the

Cov (0. X (1), 0 X (1)) = kb, Cov(X (1), VX(t)) =0, Cov(VX(t), V2X(t) =0,
COV(X (t)v vsz(t)) = _k(sab’ COV(V?LbX(t), vng(t)) = k(k - 1)(5a05bd + 5ad5bc) + kzdabécd'

Hence the matrix

G V2X () +kX(t) Iy
o 2k(k — 1)

is independent of (X (¢), VX (t)), the gradient VX (¢) ~ N(0, kI 1) is independent of (X (¢), V2X (¢)), and
conditionally on {X(t) =z, VX(t) = 0},

~ GOE(d — 1) (1.1a)

VX (t) = /2k(k —1) (G — px Is_1), (1.1b)

since \/2k(k — 1) p = k; this is the conditional law of Auffinger et al. 2, Lemma 3.2(b)]. The critical
point t is a nondegenerate local maximum if and only if A\pax(G) < px. The Kac—Rice formula for the
critical points of X [1, Theorem 6.1], with pyx ) (0) = (2rk)~(@=1/2 and (1.1b), gives

6exact(u) = EN[ZI?OO) = Ck,d/ A(p.’E) (,0($) dz,
b o (1.1c)

d—1
2,

k—-1N5 27w
A(v) = E| det(G — vl _ Cra = Vols™) () * = k-1
(v) ‘ et( Vig 1)}7 k.d ol( ) T F(d/Q)( )
an equality for the expected number of critical points above u, which Theorem 2.4 computes in closed
form. For k even, X (—s) = X (s) and the critical points come in antipodal pairs. Since the maximum of X

over the compact S?~! is attained at a critical point, 1{sup X > u} < N, [Cu poo), and taking expectations

]P’{ ;;1_12 X > u} < di(u) = 3_,_(2_1)1: Jexact (1) - (1.1d)

The bound is loose by the critical points above u that are not the global maximum, saddle points and
beaten local maxima alike; Theorem 1.1 shows that this slack is a factor e(u) = O(ud=2e=7"4*/2). The
bound (1.1d) is sharp at second order. For a Gaussian field of constant variance on a parameter set with



bounded curvature, Azais and Wschebor [5, Theorem 8.12] prove that the Rice bound on the density of the
maximum exceeds that density by at most exp(—(1+7)u?/2+ o(u?)), with v > 0 given by the conditional
variance of the field at two points (and a boundary term, absent here). The scale dexact is therefore the
right one for the supremum probability as u — oo; the constants of that theorem are asymptotic in the
level, and Theorem 1.1 gives the matching lower bound at finite (k,d) by another route.

Section 2 evaluates dexact in closed form for every u (Theorem 2.4) and gives opmr > Oexact OD [UnME, 00),

with upvr := vV2d — 1/p, and dsmrF > OpvE on [USMF, OO) (PrOpOSitiOn 2.12).

Asymptotic baseline as u — oo, with d fixed. Replacing A(pz) in (1.1c) by its leading mono-
mial (px)?~! gives, by Lemma B.2, the asymptotic equivalent

ba() = Y2 (k

2
T(d/2) 2> w272 Seen(u) ~ pi(u) as u— oo with d fixed. (1.2)

This is the optimal tail rate against which the non-asymptotic bounds are measured; dy,) is not itself an
upper bound on Jexact, only the asymptotic equivalent.

Constants. The constants ag4, 84 and the functions ®4, U4 of Table 1 are defined in (2.10c), (2.10a) and
(2.7b)—(2.7c); all are explicit at finite (k,d).

Method Validity range Closed-form expression
1
2 (k\ = }
Baseline (not a bound) u — oo, d fixed  dpi(u) = F(\r;Q) <§> ul=2e=v"/2
Jexact (canonical) u € R (exact) Jexact(u) = 2(k — 1)% [D1(u) + Da(u) + Ds(u) + Da(u)], finite Hermite sum (Thm. 2.4)
Simp U > UMF omvr(u) = 2(k — 1)% (ad D4(p, ) ev/2 Uy(p,u) e*(1+02)u2/2)
OSMF U > USMF (5SMF(U) = 404d(2k)%ud7267"2/2 + Qdﬁd(k — 1)%11,2‘173673“2/4

Table 1: The Kac—Rice integral dexact(u) in closed form and its two explicit non-asymptotic relaxations,
with the asymptotic baseline dp) in the first row, which is the equivalent dexact ~ p1 as u — oo at fixed d
and not an upper bound. The exact form dexact is the Kac—Rice integral itself, evaluated in closed form
for every u; the threshold uprp marks the range on which fexact < d0pvr. The constants ag, 8g and the
functions ®4, U, are defined in (2.10c), (2.10a) and (2.7b)—(2.7c).

1.2 The main result

For t € S%~!, let G be the matrix (1.1a) and ¢! the helix process of Section 3, the normalized residual of
the regression of X on (X (t), VX (t)), defined on M = S9=1\ {#t}; put

E(x) := EU det(pzl — G)| P(S]l\14p (>u ‘ G)}, (1.3)

which does not depend on ¢ by rotational invariance. Lemma 3.1 and Proposition 3.2 are stated for k odd;
Sections 3.1 to 4.4 hold for both parities, and Section 4.5 treats k even.



Theorem 1.1 (Non-asymptotic second-order bracket). Let k >3 and d > 3. For every u > 0,

E(z)
— < < =
(1 e(u)) 6. (u) < ]P’{ sup X >u} < Gw), e(w)i=sup s € [0.1)
with 2 as in (1.3), and for pu > d —1
1+ pu)dfl _ 2.2
< (%P ( pru/2
E(U) — k7d pu € )

d—1 ) ) k3 92k (.1 (d—2)/2

(e ) e - (PG wy

d* )
r(5)
¢, = 43 for k odd, L = % for k even.

Remark 1.2. For 3/2(d — 1) < pu < d — 1, a non-empty range when d > 6, the bound (1.4) holds with
the factor 4 of CF°F replaced by 12 (%)(dfl)/ 2,

Hence 0, (u) —P{sup X > u} decays at least like e~ (P2 yith 14 p% = 1+k/(2(k—1)) the second-
order exponent given by Azais and Wschebor [5, Theorem 8.12], here with explicit finite-u constants.

Strategy. The first half of the proof (Lemma 3.1 to Corollary 3.3) writes the gap as the expected
number of critical points above u that are beaten by a larger value of X. Conditionally on X(t) = =
and VX (t) = 0, the field at polar angle # from t is X (s) = cos® .z 4 (1 — cos® #) ¢*(s), where ¢ is the
helixz process, the normalized residual of the regression of X on (X (t), VX(t)); so t is beaten if and only
if sup¢" > , the gap equals Cyq [° E(2)¢(z) dz with Z(z) = E[|det(pz] — G)|P(sup¢* > z | G)], and
Holder’s inequality with the exponent p = p2a? separates the weight, an LP norm of the GOE controlled
by the Gaussian tail of ||G||, from the tail of sup ¢?, whose power 1 —1/p costs only a constant because the
fiber value ¢Amax(G) alone gives the lower bound P{sup ¢’ > 2} > ®(pz). The second half (Sections 3.1
to 4.4) bounds that tail by the Rice formula. The helix process is a finite sum of independent KSS fields
of lower degree on the equatorial sphere, the layers, with weights depending only on #; its variance is at
most ¢2, with equality only at the pole, where it reduces to sv ' Gv. Its supremum is attained at an interior
local maximum, never on the pole fibers, so P{sup ¢! > z} is at most the expected number of local maxima
above z. In the Kac—Rice integral for that number, the Gaussian density at polar angle 6 has exponent at
least y2/(2¢2), and the diagonal of the conditional Hessian consists of independent Gaussian variables, so
Hadamard’s inequality bounds the integrand by a product of one-dimensional moments; bounds uniform

in 0 give C,I:idce. Section 4.5 assembles the theorem.

1.3 Related work

The Kostlan—Shub—Smale field was introduced by Shub and Smale [16] and Kostlan [10] for the roots of
random polynomial systems; its covariance (s,¢)* is that of the noise in the spiked tensor model. The
Kac-Rice framework for the extrema of smooth Gaussian fields is that of Azais and Wschebor [5]. The
second-order term of the tail of the maximum, the object of Theorem 1.1, goes back to Azais and Wschebor
[3] and Azais and Wschebor [4], and to Taylor et al. [20] by the Euler characteristic route. The conditional
law of the Hessian at a critical point, a shifted GOE, is Lemma 3.2(b) of Auffinger et al. [2], whose
Theorems 2.1 and 2.2 are the exact Kac-Rice counts (Proposition 2.3 and Remark 5.3 below) and whose
Theorems 2.5, 2.8 and 2.17 give their large-d asymptotics above and below the spectral edge; Theorem 5.1
is the finite-(k, d) counterpart of their Theorems 2.5 and 2.8 above the edge, with the same conditional law
as input and the Mehta—Fyodorov evaluation of the expected absolute determinant [14, 9] in place of the
large deviations. The connection with spherical spin glasses runs through the p-spin Hamiltonian, whose
landscape is studied by Fyodorov [9] and Auffinger et al. [2], and for the spiked model by Ben Arous et al.



[7]. Sharpening the Kac—Rice integral uses the orthogonal-polynomial expansion of the GOE eigenvalue
density [14] and Szegd’s bounds on the zeros of Hermite polynomials [19]. On the statistical side, sup X is
the injective norm of the noise tensor: in the normalization of Perry et al. [15] its limit is their ug, and the
detection threshold for the spherical prior sits at A < y/dlogk in our variables. The statistical questions
attached to the same field are treated in a separate paper and are not used here. The Bayes-optimal side
of the same model, the asymptotic mutual information and minimum mean square error of Lesieur et al.
[12], is the natural target of a finite-(k, d) bracket for the spiked field; the present paper does not go there,
since it never uses the spike.

2 Exact and asymptotically sharp first-order bounds

This section gives the Kac—Rice integral dexact 0f (1.1c¢) in closed form and two explicit relaxations,
tightest first: the exact form Jexact of Theorem 2.4, its relaxation dpr of Theorem 2.7, and the single-
monomial dgyp of Theorem 2.10. They are nested: dexact < Ovp on [upyr, 00) (Theorem 2.4) and
dmvr < dsmr on [ugmr, 00) (Proposition 2.12). Throughout, dexact is an equality for IEN[(; I?OO) and an upper

bound for P{sup X > u} by (1.1d).

2.1 Mehta—Fyodorov representation (MF)

The Mehta—Fyodorov representation uses two identities: Fyodorov’s formula (Lemma 2.1), which writes the
expected absolute characteristic polynomial of a (d — 1)-GOE at level v through the one-point eigenvalue
density of a one-size-larger d-GOE, and Mehta’s Hermite expansion of that density (Lemma 2.2); together
they give an exact closed algebraic form of the Kac—Rice integrand.

Lemma 2.1 (Fyodorov’s formula [9]). For every v € R,

AW) = E|det(G — vIsy)| = 22F((dj 2/2) 6., (2.1)

where Qq(v) = ¢”*/2q4(v) and qq is the eigenvalue intensity (one-point correlation function) of a d x d
GOE matriz: q4(v)dv is the expected number of eigenvalues in dv, so that [ qq(v)dv = d.

The identity expresses the expected absolute characteristic polynomial of the (d — 1) x (d — 1) GOE
through the one-point function of the one-size-larger d x d GOE; see Fyodorov [9].

Lemma 2.2 (Mehta expansion [14, p. 221]). With ¢; := (27j!\/7)"Y/% and H; the j-th physicist Hermite
polynomial,

1 /d . Hy1(v) | 2 S
Qa(v) = 5\/5 ca1ca Hia(v) (11a — 2Z5(v)] + 1{d odd}ﬁ+e > G H(v), (2.2)
_ =

where -
2 c 2
i :—/RHm(y)e Ry, I§(v) r—/ Hy(y)e ¥/ dy.

By parity, g, = 0 whenever m is odd. For d even the indicator term is absent and the bracket keeps
both of its parts. For d odd the constant ;14 vanishes, so the bracket reduces to —2Z3(v) and the term
Hg_1(v)/pa—1 is present; the subtractive part —2Z5(v)Hg—1(v) survives in both parities, and it is the part
discarded by the IMF bound.

The combination of Lemmas 2.1 and 2.2 produces an exact integral representation of the Kac—Rice
probability bound. Fyodorov’s formula (2.1) gives the expected absolute characteristic polynomial as a
constant multiple of Q4(px), and Mehta’s expansion (2.2) supplies an explicit formula for Q4. Substituting



into (1.1c) therefore yields an integrand of the form Qg(pz) e=/2; 4 polynomial-and-Hermite quantity

weighted by the original Kac—Rice Gaussian, with no further exponential factor entering the integrand.
Fyodorov’s identity is already stated in the natural variable @4, so the eigenvalue intensity q; = e=v?/ 2Qq
never appears in the substitution: the Gaussian envelope that would otherwise be carried by ¢, is absorbed
into the definition of Q)4. This algebraic identity is what the IMF and SMF bounds of Sections 2.3 and 2.4
rest on. We state this in the following proposition.

Proposition 2.3 (Exact MF representation). For every u € R,

[e.e]

]P’{ sup X > u} < Jexact(u) = 2(k — 1)’151/ Qa(px) e "2 dy . (2.3)
Sd-1 u

Proof of Proposition 2.5. e Starting from (1.1c), Lemma 2.1 evaluated at the shifted argument v = pz

gives an exact expression for the expected absolute determinant directly in terms of Qg:

25T((d + 2)/2)

Alpz) = y

Qd(px) > (24)
where Qq(v) = ¢*/2¢4(v) is the unweighted polynomial part of the eigenvalue intensity (one-point corre-
lation function) of a d x d GOE matrix.

e We multiply this expression by the standard Gaussian density ¢(z) = (27)
the interval [u, 00) to match the Kac-Rice integral:

2 .
—1/2¢=2%/2 and integrate over

o0 _22T((d+2)/2)
/u Alpz) p(x) dz = W

We can simplify the constant prefactor using the Gamma function identity I'((d + 2)/2) = (d/2)I'(d/2):

2T((d+2)/2) _ 22 (d/2T(d/2) _ T(d/2)

dv2r B dV2\/7 NG
Finally, with Cj g = 2/7(k — 1)%/I’(d/2) from (1.1c), the I'(d/2) and /7 terms cancel:

/ Qal(px) e 2 dz .

d—1
I'(d/2) 2ym(k—=1)"=2 \ I'(d/2) a—1
Cra= 7= ( 1(d/2) NG (k=1)=
This yields the exact representation (2.3). O

2.2 Strictly exact Mehta—Fyodorov tail bound

Substituting the full Mehta expansion (2.2) into Proposition 2.3 produces the four-piece decomposition

/ h Qalpz) e **/2dz = Di(u) + Da(u) + Ds(u) + Dy(u), (2.52)
where, with v = pz and A :=2p?> —1=1/(k — 1),
Di(u) = 3+/d/2cq_1¢q4 pta La(u), (zero for d odd, since pqg = 0),
Dy(u) = —/d/2c4-1c4Cq(u), (cross integral Cq defined in (2.5b)),
Ds(u) = 1{dodd} u;', La(u), (zero for d even),
Dy(u) = T (v) (squared-Hermite tail of (A.1)),

with Lg(u) := [° Hy_1(px) e **/2dz and the cross integral
Ci(u) = / Hy 1(px) Z5(px) e 2 dy . (2.5b)

6



Theorem 2.4 (Strictly exact MF tail bound). For every u € R,

IP’{ sup X > u} < dexact(u) = 2(k — 1)% [D1(uw) + Do(u) + D3(u) + Da(u)], (2.6a)

gd—1
where each D; is given in fully closed form by:

(D1, D3) the linear Hermite tail Lq(u) admits the closed form

1 2
Latw) = - 1% (ou) (2.6b)

with Jp, given by Lemma B.4;

(D4) the squared Hermite tail TS (u) = p~! Z‘jté c? K]B(pu) of (A.1), with B = (3k — 2)/k and K]ﬂ
giwen by Corollary B.5;

(D2) the cross integral Cq(u) admits the two-piece closed form

[(d—1)/2] ol+1 ( d—20—1

1 d—1)! (d—l)(d—%—l) 5
Calu) = - _ 2P pl J. U
alu) p KZ:; (d—2¢—1)l ; Py D 2a-20-2-2p(PU)

+ 1{deven} 292 (d — D! Fy(u), (2.6¢)
where the Fubini remainder Fq(u) (only present for d even) reads

1/p? (d-2)/2

_ J U —2)!
Falu) = \/%@(pu)d‘lp(p) -2 Y (2A)€(d(_d2li)';)ujf_%_2(pu). (2.6d)
=0

Moreover, with uinvg, og, ®g and dpvr as in Proposition 2.6 and Theorem 2.7,

dexact(u) < Ofyr(u) < omvr(u) for every u > upvr,

where dfyp(u) == 2(k — 1)% [a®a(p, u)e_“Q/2 + Dy(u)].

Since 8 > 2, the sums of Lemma B.4 alternate. The quantity 2(k — 1)@—1)/2 Z?‘Zl D;(u) is the closed-
form evaluation of the Kac-Rice integral 2(k — 1)(@=1)/2 [.r Qa(pz)e*/2 dx of Proposition 2.3, that is of
Jexact (U) = }EN[ZEOO) in (1.1c); the inequality (2.6a) for P{sup X > u} is (1.1d). Both readings are used
below: the second in Sections 3 to 4.5, where the upper bound is matched by a lower one, and the first
in Section 5, where the count is the annealed complexity. For k even, X(—s) = X(s) and the critical
points come in antipodal pairs, so Proposition 4.10 halves every bound of this section on P{sup X > u};

the bounds on EN, [Cu ») are unchanged.

Proof. Deferred to Appendix A. O

Figure 1 compares the three bounds of Table 1 with the baseline at (k,d) = (3,5) and (4, 6); the figure
is produced by the notebook of github.com/ydecastro/TENSOR-KSS.

2.3 Improved Mehta—Fyodorov bound (IMF)

Inspecting the Mehta expansion (2.2), one sees that the coefficient of the Hermite polynomial Hy_1(v) is
the bracket [11q — 2Z5(v)], where Z§(v) := [*° Hy(y)e ¥’ /2 dy is a Hermite tail integral. If a regime can be
identified in which Zj(v) is strictly positive, the subtractive contribution —2Z3(v)Hg_1(v) to Qg is strictly
negative (since Hg_1(v) > 0 in the same regime), and discarding it yields a strict upper bound on the
Kac—Rice integral.
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Figure 1: The bounds dexact (Theorem 2.4), épyp (Theorem 2.7) and dgymp (Theorem 2.10), and the
asymptotic baseline dy, of Table 1, which is not a bound, on logarithmic scale against the level u, for
(k,d) = (3,5) (left) and (4,6) (right). The dotted vertical lines mark the validity thresholds unr and
usmMr; each curve is drawn on the whole window. At this scale dpyr is indistinguishable from deyxact, the
ratio being 1.014 at u = 12 for (3,5) and 1.032 for (4,6); dy) tracks dexact from above, the ratio dexact/dp1
being 0.993 at u = 12 for (3,5) and 0.976 for (4,6); dsmr sits above dexact by the factor 2 of its main term
at (3,5), a ratio of 2.02 at u = 12, and by its remainder term u2d—3¢3u/4 gt (4,6), a ratio of about 91
at u = 12. The inset zooms on u € [11, 14].

Pinpointing this regime reduces to locating the largest root of Hy_1: beyond it, Hq_1(v) is positive,
and by a root-interlacing argument Zj(v) is too. Hence the threshold is set by the largest root of Hy_.
Szeg@’s classical estimate [19, Theorem 6.32] locates this largest root strictly below v/2d — 1, so that the
relevant regime is v > v/2d — 1, which translates into the threshold pu > v/2d — 1 in the Kac—Rice integral.

Lemma 2.5 (Positivity of the Hermite tail integral). Let d > 3 and let .%gm) denote the largest root of the

(physicist) Hermite polynomial H,,. For every v > :cgd_l), the tail integral ZG(v) is strictly positive.

Proof of Lemma 2.5. @ We apply the explicit finite series expansion from Lemma B.3 (specifically Equa-
tion (B.2)) with degree m = d. This yields:

L(d—-1)/2]

. d—1)!
To) = Y zf+1(d(_%_)1),,ﬂd_%_1<u> Ry(w),
> i

where the remainder term guarantees Ry(v) > 0.
e The roots of consecutive orthogonal polynomials interlace [19, Theorem 3.3.2|; in particular, the largest

root xgm) of H,, is strictly increasing in the degree m. Therefore, for every ¢ > 1, we have the strict
inequality:

xgd—%—l) < xgd—n.
(dfl), the leading polynomial (¢ = 0) satisfies Hy—1(v) > 0. For

all subsequent lower-degree polynomials (¢ > 1; there is at least one since d > 3), since v > :ngfl) >

x%di%il), they evaluate to strictly positive values: Hy_9s—1(r) > 0. Because all the constant combinatorial
coefficients in the sum are strictly positive and R4(v) > 0, the entire expression evaluates to a strictly

positive number: Z3(v) > 0. O

When we evaluate the sum at any v > «



With the positivity of Z§ secured on {v > x(d 2

may then be discarded. The two remaining pieces (the linear Hermite tail fuoo Hd,l(pm)e*IQ/ 2dz and
the squared Hermite tail 3, ¢f [ ng(p:z)e_(1+p2)$2/2 dz) decay at different Gaussian rates, e=**/2 and
e~ (L+p?)u?/2 respectively. This two-scale structure is preserved in the proposition below; the SMF bound
of the next subsection collapses it to a single dominant scale. Analytically, we evaluate the linear tail by
iterating the three-term Hermite recurrence, and the squared tail by substituting the envelope H;(px) <
(2pz)’ of Lemma 2.8 into each squared term and invoking Lemma B.1.

}, the subtractive contribution in the Mehta expansion

Proposition 2.6 (Explicit IMF upper bound on Q). For every u > 0 such that pu > +/2d — 1,
o0
/ Qa(px) e 2dr < ay Dy(p,u) e w2 4 Uai(p,u) e~ (14p%)u?/2. (2.7a)
u

where ag is the dominant Mehta coefficient of Lemma 2.9, and the explicit polynomial-rational functions
are given, with A = 2p?> — 1, by

L(d—2)/2]

valp) = 3 2N OB eyt MM o0 g, ey
=0
2 d— (2 2ju2] 1
Valp,u) = (1+(;) Z 52 p_ TE (2.7¢c)

=1

Proof of Proposition 2.6. e By Szeg&’s bound, the largest root of Hy_; strictly satisfies xld <+V2d—

The proposition assumes pu > +/2d — 1, ensuring that pz > :cg D for all integration variables x > w. By

Lemma 2.5, this guarantees Z$(px) > 0 over the entire integration domain. Returning to the exact Mehta
expansion (2.2), the contribution of —2Z9(px)Hy—1(px) is therefore strictly negative. Discarding it yields
a strict upper bound:

/OO Qd(,oac)e_gcz/2 dz < agLy(u) + Si(u), (2.8)

where o is the dominant Mehta coefficient given by (2.10c), and the components are defined as:

Lq(u) 32/ Hy o (p)e™™ 1 du,
d—1 00 -
= ZCJQ/ Hf(p:v)e_(lﬂ’ )75/2 g
j=0 u

e We derive a generalized recurrence for J,, := flfo Hm(px)e_IQ/ 2dz. Applying the identity H,,(pz) =
2pxH—1(px) — 2(m — 1)H,—2(px) and evaluating the first term via integration by parts, we obtain:

Im = 2p Hp—1(pu) e /2 4 2A(m — 1) Jpy—2, where A = 2p% — 1,

where we used %[Hm,l(pw)e_xzﬂ] = 2p(m — 1)Hp_o(px)e /2 — zH,,_1(px)e~""/2. Unrolling this
recurrence for m = d — 1 produces a finite series of boundary evaluations. We bound each boundary
evaluation using Hy ¢ o(pu) < (2pu)?2=2 (Lemma 2.8). If d — 1 is even (i.e., d is odd), the recurrence
bottoms out with a Gaussian tail, which we bound using Mills’ ratio fuoo e 2y < ulemv/2, Factoring

—u?/2

out e yields exactly:

La(u) < Da(p,u)e /2,

where @, is the polynomial-rational function defined in (2.7b).



e For the squared component, we substitute the bound H,(pz) < (2px)’ of Lemma 2.8 directly into the
integral:

Sa(u) < 02-/ (2px)2je_(1+p2)12/2dx.

We evaluate each integral using Lemma B.1 with parameters a = 1 + p? and m = 2j; its closed form
applies since (2§ — 1)/u? < p? < a for pu > v/2d — 1. For the base case j = 0, we use the Mills bound
Ip(u;a) < (au)*le*a“z/2 of (B.1a). Factoring out the shared exponential weight e~(1+7)4*/2 Jeaves the
rational function W,4(p,u) defined in (2.7c), yielding:

Si(u) < Yy(p,u) e~ (IH+p"u?/2

e Substituting the bounds for £4(u) and Sg(u) back into (2.8) completes the proof:

/ Qd(Px)efo/de < ag®alp,u) e w2 4 Ua(p,u) e~ (1+pP)u?/2 O

Theorem 2.7 (IMF tail bound). For all u > upvr = vV2d — 1/p,

IP’{ sup X > u} < dmvr(u) = 2(k — 1)% (ad D4(p,u) e v/ 4 Ua(p,u) e_(1+p2)"2/2) .
Sd—1
Proof of Theorem 2.7. Apply Proposition 2.6 to the right-hand side of (2.3) and substitute the constant
prefactor 2(k — 1)% from Proposition 2.3. O

Sharpness of the IMF bound. Comparing the leading coefficients in Lemmas 2.1 and 2.9 with A(v) ~
v%1 (Lemma B.2) gives

ag = (V22Ir(d/2)) (2.9)
hence dmvp(u) ~ dp1(u) ~ dexact(u) as u — oo, which is the sense in which the bound is asymptotically
sharp.

2.4 Simplified Mehta—Fyodorov bound (SMF)

The SMF bound applies a second relaxation beyond IMF: the envelopes Hy_1(v) < (2v)%! and (v2+1)4~!
collapse @, and the squared Hermite sum to a single monomial main term ud—2e=u*/2 plus a faster e—3u?/4
remainder, at the cost of a uniform factor 2 in the leading constant. Beyond the level u}; the remainder is
dominated and the bound collapses to a single monomial (Corollary 2.11).

Lemma 2.8 (Hermite envelope). For every m > 2 and every x > xgm), 0 < Hpp(x) < (22)™.

Proof of Lemma 2.8. Write Hy,(x) = 2™ H;"zl(x—xgm)) For z > Jigm), every factor is strictly positive, so
Hp(x) > 0. For the upper bound, the inequality Hp,(x) < (22)™ is equivalent to J[72, (1 — argm)/m) < 1.
Taking logarithms,
. ) o (m)
Zlog(l—xg-m Jz) < —ij Jr =0,

j=1

Jj=1

where the strict inequality uses log(1 — t) < —t for ¢t # 0 and the equality uses the vanishing sum of
Hermite roots, which follows from the absence of the 2™~ term in H,, (). O
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Lemma 2.9 (Non-asymptotic decomposition of Qq). With ¢; as in Lemma 2.2, Sq := Z‘j;& c? 2J [%]2,
~ d
By = % and
2d — 2)! ~
Bq:=Sq+\/d/2cq 1¢cq ((d_l))' 24-1 B, (2.10a)
Qd(V) = ade,l(V) + Rd(V), (2.10]3)
with the dominant coefficient given by
Ly/d/2¢cq ¢ if d even,
oy = 12 /2¢ci-1capa if (2.100)
1 a1 if d odd,
and the remainder bound, for every v > 0,
IRa(v)] < Bg(V? + 1)L e/2, (2.10d)
Proof. Deferred to Appendix A. O

The decomposition (2.10b) translates into a non-asymptotic upper bound on the Kac—Rice integrand:

25T7((d + 2)/2)
d

2:T7((d + 2)/2)

Av) < y

oy (2y)d—1 + 55[ (V2 4 l)d_l e—y2/2 )

Inserting this inequality into the Kac—Rice integral (1.1c) and applying the Gaussian-type tail integrals of
Lemma B.1 (Appendix B.1) yields the SMF bound.

Theorem 2.10 (SMF tail bound). Let ugyp = 2v/d. For all u > uswmr,

P{ sup X > u} < dsmr(u) = 4ay (2]{:)% ul=2e=w/2 4 2l g, (k — 1)% 243 g=3u?/4 (2.11)

Sd—1

Proof of Theorem 2.10. e By Proposition 2.3, the excursion probability is bounded by the integral of the
Mehta function:

IP’{ sup X > u} < 2(k— 1)d21/ Qq(pr) e 2 dg .

Sd—1

Using the non-asymptotic decomposition from Lemma 2.9, we write Qg = agHg_1 + R4. This splits the
corresponding integral into two parts: Imnain + lrem-

e The main term integral evaluates the dominant Hermite polynomial. By hypothesis, u > usyp = 2vd

and p? > 1/2 (since k > 3). This ensures that pu > v/2d > v/2d — 1, meaning pz > azgd_l) for all

integration variables z > u. Applying the polynomial envelope from Lemma 2.8, we have 0 < Hy_1(px) <
(2px)?~1. Substituting this strictly positive bound into the main integral gives:

o0
Lnain < ozd(Qp)d_l/ g le /2 4y .
u

We evaluate this using Lemma B.1 with a = 1 and m = d—1. The required tail hypothesis (d—2)/u? < 1/2
holds safely for u > 2v/d, yielding:

Imain < 2ad(2p)d71ud7267u2/2'

e Using the remainder envelope (2.10d), the absolute value of the remainder integral is bounded by:
o 2),.2
‘Irem’ < ﬁd/ (p2x2 + l)d—le—(l—i-p )a?/2 der .
u

11



For the polynomial factor, we factor p2x2 out exactly:
(p2l‘2 + 1)d—1 — (p2$2)d—1 (1 + 1/(p2x2))d—1 — ,02(d_1) .’L'2(d_1) (1 + 1/(p2$2))d—1 )

Since p? > 1/2 (because k > 3) and z > u > 2v/d, we have p?z? > 2d > 1, so the correction factor
satisfies (1 4 1/(p%22))?* < 291, Combined with p < 1, which gives p?(¢~1) < 1, this yields (p?z® +
1)1 < 2d-1 22(4=1) " For the exponential factor, since k > 3, we know 1 4 p% > 3/2. Substituting these
simplifications gives:

[frem| < 277154 / TR s g

Applying Lemma B.1 with a = 3/2 and m = 2(d — 1) (its second particular case, valid for u > 2v/d), we
obtain:
Lrem| < 2d—1I8d u2d—3€—3u2/4‘

e We combine the bounded integrals and multiply by the global prefactor 2(k — 1)%. For the main term,

the identity (20)?1(k — 1)% = (2]{:)% consolidates the constants. Summing the two appropriately
scaled components yields the final bound:

IP’{ sup X > u} < 4ad(2k’)%ud_2@_“2/2 + 2984(k — 1)%u2d—3e—3u2/4. -
Sd—1

The two-term structure of dgyvr(u) reflects the two exponential scales inherited from the Mehta ex-
pansion: the e~¥*/2 scale of the linear Hermite tail, which matches the optimal Kac—Rice decay rate, and
the e~34"/4 scale of the squared Hermite tail relaxed through the (12 4 1)?~! envelope. Since the latter
is strictly faster, the remainder is asymptotically negligible and the bound collapses to its main term for
sufficiently large u. The following corollary pinpoints the explicit threshold u}; > ugyr beyond which this
collapse occurs, at the mild price of a factor of 2 in the leading prefactor.

Corollary 2.11 (Asymptotic single-term form). There exists an explicit threshold u}; > usmr, depending
only on (k,d), such that for every u > w} the remainder term in (2.11) is dominated by the main term, in
which case i ,

IP’{ sup X > u} < 8ag (2k) T w2 /2,

§d—1
Explicitly, u}j is the smallest u > 2V/d satisfying 24728, udt e~ /4 < aq(2p)?1.

Proof of Corollary 2.11. Since ((k:f1)/(2/74:))((1_1)/2 = (2p)~ (@1 the ratio of the remainder term of (2.11)

to its main term is R(u) = 297234 udile*“2/4/(ad(2p)d*1), which is decreasing on [y/2(d —1),00) D
2V/d, 00). Hence R(u) < 1 for every u > u¥, and there the bound of Theorem 2.10 is at most twice its
main term, 8cg(2k)(@1/2yd-2¢—u?/2, O

Proposition 2.12 (Domination of the SMF bound by the IMF bound). For every k > 3 and d > 3,
omvr(u) < dsmr(u) for every u > ugmp = 2/d. (2.12)
The proof uses the following envelope of ®,.

Lemma 2.13 (Geometric envelope on ®4). For every k > 3, d > 3, and every u > usmr = 2Vd,

Da(p,u) < 2(2p) tut?, (2.13)

12



Proof. Since A =2p?> —1=1/(k —1) (as in (2.7b)), we have 2A = 2/(k — 1), and we set
2N 2
T e T k1) (2002
On {u > 2V/d}, p*> > 1/2 for k > 3, hence (2pu)? > 4p? - 4d > 8d, and therefore
2(d — 2) d—2 1 1
d—2 < = < < —.
@=2a = Ga=1 = WE=1 = 1-1) = 3

The leading term of ®; (the £ = 0 summand of (2.7b)) equals 2p (2pu
summand for ¢ > 1, divided by the leading term, equals (d —2)(d—4) - - (
each at most (d —2)q < 1/8; hence

/-th summand 1
_— 1 —.
; leading - Z /8

)42 = (2p)d’1ud’2. The ¢-th
d— ) ¢*, a product of ¢ factors

Similarly, for d odd, the trailing term 1{d odd} v " (2A)<d—1>/2 (d—2)!! divided by the leading is ¢(@~1)/2 (d—

2 = Hgdz_ll)ﬂ(d —25)q < (1/8)(@1/2 < 1/8 (the last bound uses (d — 1)/2 > 1 for d > 3). Summing,
Calp,uw)/((20)"Tu®?) < 14+3+g = <2,

which is (2.13). O

Proof of Proposition 2.12. We bound the IMF main and residual terms separately on [ugmr, 00).

e Main term. On the interval [ugyr, o), Lemma 2.13 gives ®q4(p,u) < 2(2p)% 'u?2. Multiply by
2(k — 1)(d_1)/2ade_“2/2 and use p?(k — 1)(4=D/2 = (g /2)(d=1)/2;

2k —1)T ag®a(p,u) e/ < dag(2p) ! (k- 1)F ud=2e /2

IMF main

= daa(2k)F w2 = SRR ()
———
first term of (2.11)
e Residual. On [ugyr, o0), u? > 4d so (25 — 1)/u? < (2d — 3)/(4d) < 1/2 for every j < d — 1; combined
with 1+ p? > 3/2 (since k > 3), the rational factor in (2.7c) satisfies
1 1

< 1.
1+p2—(2j—1)/u?2 = 14+p2—-1/2 —
Hence
02 d—1 A ‘ d—1
Vi(p,u) < m + Z CJ2~ (2,0)2] w1 < u2d-3 Z C? (2p)23
j=1 =0

using u? 1 <4243 for j < d—1and u > 1, the trivial bound 1/[(1+4p?)u] < u??=3 and 1/(1+p?) <1<
(2p)? = 1 to consolidate the j = 0 term. Comparing the per-j Szegé-style coefficient c?(2p)2j = CJZ 4 % to
the entry ¢ 27 ((24)!/5!)* of Sq in the definition (2.10a) of B4 since (2j)!/j! = (j + 1)(j +2)--- (24) > 2/
for j > 1, ((24)!/5!)? > 47, and using p < 1, (2p)* = 47p* <47 < 27-47 < 27((24)!/5!)?, hence ¢5(2p)* <
cjz 27((24)!/41)? termwise (for 5 = 0 the comparison reads ¢z < ¢§ with equality), giving > c?(2p)27 <
Syq < B4. Therefore
2k — 1) - \I’d(p u)e —(14p%)u?/2 < 2k — 1)%& w243 o~ (e /2
IMF residual
Comparing to S5 (u) == 2984(k — 1)(d_1)/2u2d_36_3“2/4, the ratio of exponentials is e~ (117*)u®/24+3u®/4 —
e~ Au? /4, which lies in (0, 1] for A = 2p>—1=1/(k—1) > 0 (i.e., k > 3). The ratio of polynomial prefactors
is 2/27 = 2174 < 1 for d > 1. Hence the IMF residual is bounded by d& ik on [usmF, 00).
Adding the two pieces, dnvr(u) < S0 (u) + 65T (u) = dsmr(u) on [ugmr, 00), which is (2.12). O
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3 The gap as a marked Rice integral, and the layer decomposition
Lemma 3.1. For u > 0, P{sup X > u} < dexact(u) and, for k odd,
dexact(u) —P{sup X >u} =E#{t: VX(¢) =0, X(¢) >u, Is: X(s) > X(¢t)}. (3.1)

Proof. The first claim is (1.1d). For k odd, Var(X(s) — X(¢)) = 2(1 — (s,t)¥) vanishes only for s = ¢,
so the maximum is almost surely attained at a single point t., a consequence of Tsirelson’s theorem
[13, Theorem 3|. A critical point above w is either ¢, exactly on {sup X > wu}, or beaten; hence
N[CupC>o = 1{sup X > u} + #{beaten critical points above u}, and P{sup X = u} < EN{Cp} =0 by (1.1c),
so P{sup X > u} = P{sup X > u}; both sides of (3.1) are finite by (1.1c). O

Fix t € S™! and write s = cosft + sinfv with § € (0,7), v € S¥2 the unit sphere of t+, 7 = cos§ =
(s,t), and M := S?1\ {£t}. Standard computations give Cov(X(s), X (t)) = r*, Cov(X(s),0,X(t)) =
krF=1sinQv,, Cov(X(t),VX(t)) = 0 and Cov(VX(t)) = klI;_ 1, so the Gaussian regression of X(s) on
(X (t),VX(t)) reads

X(s) =r*X(t) + r* sind (v, VX (t)) + R'(s), (3.2a)

with a residual R independent of (X (), VX(t)). The heliz process is

R'(s)
1—rk’

C(s) := se M, (3.2b)
well defined since 1 — ¥ > 0 on M. Substituting X(t) = z > 0 and VX(¢) = 0 in (3.2a) gives X (s) =
rkx + (1 —r*)¢(s), so X(s) > = if and only if ¢*(s) > z, while the excluded points never beat t (X (—t) =

(—=1)Fz < ). Hence, when (X (t), VX (t)) is replaced by (x,0) in (3.2a), z > 0,

{Fsestt: X(s)>a2} = {S}‘I})Ct > x}; (3.2¢)

in this form the beating event enters the Rice formula below, since (G, ¢?) is independent of (X (t), VX (t)).

Proposition 3.2 (The gap as a marked Rice integral). Let k be odd and u > 0. Then

[e.o]

exact(1) — P{sup X > u} = Cg / =(z) () da, (3.3)
with 2 as in (1.3). In particular 0 < E(z) < A(pz) and dexact(u) — P{sup X > u} < e(u) dexact(w) with
e(u) = sup,>, Z(z)/A(px).

Proof. We use the Kac—Rice formula with a lower semi-continuous weight [1, Theorem 6.1], which, for
a Gaussian field, requires only C'' paths and a continuous density, bounded on compacts; it counts all
zeros, degenerate ones included. We apply it on the charts of a finite atlas of S¥! to the C*™ Gaussian
field VX, with VX (¢) ~ N(0,kI;—1), and to the weight g(¢, X(-)) = 1{X(¢) > u}1{sup, X(s) > X(¢)},
the indicator of an open condition on the continuous functions (¢, X(-)) — X(¢) and sup, X (s) — X (),
hence lower semi-continuous in ¢ and in X (-) for uniform convergence; the integrand |det V2X|pyx (0) dt
is chart independent at critical points. This writes the expected number of beaten critical points above
uas [ga1 B[] det V2X (8)[1{X (¢) > u}1{sup, X(s) > X ()} | VX(t) = 0] pyx(y(0)dt, where X(t) > u

may replace X (t) > w in (3.1) since IENES} = 0 by (1.1c). Condition further on X (t) = =, of density ¢,

independent of VX (t). By (1.1b), |det VX (¢)| = (2k(k — 1))(4=D/2| det(pzI — G)|; by (3.2¢) the beating
indicator is 1{sup,; ¢* > z}; and (G, (") is independent of (X (t), VX (t)), so the conditional expectation
is an unconditional one over (G, ¢"). Conditioning on G inside gives Z(z), and pyx()(0) = (2mk)~(d=1)/2
gives C 4. The bounds follow from 0 < P(- | G) <1 and (1.1c). O

14



Corollary 3.3 (Hélder decoupling). For every x > 0 and p > 1, with P(x) := P{sup,,; ¢* > z},
E() < ||det(pal =G|, P(x)"""?,  and  P(z) > d(pa). (3.4)

Proof. Z(z) = E[| det(pzI—G)| 1{sup,; ¢* > x}], the mark in (1.3) being a conditional probability given G;
apply Hoélder’s inequality. The lower bound is sup,; ¢* > ¢Amax(G) > <G11 (Lemma 3.7) and sp=1. [

The first factor is an LP norm of the GOE (Lemma 4.9). The second is the tail of sup (!, a field of
variance at most ¢ (Lemma 3.6); by the lower bound in (3.4) it decays at best like e=%°/(25%) = ¢=p"2%/2,
so the rate of Theorem 1.1 is the best this route can give, and with p = p?z? the power 1 — 1/p loses
only a constant factor. The Rice formula gives the tail without the mean shift Esup ¢* ~ ¢1/2(d — 1) that
Borell-TIS would put into the exponent.

3.1 The layer decomposition

Let M := [0, 7] x S¥=2 be the compact blow-up of the sphere at £¢, M 2 (0, 7) x S%~2; the sets {0} x S2
and {7} x S?=2 are the pole fibers.

Proposition 3.4 (Layers). There exist independent centered Gaussian fields Zs, ..., Z on S¥2, Zj a
KSS field of degree j (covariance (v,v')?), such that

12 k=5 (1 _ 72)i/2
k) r o) r = cosf. (3.5a)

k
o= w050, we=(t)
=2

Write w(0) == (wj(0))2<j<k. The wj are linearly independent on (0,7) and Z;j(v) = L;[C'(-,v)] for the
explicit linear functionals

Lilf) = Y07, /0 wi(0)f(6)d6, T = ( /0 " wiw; d9>2§m§k, Liwi] = 6. (3.5D)

Proof. Let s; = rit+ /1 —r?v;, ¢ = (v1,v2), ¢ = \/(1 —72)(1 — r3). By the binomial formula (s, 59)F =

Z?:o (I;) (r172)F7¢7 ¢’ and by (3.2a) the covariance of the regression parts is 7§75 + k(ryrqg)* =1
the terms j = 0,1. Hence E[R!(s;)R!(s2)] = > i>2 (];) (r1m2)*I¢i¢?, which divided by (1 — 7§)(1 — k)
is the covariance of the right side of (3.5a); a centered Gaussian field is determined by its covariance.
Linear independence: if Zj a;w; = 0, multiplying by 1 — cos® § and dividing by cos* 6 on (0,7/2) gives

qc, exactly

Zj a; (I;) 12 tan’ § = 0, a polynomial in tan# vanishing on (0, 00), so all a; = 0. The w; are bounded on
(0,7) (Lemma 3.7(i), which concerns the deterministic w; only), so the Gram matrix I' in L?(0, ) is posi-
tive definite and (3.5b) satisfies L;[w;] = d;;. Define Z;(v) := L;[C!(-,v)]: the integrals exist almost surely
and commute with covariances, since E [ |w;(0)¢*(6,v)]d0 < [ lwi| vV df < oo, where V = Var¢t =
>, w? is bounded by the covariance identity above. From E[C'(0,v)C (0, v")] = >, wi(0)w(0')(v,v')!
and L;[w;] = §&j one gets Cov(Z;(v),Z;(v')) = 6&;{v,v)* and Cov(¢'(s),Zj(v)) = w;(#), hence
Var(¢'(s) — > w;(0)Z;(v)) = V —23; wjz + 2 wJQ» = 0. So the Z; are independent centered Gaus-
sian fields with covariance (v,v’)?, in the Gaussian space of X; taking their continuous versions, (3.5a)

holds almost surely for each s, hence for all s € M by continuity of both sides. O

Lemma 3.5 (The layer j = 2 is the Hessian). Almost surely Zo(v) = v' Gu for all v € S¥=2, with G the
matriz (1.1a) at the same t; the layers Zs, ..., Zy are independent of G.

Proof. From (s, t)*, Cov(X (s), V2, X (t)) = k(k — 1)r*=2 sin?  vgvp — kr¥dap, Cov(X (t), VZ, X () = —kSa
and Cov(VX(t),V2X(t)) = 0, so in (3.2a) the 4 terms cancel: Cov(R!(s), VX () = k(k —
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1)r*=2sin% G v,v,. Dividing by (1 — 7¥)4/2k(k — 1) and noting that the kX (¢)I part of G is uncorre-
lated with R', Cov(C'(s), Gap) = w2(8)vavs. Applying L; of (3.5b) in 6 gives Cov(Z;(v), Gap) = j2040p;
hence Cov(Zg( ), vTGv) = >ab v2v? = 1, and both variables have unit variance (Var(v'Guv) =
S ala+2> ., v208 = 1), so they are almost surely equal, for each v and then, by continuity, for all
v; the layers j > 3 are uncorrelated with G and, lying with G in the Gaussian space of X, independent of
it. 0

: 1— 2k — fr?k=2(1 — 2 2(k — 1
Lemma 3.6 (Varisnce). V(6) == Var¢'(s) = [u(6)| = ~—— Trk)z( ) oo 22D

k
(0,7), with equality only in the limit @ — 0 (and 0 — 7 for k even).

Proof. The closed form is the covariance identity of Proposition 3.4 at s; = s3. The numerator is even in r
and ( rk)Q > (1—|r|* ) so it suffices to take r € [0, 1), where the claim reads ¥ (r) := 2(k—1)(1—1*)% —
k[1—7r2% — kr2k=2(1 —72)] > 0. Expanding, ¢ = (k—2)(1—r*)2 4+ EkrFx(r) with x(r ) = krh=2 — (k—2)rk -
2, x(1 > — 0. ¢(2) = k(k—2)"3(1 ) < 2h(h—2)(1- ) on 0,1} 80 —x(r) — [} < k{k—2)(1-1)"
The arithmetic-geometric mean inequality gives 1 — r* = (1 — r) Dick rt > krt=1D/2(1 — 1), hence
krk(—x) < k2(k — 2)rF(1 — 7)2 < (k — 2)(1 — r¥)% and ¢ > 0, strictly for r € (0,1); the expansion of
Lemma 3.7 gives V — ¢2 at the pole. O

By (3.2a), V() equals Var(X(s) | X(t), VX (t))/(1 — r¥)2, so ¢? = sup, V is the constant o7 of Azais
and Wschebor [5, Theorem 8.12| for the KSS field with derivatives along the sphere, where their k; vanishes
because the cone of S*! at t is the whole tangent space, the sphere having no boundary; their exponent
1+1/0?is 1+ p2

Lemma 3.7 (Poles and parities). (i) Fach w; is C* on [0,7), and as § — 0
wi(0) = 2570721+ 0(67),  wa(6) = <[1 - E26% + 0(6")],
¢ >o.

For k odd, wj(m —n) = (—=1)k~ ]%(J) 2 (1 +0mn?) asn — 0; for k even, w;(m — 0) = (=1)*Tw; ().
(ii) ¢' extends to an almost surely continuous field ((0,v) = > jwi(0)Zj(v) on M, with ¢(0,v) = cv' Gu,
and {(m,-) = 0 for k odd, {(m,v) = v Gu for k even. In particular supy; ¢* > cAmax(G). (i) Almost
surely Zj(—v) = (=1)7Z;(v) for all v; for k even, ¢'(—s) = C'(s).

Proof. (i) Write 1—cos® § = 62h(6) and sin @ = 0g(0) with h, g smooth and even, h(0) = k/2, g(0) = 1; then

wj = (l;) Y2 cogk 09767=2/h. The second-order term of wy comes from cos* =260 = 1 — 5202 + O(64),
sin? = 62(1 — 160 + O(6*)) and 1 — cos® @ = £62(1 — 3202 + O(0)). At 0 = 7 —n, 1 = —cosn,
1 —7¥ =1+ cos*n — 2 for k odd, and for k even r +— —r leaves 1 — 7* and 1 — 72 invariant. (ii) The
Zj are continuous and the w; extend continuously to [0, 7] by (i); the boundary values follow from (i)
and Lemma 3.5. (iii) Var(Z;(—v) — (-=1)7Z;(v)) = 2 — 2(—1)/(—v,v)? = 0, and continuity; for k even,
—s=(m—0,—v) and wj(m — 0)Z;(—v) = w;(0)Z;(v). O

w3 () = bz3f + O(83), by =

ElIN

4 Interiority, the Rice bound, and the proof of Theorem 1.1

4.1 The supremum is attained in the interior

Proposition 4.1. Let k > 3. Almost surely the supremum of ¢ over M is not attained on a pole fiber.
Consequently sup,, ¢t is almost surely attained at a local mazimum of ¢t on M, and for every x € R

1{ sup ¢! > m} < Nmo)(gt) a.s., hence {sup(t > $} < IENlm (Ct) (4.1)
M
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172 cos®77 6 sin? 0 o :
wi(0) = (J) 1—cos® 6 =9 V() =3 wi(0)?

—_—=2 g:%{
—j=3
—j=4

sup attained only as 6 — 0

Figure 2: Layer weights w; of (3.5a) for k = 5 against 6/7 (left) and V' = > _, 2- (right). Only ws is
maximal at the pole, where it tends to ¢ = 1/8/5 (dashed); the higher layers vanish there and peak in the
interior; V decreases from ¢Z 10 0.

Proof. On the fiber at ¢, ((0,v) = cv " Gv has maximum ¢Ayax(G), attained exactly at v = vy, v1 a unit
top eigenvector: the top eigenvalue is almost surely simple, the GOE having a density and the matrices
with a repeated eigenvalue forming a proper algebraic subvariety. By Lemma 3.7(i) there are constants a;
with |wy — ¢| < ag6?, |ws — b3 < azf? and |w;| < a;6? for j > 4 on [0, 7], so, on an event of probability
one, for all v,

C(0,v) —sv' Gv = b3 0 Z3(v) + 6°R(8,v), |R(6,v)] < C(v):=1+ ZaﬂZ )| < 0. (4.2)

The layer Z3 is odd (Lemma 3.7(iii)) and independent of G, hence of vy; given G, Zz(vi) ~ N(0,1), so
Z3(v1) # 0 almost surely. Let v* € {#v;} with Z3(v*) > 0: by (4.2), (0,v*) > ¢Amax(G) = max, ((0,)
for 0 < 6 < b3Z3(v*)/C(v*), so the supremum over M is not attained on the fiber at t. For k even the
fiber at —t carries the same field and {(m — 6, —v) = {(6,v), and the same argument applies. For k odd,
¢(m,-) = 0 while sup ¢ > 0 almost surely: Apax(G) # 0 almost surely since G has a density; if Apax(G) > 0

this is the fiber at ¢; if Amax(G) < 0, Lemma 3.7(i) gives C(m—n,v) = —%(g) 1/2772UTGU + O(n3) > 0 for
small 7. The supremum over the compact M is attained, hence at a point of M, which is a local maximum

of ¢*; on {sup,, ¢! > z} its value exceeds x, whence (4.1). O

4.2 Kac—Rice for the helix process

From now on n =d—2, s = (6,v) € M, r = cosé, and (e, e1,...,ey,) is the orthonormal frame at s made
of the meridian direction e, = dyp and of n directions tangent to the orbit sphere {8} x S™, of radius sin 6.
Primes are derivatives in 6, w = (w;)2<j<k, and

1 .
V=lwl® =)=V g=|w|2 A=Vg-C% g = 5 > jw}.

Lemma 4.2 (One-point law of a layer). Let Z _be a KSS field of degree j > 2o0nS™ and v 6 Sm.
Then Z(v) ~ N(0,1), VZ(v) ~ N(0,7IL,) and G := (V2Z(v) + jZ(v)I)/\/25(j — 1) ~ GOE(m) are

independent.

Proof. The covariances of Section 1.1 with (k, d) replaced by (j,m + 1): G is uncorrelated with Z(v) and
VZ(v) and has the GOE covariances. O

Lemma 4.3 (Scalars of the helix process). For 6 € (0,):
(1) (¢'(s), 0pCt(s)) has covariance & = (¢ g(’: ), and the tangential derivatives 0,('(s) are independent of it
and of each other, each N(0,g¢).
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(’LZ) gt = k‘(l — T2k—2)/(1 — rk)z and Z]j(] — 1)w]2 = k(k; — 1) gin4 0/(1 _ T‘k)2,
(iii) A = (sinf cos )2 Zj<l(l — j)ZwJQ-le (by continuity at w/2) and

6—2k
A > 2

2 if cos@ > 0 or k even, A > 4% 5in®0  if cosd <0 and k odd;

in particular A >0, g. > A/V >0 and g; > 0.

Proof. (i) ¢t(s) = > wiZj(v), DpCl(s) = > w;iZ;(v), O, 1Cl(s) = Sin_lﬁz w;0,Zj(v), and Lemma 4.2.
(ii) The identities Ej]( Nah IV = kb(a + b)k 1 and >0 — 1)( ) k=ip = k(k — 1)b*(a + b)*2 at
a =12, b =sin?6; the terms j = 0,1 of the first contribute kr?*=2sin? g, those of the second vanish. (iii)
Lagrange’s identity A =3, <l(ijz - wlw;)2 and the logarithmic derivative of (3.5a),

/ k—1 _.:
—]—jcoth(k:fj)taDHfg, g::w

0# 35 4.4
W 1—pk 7'é2’ ( )

give wjw; —ww} = (I— jlwjw/(sin & cos 0); the identities derived from (4.4) are polynomial in (cos ¢, sin 6)
and extend to 7/2 by continuity. Keeping the pairs (2,3) and (k — 1, k),

rh=124in8 ¢ sin*—4 ¢
Az max () (6) =y ¥ )

Ifr>01—r"=(1-7r)3,_,r" < ksin?0, so the two terms are at least r74*~12/k* and sin?*~12 /3,
and max(r?,sin?6) > % gives A > k=426=2k  If < 0 and k is odd, 1 — ¥ < 2, the terms are at
least 74~ 125in® /16 and sin*~*0/16, and A > % max(r?,sin? 0)2%=6 > 41=*sin® 9. For k even, A is
symmetric about 7/2 by Lemma 3.7(i). O

Lemma 4.4 (Kac-Rice for the local maxima). Let B = —V?2(!(s) and write “given (y,0)” for the condi-
tioning on C'(s) =y, V¢'(s) =0. Forxz >0,

ENlm (Ct) n/ sin 9/ po(y) E[det B1{B - 0} | (y,0)] dy de,

A2 gm n/2 L,
pa(y) :We ygT‘/(QA)’

with w, = 2W(”+1)/2/F("TH) the volume of S™ and py(y) the density of (C'(s), V(i(s)) at (y,0).

Proof. The paths of ¢! are C* on M. By Lemma 4.3, V(!(s) has the nondegenerate covariance
diag(gr, g:I,), continuous in s, so its density is continuous and bounded on compact subsets of M, and the
Kac-Rice formula with lower semi-continuous weights of the proof of Proposition 3.2 applies to V(! on the
charts of M, with weights that are indicators of open conditions on (s, ¢*(-), V2¢!(+)). First, for a compact
K C M and € > 0, the weight 1{|det V2(!(s)| < €} gives E#{s € K : V(!(s) = 0, |det V2(!(s)] < €} <
€ 1 Pyct(s)(0)ds — 0 as € — 0; exhausting M by compacts, almost surely no critical point of ¢* in M is
degenerate, so every local maximum has B = 0. Second, the weight 1{V2¢?(s) < 0}1{¢%(s) > z}, on com-
pacts exhausting M, gives IEN(I;Cn = [, E[l det v2gt|1{v2gt < 0}1{¢" > z} | V¢' = 0] pyce(s)(0) ds.
The law of the field around s depends on s only through € (the layers j > 3 are isotropic and Z3(Rv) =
v (RTGR)v with RTGR ~ GOE(d — 1)), so [,,ds = wy, [ sin™ @ df; conditioning on ¢'(s) = y and
Lemma 4.3(i) give the density, with det ¥ = A and (X71)1; = g,/A. O
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4.3 The diagonal of the conditional Hessian

Lemma 4.5. Given (y,0), the entries Bi1,..., Bun, By of B = —V2¢!(s) are independent Gaussian

vartables,
k k(k—1) o

Tk /Btt 2N AVE =P
= A= Vo

Baa ~ N(pey, 28u), pt =
and E[B, | (y,0)] < [w”"[*(1 + y*g,/A).

Proof. In the coordinates (6, v) the round metric is the warped product d#? +sin? @ h, and for a unit field
U of (S",h), ViU = V%U —sinfcosf 9y, Vo,00 =0, e = U/sinf. Hence, for f = Zj w; 2,

(vzf)rr = Z w;/Zj (v), (V2 = Z Wj Vgn ) + cot 6 Z w; Z
J

sin? 6
J

For f = cos®@ and f = sin 6 v,, restrictions of linear forms whose Hessian on the sphere is —f times the
metric, both formulas give —f. By Lemma 4.2, (V2.Z;)aa = /25 (j Gaa — jZj(v) with independent
GU) ~ GOE(n), independent of all Z;(v), VZ;(v). So

Boa = Z {s]ir:gje cotﬂw] Z v 2jsm 75 ) GUY).
Multiplying (4.4) by sin 6 cos 8 w; gives jw; = sinf cos w;+(k: sin? 6+g sin 0 cos 0)w;, so the bracket equals
(k+gcotf)w; = ﬁwj (gcot @ = kr¥ /(1 —rF)): the first sum is 14¢*(s) = psy. The second is centered
Gaussian, independent of the local data, of variance sin=* 6 225210 — 1)wj2~ = 20 (Lemma 4.3(ii)), and
independent across a. Given (y,0), each By, is therefore py plus a centered Gaussian variable built
on (@((1{.) )2<j<k, while By, below is built on the Z;(v) alone; the two families are independent, which
gives the joint independence of Bii,..., Buy, By given (y,0). Next B, = — Zj w;’Zj(v) is a function
of the Z;(v), hence independent of the @(j), and unaffected by the conditioning on 9,¢!(s) = 0. Given
(¢'(s),09Ct(s)) = (y,0) it is Gaussian with variance at most VarB,, = ||w”||?> and mean v "X (y,0)", v =
Cov(Byr, (¢(s), BC'(5)), bounded by \/4T5 -1\ /(S D1y < [w”|\/g /Ay, since 451y < VarB,,
is the explained variance. ]

Lemma 4.6 (Bounds on the weights). For 0 € (0,7): (i) |[w"(0)| < Wy, where Wy, := 9k3 for k even
and Wy, := 43k3 for k odd; (i) if k is odd and cos§ <0, V() < 2Fsin* 6.

Proof. With Sg(r) =3, ,r=(1—r*)/(1—r) and sin? 0 = (1 —r)(1L +r), for j > 2
1 1\ 1/2 ' ‘
w;(0) = sx(0) T;(0), sk(0) = Si(cos )’ T;(0) == <j> cos® 70 (1 + cosh) sin? 260,  (4.6)
a form with no singularity at 6 = 0. Write T' = (T} )2<j<k, so that w = s;,T" and
lw"l| < sel| 77| + 2]sk [ T[] + |sg I T]]-

The vector T. With p = sin?#), Z]>2( )0052(k 7 @sin? § = P{Bin(k,p) > 2} < (g)pQ, so | T(9))? =
(1 + cosf)?sin 402 >2( )cos2(k 7 gsin¥ 9 < 4( ) for every 6 € R, hence supg |T|| < /2k(k —1).
Each T} is a trlgonometrlc polynomial of degree k — 1, and Bernstein’s inequality [8, Chapter 4] holds

for Rkil—valued trigonometric polynomials with the same constant (for fixed 6y, apply it to (T'(-),u)
with u = T"(0)/||T"(6o)|)); hence ||T’| < (k —1)/2k(k — 1) and |T”| < (k — 1)2/2k(k — 1).
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The scalar sy, for cosf > 0. On [0,1], S, > 1, S}, = >, pirt < (k—1)Sy and S} < (k—1)(k—2)Sk.
From s} = S} sin@/S? and s} = (S, cosf — S}/sin?0)/S? + 252sin?0/53 we get s, < 1, |s)| <k —1
s7] < (k—1)+ (k—1)(k—2) +2(k — 1)> = 3(k — 1)2, and

[w”|| < V/2k(k —1) [(k —1)* +2(k — 1)* + 3(k — 1)*] = 6(k — 1)*\/2k(k — 1) < 9K>.

For k even, ||[w”(m — 0)|| = |Jw”(0)|| by Lemma 3.7(i), which proves (i) in that case.

The scalar sy for cosf < 0, k odd. Put r = —z, x € (0 1]. Then Si(r) = (1 +2%)/(1 +z) € [1,1],
Si(r) = n(x)/(1 + x)? with n(z) = 1 — ka*~! — (k — 1)2* decreasing from 1 to 2 — 2k, and S}/(r) =
k(k —1)2%2/(1+2) +2S,(r)/(1 + ). If n(z) < 0 then (2k — 1)2*~* > 1,50 2 > 572 and (1 + )2 > 2;
hence |S;| < k—1 and S| < k(k— 1)+ 2(k — 1) < k(k+ 1). Therefore s;; < 2, |s}| < 4(k — 1
sy] <4(k(k+1)+k—1) 4+ 16(k — 1)* < 20k?, and

1
2
r
’

[w”|| < /2k(k — 1) [2(k — 1)* + 8(k — 1)* + 20k*] < 30k*/2k(k — 1) < 43K>.
(ii) For k odd and » <0, 1 — 7% > 1, so ]2§ ( ) sin® § < (])SIH 6. O

4.4 The Rice bound

Lemma 4.7 (Gaussian tail integrals). For m >0 and a > 0 with a(1+a) > 2m, [*°(1+ 2)me=2"2dz <

a
2(1+a)™a e /2, and a — (1 + a)™e~*"/2 is decreasing on {a(1 + a) > m}. Form =0 the factor 2
can be dropped: ®(a) < ¢(a)/a.

Proof. Let J be the integral. Since 1 < z/a on [a,c0), integrating by parts,

1 [ 1 m,—a?/2 o0
J < a/ z(1+4 z)me_ZQ/2 dz = (—i—a)ae + TZ/ (1+ z)m_le_z2/2 dz

m,—a?/2
< (1+a)™e Lmog
a a(l+a)

mfa/2

whence the claim; the logarithmic derivative of (1 + a) —a. O

is 1+a

Proposition 4.8 (Rice bound with explicit constant). For pxr > /2(d — 1),

Im D, L ﬁWk 22k( ) (d=2)/2 (1 +px)d_1 — 21’2/2
]P’{sjl‘ljpgt>:c} < EN; (Ct) P(z) = D (L1 . e’ ;

(4.7)

with Wy, as in Lemma 4.6; the constant is C’Rlce of (1.4) for k odd and QCRICQ for k even.

Proof. The first inequality is (4.1). On {B > 0} Hadamard’s inequality gives 0 < det B < [], Bi;, so
det B1{B > 0} < [[,(Bii)+, and by Lemma 4.5

n

E[det B1{B > 0} | (5,0)] <E[(Brr)+ | (4.0)] [ El(Baa)+ | (5.0)] = Ho(y),

a=1

with E[(Bua)+ | (%,0)] = V2B w(py), w(u) = u®(u) + p(u) < w4+ 1 for u > and E[(Byr)+ |
(1,0)] < ||w”||(1 + y2g,/A)Y2. Put s := \/A/g,; then 3> =V — C?/g, < V < ¢? (Lemma 3.6), so
px < 1. Substituting y = sz in the inner integral of (4.5): A~Y/2 gr_l/Q, vigr/A = 22, py < z,

(1+ 22)'/2 <1+ 2, and the lower limit is /3 > pz; hence

o 28)"? " = _ [~ -1,-22/
/z po(y)Hy(y) dy < (27T)d/2g?/2' NG J(;), J(a) .—/a (14 2) e /2 dz.
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By Lemma 4.3(ii), sin?0 By /g; = (k — 1)/ ZZ o 2p2 < k—1, so sin™ (284 /g:)™? < (2(k — 1))™? and

Wn — ”/2 (x/5(0
EN(¢) < ((< d}2 / el / 0. (4.8)

Away from the antipode (all 6 if & is even, cosf > 0 if k is odd), Lemmas 4.3(iii) and 3.6 give g, > A/V >
2572k /k4 and Lemma 4.7 with m = d — 1 (its hypothesis pz(1 + px) > 2(d — 1) holds) gives J(z/») <
J(pz) < 2(1+ px)=t(px)~te P*7*/2: the integrand of (4.8) is at most k2253/2 (14 px)L (pa)~Lte—P**"/2.
Near the antipode (k odd, cosf < 0), Lemmas 4.3(iii) and 4.6(ii) give 1/\/gr < /V/A < 23%/271/5in% ¢
and » < VV < 28/25in% 0, hence 1/,/g, < 22%=1/¢; with a = /3¢ > px, Lemma 4.7 gives 2~ 'J (/%) <
2(1+ a)dilefaz/2 <21+ pz)d=1e=P*®/2 5o the integrand is at most 22k (1 + pz)@=1(pz)~ler*e/2,
As k22F-3/2 < 92k and p < 1, the integral in (4.8) is at most 7225 (1 + px)9~1(pz) " te ?***/2, and wy, (2(k —
1))/2(2m) =4 = (1 — 1)@/ (7 T(451)) give (4.7). s

4.5 Two moments of the GOE and the proof of Theorem 1.1
Lemma 4.9 (Two facts on the GOE). Let G ~ GOE(N), N > 2, v > 0.

LN/2] :
, —1)'N! o
(i) Edet(vl — G) = §‘ Oj i!(( )22')!41' vV and E|det(vI — G)| > Edet(v] — G) > 3vN forv > N.

(i) P{||G|| > V2N +t} < 2¢7%*/2 for t > 0; hence || |G| I, < V2N + 54 for ¢ > 8, and for p > 8/N
5 N
|det(wl ~ &), < (v+ V2N + 3V/Np)

Proof. (i) det(vI —G) = Zj(—l)jej (G)Z/N_j e;(G) the sum of the principal j x j minors, each a GOE(j)
matrix G'. In EdetG' = ) _sgn(m)E[], G the entries are centered and independent up to symmetry,
so a term survives only if every entry appearb an even number of times, i.e. 7 is a product of j/2 disjoint
transpositions; each such 7 contributes (—1)7/2279/2 and there are (j — D! of them. Hence Ee;(G) =
(F)(=1)372(j = 1)11279/2 for j even, 0 for j odd, and (3})(2i — 1)!127% = NI/(i!(N — 2i)!4"). The terms
t; = m(ély VN satisfy tiq 1 /t; < N?/(402) < 111 for v > N, so the alternating sum is at least to—t; >
SUN. (i) Amax(G) = SUD|y|=1 v' G is the supremum of a centered Gaussian process of unit variance, and
Var(v' Gv — u'Gu) = 2(1 — (u,v)?) < 4(1 — (u,v)) = Var(v/2(&,v) — V2(¢,u)) for & ~ N(0,Iy), so
the Sudakov-Fernique inequality gives EApax(G) < V2E||€]| < V2N and Borell-TIS gives P{\pax(G) >
V2N 4t} < e t*/2; the factor 2 comes from ||G|| = max(Amax (@), Amax(—G)) and —G ~ G. Then E(||G||—
V2N)L = [ 'P{|G| > V2N +t}dt < 2q [Tt e 2dt = q29/°T(q/2) < 2\/mq(q/e)?/?e!/ (6D
by Stirling’s bound I'(z) < /21 22~ 1/2¢=#¢1/(122); the ¢-th root is (2\/7r7q)1/q61/(6‘12)\/% <0.82,/q <
%\/cj for ¢ > 8, the prefactor being decreasing in ¢; Minkowski gives || ||G|| ||, < V2N + %\/6 Finally
[det(vI —G)| < (v+[GI)Y, 50 || det(vI - G) < v+ [GII ¥, < (v | |G |vp)™ by Minkowski in L7,
with ¢ = Np > 8. O

Proof of Theorem 1.1, k odd. The upper bound is Lemma 3.1, and Oexact(u) — P{sup X > wu} <
£(u)dexact (1) is Proposition 3.2. Let pu > min{d — 1,3\/2(d—1)} and z > u; put N :=d —1 > 2
and a := pz. Then a > 2, V2N < a, Na? > 8 and a( a) > N. Take p = a? in Corollary 3.3. By
Lemma 4.9(ii), ||det(pzl — G), < (a + V2N + 3VNa)V < a™(2 + 3V/N)V, since V2N < a. By the
lower bound in (3.4) and ®(a) > 7z ¢(a),

1/a?
W) / el/2 <3 (a>2),

a

P(a)™7 < (
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the left side being decreasing in a and equal to 2.61 at a = 2; hence P(x)'~'/? < 3P(x) < 3P(x) by
Proposition 4.8. If pu > d — 1, then ¢ > N and A(pz) > %(p )N (Lemma 4.9(i)), so

= d—1 _ 1 d—1
(x) <3 %(2 + %\/dj) P(x) = C]%f‘dp % e—p2x2/2‘

A(pzx) px
If 32N < pu < N, write a = e;v/2N with e, > 3; then (A.6) of Appendix A gives A(pz) > (a* — 2N —
DN?Z = aN(1 - e;Q)N/2(1 - W)Nﬂ > %(8)]\[/2@]\[ by Bernoulli’s inequality, and the factor 3 - %
becomes 3 - g(%)N/Q =12 )N/Q. In both cases the bound is decreasing in z on [u,00) (the logarithmic
derivative of (1+a)?la~le=""/2 is H—é —L_a<o0fora(l+a)>d-—1); the supremum over z > u is at
x = u, which gives the two bounds of the theorem. O

Proposition 4.10 (k even). Let k be even. Then P{supX > u} < 6,(u) = Lexact(u) and ,(u) —
P{sup X > u} = 3Cha [° E(2)p(x)dz for u > 0. Moreover 1{sup,, ¢* > a} < %N(l;noo)(gt) almost
surely, so P{supy; ' >z} < $P(x) for px > \/2(d — 1), and Theorem 1.1 holds as stated.

Proof. X(—s) = X(s) and the antipodal map is an isometry, so critical points come in antipodal
pairs with equal values and Hessians and NE; ppo) is even. On RP? ! the field X([s]) = X(s) has
Var(X ([s]) — X([t])) = 2(1 — (s,£)*) > 0 for [s] # [t], so its maximum is almost surely attained at a
single point [13, Theorem 3|, and P{sup X = u} < ENEE} = 0 by (1.1c). Hence N[(;p’oo) = 21{sup X >
u} + #{beaten critical points above u}, and the marked Rice formula of Proposition 3.2, whose proof uses
the parity of k only through (3.2¢) (X(—t) = = never beats ¢ strictly), gives the identity. If s, € M is
the interior local maximum at which sup,, ¢! is attained (Proposition 4.1), then —s, € M, (!(—s) = C'(s)
for all s € M (Lemma 3.7(iii)), so —s, # s, is a local maximum with the same value: on {sup,, ¢* > x}
Nlm (¢*) > 2. Sections 3.1 to 4.4 hold for k even without change (Proposition 4.1 treats both fibers), s

(z,00)

P{sup,, ¢t > z} < 1I[:?l]\flm ((t) 1P(x) by Proposition 4.8, and the proof of Theorem 1.1 applies with
P replaced by §P, Wthh is the factor % in C};iice for k even. O

Numerical illustration. Table 2 lists, in the range pu > d — 1 of the theorem, the Rice integral (4.5)
with Hadamard’s bound Hy evaluated numerically, its explicit bound P(u), and the two resulting values
of the bound on =(u)/A(pu) from the proof of Theorem 1.1: with the numerical integral, and with the
explicit bound (1.4) (scripts in github.com/ydecastro/TENSOR-KSS). The explicit C’Rlce is crude by a
factor between 3 -10% and 9 - 10%, which comes from the uniform bounds W}, and the lovver bounds on
A (W}, alone is loose by a factor of order k%: numerically supy ||w”(0)| < 2k for 3 < k < 10); the factor
3(2+ 2v/d —1)%! of the proof is 5.4 - 102 for d = 5 and 2.6 - 10® for d = 6. With the numerical integral
the bracket is non-vacuous from 1.51 to 1.56 upyr on, upmyr = v2d — 1/p, with the explicit constant from
2.33 to 2.40 upvr on.

(k,d) u u/unvr  Rice integral (4.5) P(u) (3P for k =4) ¢, numerical ¢, (1.4)

(3,5) 8.66 2.5 4.8-1071 1.6-107* 2.8-1078 0.12
13.86 4.0 1.0-10%° 4.8.107% 5.6-107%7  3.5.1072°

(3,6)  9.57 2.5 7.1-10713 3.9-107° 2.0-107° 0.014
15.32 4.0 1.4-10735 1.1-10728 3.7-107%  3.7-107%

(4,6) 10.16 2.5 1.4-10712 8.8-1076 2.0-107° 0.030
16.25 4.0 2.8-107% 2.4-107%8 3.7-1073%2  83.107%®

Table 2: Numerical against explicit; “e, numerical” is the bound of the proof of Theorem 1.1 on Z(u)/A(pu)
with the Rice integral evaluated numerically. For k = 4, P and ¢ include the factor % of Proposition 4.10.
All entries are rounded up.
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5 A non-asymptotic annealed complexity

The Kostlan—-Shub—Smale field X coincides with the Hamiltonian of the (centered, isotropic) spherical
k-spin model from spin-glass physics [2, 7]. Its critical-point structure, the count of local maxima above
an energy level E, is a central object of study. Theorem 5.1 concerns the annealed complexity, the
first moment of the count; the quenched complexity is studied through the second moment by Subag
[17], and the critical points near the maximum by Subag and Zeitouni [18]. Auffinger et al. [2] write
©,p(u) for the growth rate of the number of local minima of the order-p model below the level Nu,

and ©,, for the rate of all critical points. By the symmetry H 4 g , the rate of local maxima above
Nu is Ogp(—u), and ©g, = O, on u < —E [2, Egs. (2.15) and (2.16)]. We write Oy := 907p‘p=k'

Here Ey, := 24/(k —1)/k is the spectral-edge energy [2, Eq. (2.13)], with pEs = /2, and Ey > Es
is the ground-state energy above which no critical point survives [2, Eq. (2.22) and Theorem 2.12|. In
our normalization the level E corresponds to uapc = E/vd (Remark 5.5). Theorem 2.4 and Lemma 4.9
turn the asymptotic statement limg_,o d~!log E[N/™ ] = Op(—uapc) into a non-asymptotic two-sided

[E,00)
bracket at every finite (k,d).

Theorem 5.1 (Non-asymptotic annealed complexity). Let k,d > 3. For E > 0 put

E 2 —(e—1)?
e = p77 k(e) = e exp(=(e ~ 1)) (e>1). (5.1a)
2(d—1) e —1
(i) For every E € R,
Im c
E[NE o)) < E[NG ] = dexact(E), (5.1b)
where N[%) o) COunts all critical points with X(s) > E.

(ii) For every E with e > 3/2,

(1= 45(e)"") bexact (B) < E[N[F )] < Sexact(E) . (5.1c)

The function « is decreasing on [3/2,00) and k(e) < 1 if and only if e > e, = 1.9224 .. .; thus the lower
bound in (5.1c) is non-trivial for e > 9/4 at every d > 3, for e > 2 when d > 10 (x(2) = 4exp(—1)/v/3 =
0.850), and for every fixed e > e, when d is large. By Step 3b of the proof in Appendix A, E/vd — eEy
as d — oo: e is the energy in units of the spectral edge.

Corollary 5.2 (Annealed complexity of deep local minima, by sign symmetry). Let N, (lilogng,] denote the

number of local minima of X with value at most E’.

(") For every E' € R,

E[N(‘Tgi;;,]] < Bexact(—E'). (5.2a)

(it") For every E' < 0 with €' := —pE'/\/2(d — 1) > 3/2,
(1 —45()) Sexact(—E') < E[N(“fgl};,}] < bexact(—E') . (5.2b)
Proof. The Gaussian symmetry X 4 _x gives N(IT(QE,} 4 N[lflE,po) for every E' € R, and Theorem 5.1
applies to the right-hand side. ]

The bracket (ii’) is informative when 4r(e/)?~1 < 1, that is for minima deeper than about twice the
spectral edge (¢/ > 9/4 at every d > 3, and every fixed ¢’ > e, for d large). The band 1 < €' < e, is
covered by (') only; in the limit d — oo it contains the reduced ground-state energy Fy/FEo of Auffinger
et al. [2, Eq. (2.22) and Theorem 2.12] (1.015 for k = 3, 1.13 for k = 10, below e, for every k < 7-10%).
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Remark 5.3 (Exact Kac—Rice representation). The Kac-Rice formula with the conditional law (1.1b) of
the Hessian yields, for every E € R,

E[N[E o0)) = Chd /EOO E[|det(G — px Ig—1)| 1{G — pz 151 < 0}] p(z)dz, (5.3)

with Cy 4 as in (1.1c); dropping the indicator gives (5.1b).
Corollary 5.4 (Asymptotic match with Auffinger et al. [2| in the high-energy regime). For u < —FE,

—Fo
Ok(u) = %log(k—1) — %lﬁ — Ii(u), Ii(u) == % V22— E%2 dz. (5.4a)
As d — oo with E = ey/2(d — 1)/p for fixed reduced energy e > 1,

.1
dli)m p logE[N[E OO)] = Op(—eFx), (5.4Db)

and

Ok(—eEx) = Llog(k—1) — #=2 / Vuw? — 1dw. (5.4¢)

Proof. The function ©y is the complexity function of Auffinger et al. [2, Egs. (2.14) and (2.16), Theo-
rem 2.5] at p = k: (5 4c) is (5.4a) after the substitution z = —Ew in I;. The limit (5.4b) follows from
the equality E[N [E )] = Sexact (F) of part (i) of Theorem 5.1, the level correspondence E/vd — eFy,

and Auffinger et al. [2, Theorems 2.5 and 2.8|: Step 3 of the proof of Theorem 5.1 in Appendix A. O

Exponentially many local maxima persist throughout the band E, < E/v/d < Ey, where Oy,(—eEy) >
0. The restriction e > 3/2 concerns only the non-asymptotic bracket (5.1¢c), which is informative when
4r(e)?1 < 1. The limit (5.4b) holds on the whole range e > 1, since it follows from part (i) and Auffinger
et al. [2, Theorems 2.5 and 2.8]. A finite-d lower bracket on 1 < e < e, would need the large deviations
of Amax(G) near the edge [6, Theorem 6.2] in place of the Gaussian concentration of Lemma 4.9(ii); we
leave it open.

Remark 5.5 (Normalization reconciliation with Auffinger et al. [2]). Auffinger et al. [2] use Hy  on the
sphere of radius v N (E[H?] = N) with energy u = H/N, so that our level E is their uagc = E/+/d with
ambient dimension N = d (Step 3b of the proof in Appendix A); above the spectral edge Eo, critical
points are local maxima with overwhelming probability, Fo, being the right edge of the limiting GOE
spectral support; we use f = H(v/N-)/v/N on the unit sphere (E[f?] = 1) with energy E on the scale
VN u. By (A.10), e = \/d/(d — 1) uapc/Es, 50 the two conventions agree as d — oc.

Remark 5.6 (Three nested non-asymptotic complexity bounds). Substituting dpyr (for £ > upyr)
or dsmr (for E > ugmp) for dexact in (5.1c) yields three nested non-asymptotic upper bounds on the
annealed complexity: Oexact tightest (Theorem 2.4), dpyr asymptotically sharp (Theorem 2.7), dsvr a
single monomial past u (Corollary 2.11); the lower bound of (5.1c) is unchanged.

A Deferred proofs

For readability the three longest proofs are collected here.

Proof of Theorem 2.4. We check each D; in turn; only Ds requires care.

e Dy (squared Hermite). By Lemma 2.2 the squared-Hermite part of Qq(v) is e~/ Zj 0 ¢;H;(v)?, so
with v = pz and the change of variable y = pz,
> 1 [ 1 1+p*  3k—2
/ Hy(pa)2e 0052 qp = 2 [ Hy2e P2y = ~KP(pu), B = —L = ,
u P Jpu p p k
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and summing over 7,

Difw) = T () =+ 3 & K (pu). (A1)

each K ]ﬁ being given in closed form by Corollary B.5; no inequality is used in this step.

e Dy, D3 (linear Hermite). The change of variable y = pz in Lg(u) = [~ Hq_1(pz)e —2*/2 qg gives
Lg(u) = p_lJiipf(pu), and Lemma B.4 with 8 = 1/p? v = 2p?, ¥ = 2p — 1 = A supplies the closed
form. For d odd, D3 exhibits a Mills-ratio-type remainder ®(puy/B) = ®(u) (since d — 1 is even and J,, L/e?

enters); for d even, D; has no such remainder (since d — 1 is odd).

e Dy, cross-integral, polynomial part. Apply Lemma B.3 to Z3(px):

@2 g1 g — 1)1

To(om) = o—0)/2
alpr) = ¢ (d—20— 1)1

Hy or1(px) + 1{deven}2¥?(d — 1)!!/ e V2 dy.
=0 px

Substituting into (2.5b), the Hermite-series part becomes

ol+1(q _1”
m/ Hy 1(px) Hy—20—1(px)e —(14p2)02/2 g

min(a,b . .
pzo(a ) op p! (Z) (b) Ha+b,2p(px), combined with y =

px and Lemma B.4 with § = (3k — 2)/k, evaluates each integral to p~ Ja+b o
line of (2.6¢).

The classical product linearization H,(pz) Hy(px) = >
(pu), producing the first

e Dy, cross-integral, Fubini remainder (d even only). The remainder contribution to Cy(u) is, after sub-
stituting Z3’s Gaussian-tail piece,

29/2(d — 1)1 Fy(u), Fa(u) = / Hy 1(px) [/ 6_92/2dy} e 2 dg .
u px

The double integral is over {(x,y) : * > u, y > pz}. By Fubini, swapping the order, y ranges over [pu, o)
and for each such y, x ranges over [u,y/p):

Faw) = [ e
pu u

where the second equality applies the change of variable z = pz to the inner integral and writes the

difference of J ;/ fi at the two endpoints. Splitting at the bracket gives

y/p 1 [
Hy i(pz)e P dedy = p/ e [‘]Xp (pu) — Jd/p ()] dy,
pu

JUPQ U %) 1 %)
Fi(u) = dlp(p)/ 6—312/2 dy — p/ e—y2/2 Jéiﬁlg(y) dy . (A.2)
pu pu

= F (u) = F? (u)
First piece ]:C(ll). Direct evaluation: fpoi e V2 dy = 27 ®(pu), so

.
F(w) = var d(pu) 2= ) p(‘”,

which is the first term of (2.6d).
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Second piece ]:0(12)' For d even, d — 1 is odd, so the iterated form (B.5d) of Lemma B.4 applied
with = 1/p%, 7 = 2/B = 2p%, 0 = (2— 8)/B = 20> — 1 = A has RY", =0 and reads

] (d-2)/2
9 2
T/ ) = 2027V /@) ST (20)f
(=0

(d—2)!

m Hd—2£—2(y) .

Substituting into ]:f) (u) and pulling the constants 2p? and the outer 1/p outside the sum,

(d-2)/2

D) = 1 [T o2 g2 /) opye =2
Fa (u) p/pue pe g (2A) (d—20— ) d—20—2(y) dy
(d—-2)/2

2p? . (d—2) /oo o,

= — 2N ——— Hi op (1+1/p*)y? /2
p Z ( ) (d_2£_2)” o d—2¢0 2(y)€ dy
~~—~ =0
=2

(d—-2)/2
d—2)

— 2 opye_ @=2 5

P ; (24) (d_zg_Q)!!Jd—ZZ—Q(pwa
where the combined exponent —(1/p* + 1)y?/2 = —By?/2 identifies § = 1 +1/p* = (1 + p%)/p* =

(3k — 2)/k, the same  appearing in D4 (Corollary B.5), and the last line applies the definition Jﬁl(pu) =
ot Hin(y) e dy.

Assembly. Substituting ]-'él) and .7:52) into (A.2) and noting the explicit minus sign in front of ]-'52),
the second-piece coefficient becomes —2p, yielding the second line of (2.6d).

e Pointwise tightness. Let u > upyr. On {pz > v/2d — 1} both Z§(px) > 0 (Lemma 2.5) and Hq—; (pz) > 0,
so Dy(u) < 0; with Dy + D3 = agLq(u) < ag®a(p,u) e /2 (Proposition 2.6) this gives Sexact(u) <
§tup (). For the second inequality, v2d — 1 > .ngj) for every j < d—1, so Lemma 2.8 gives 0 < H;(px) <
(2pz) on {pxr > \/2d — 1}, with equality for j = 0,1 and strict inequality for j > 2; hence

/ H](pl')2 e—(1+p2)q}2/2 d:L‘ é / (2p$)2‘] e—(1+p2)3;2/2 dl’,

strictly for j > 2, an index present since d > 3. Summing with the weights c? and bounding the right-hand
side as in Proposition 2.6 gives Dy(u) < Wq(p,u) e~ (1H")%*/2 that is Styr (w) < onvr (u). O

Proof of Lemma 2.9. e We separate the Mehta expansion (2.2) into three distinct pieces, Qq = T1+T52+1T153,
defined as follows:

d—1
Ti(w) = ™2} GH} ),
j=0

Ty(v) = $1/d/2 ca_r1cq Ha—1(v) [pa — 2Z5(v)]

Ts(v) = 1{d odd} Hz;l_(l”)

e We extract the constant prefactor multiplying Hy1(v), which depends on the parity of the dimension
d:

e For d even: T3 = 0, and the constant part of the bracket in 75 isolates ag = % d/2cq_1cq g
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e For d odd: pg = 0 (by parity), leaving only T3 to contribute. This gives ag = 1/pq—1 (here d — 1
is even, so ug—1 # 0).

The exact values of the integrals are obtained via direct evaluation of the Gaussian moments
/Ry2j eV 2dy = Vor (25 — 1),

yielding the closed form o, = V27 (2p)!/p!.
e The total remainder R4(v) := Qq(v) — agHy—1(v) has the same closed form in both parities:

e For d even, T3 = 0 and the constant part of T5’s bracket is agHy_1(v), s0 Rqg = Th +(To—agHy_1) =

T — MCd_lchfl(V) Hy 1(v).

e For d odd, pug=0s0Tp = —\/d/2cq_1cqaZi(v) Hi—1(v), and T3 = Hq_1(v)/pa—1 = agHa—1(v), so
Ra=T1+Tr =Ty — \/d/2 Cd—lchCcl(V) Hd_l(l/).

In both cases
Ra(v) = Th(v) — Vd/2ca-1caZy(v) Hi-1(v), (A.3)

and we bound the two terms separately.
We first bound 77. The physicist Hermite polynomial admits the explicit expansion

T |
) = - ey,

m=0

and we use the elementary coefficient inequality j!2/72™ /m! < (25)!/(2m)!, valid for every j > m > 0.
The latter is proved by induction: the base case j = m gives 27" < 1, and the step 7 — j + 1 multiplies
the LHS by 2(j + 1) and the RHS by 2(25+1)(j + 1), giving a ratio of 2j + 1 > 1. The triangle inequality
then yields

Li/2] . J .
) < X ol Z D Dwe = Clas iy,
> .

where the second inequality adds the (non-negative) odd-power monomials |v|P with p #Z j (mod 2),
using (2)1/(2m)1( — 2m)1) = @)1+ 31/ (@m)\G — 2m)) < (21 (, %) Sauaring and applying
(L+[v)? <201 +07),

Ti(v) < Sq(1+ 1/2)‘1_16_”2/2, with Sy as in Lemma 2.9.

o A uniform envelope for Z5. We bound ZJ on the whole half-line {v > 0} by a single envelope carrying the

same polynomial-Gaussian form (14 |v|)4~te™" */2 as Hy_1. The explicit Hermite-tail series of Lemma B.3

(applied with degree m = d) reads

My (-1
Iccl( = Z 2€+1 d 57 — 1) Hd72g,1(l/) —+ Rd(V),

with Rq(v) = 0 for d odd and Ry(v) = 2%%(d — 1)!! [*°e7¥*/2dy for d even. By the coefficient bound
|H, (V)] < (2m)! ( + |v])™ established above for T (whence |Hg_or—1(v)| < (j+fll)),)( + |yt <

%(1+|1/|)d !since 1+ |v| > 1) and the monotone-Mills bound [°e™¥ 2dy < \/7/2e*/? (valid
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for every v > 0, because v eV’ /2 fyoo e~y?/2 dy is non-increasing, with value /7 /2 at v = 0, since its
derivative l/e”Q/QfVOO e*yz/zdy — 1 is negative by the Mills inequality ue”Q/QfVOO e*yz/zdy < 1), we obtain

IZ5(0)| < Ba(l+ |v))te /2,

L(d—1)/2]

d—1)!  (2(d— 20— 1))!
Ea = ;; 2€+1(d(—2£—)1)!!(((d—2€—1))!) +2d/2(d_1)”\/§'

(A.4)

e F; is dominated by Ed, The summands ay := 2¢+1 (d(_d;él_)!ll)“ (2&[__22;__11))!)!

p:=d—20—12> 2 adirect computation gives the ratio api1/ay = 2(2p_17;(2p_3) < 2(2;_3)
using ap = 222! and that the sum has at most [(d—1)/2] +1 < %L terms,

are strictly decreasing in ¢: with

< 1. Hence,

(d-1)!

%:azﬁ d—glao:(d‘i‘l)((zdd__lz))!!’ 21/2(q ”\/;<2d 2d_12)'7
the second bound using (d — 1)!! < (d — 1) < ((d myr and V/7/2 < 242, Therefore

E, < (d+1+2d)(2d—2)! < (2d—1) 22 (2d—2)!  (2d)129F1 5

(d—1)! d-n —  a T

so that, by (A.4), |Z5(v)| < By (1+ ))&t e /2 for every v > 0.

e Assembly. Combining the last bound with |Hy_1(v)| < ((2 ddff))! (14 |v])?! and the elementary inequality

(14 [v))24=1D < 24-1(1 4 12)4=1 (which follows from (1 + |v])? < 2(1+v?)), the cross term in (A.3) obeys

2d — 2 1
Vd/2cq-1ca|T5(v)| [Ha-1(v)] < \/d/20d1cd((dl))2d PBy(1+ v le 2,

Adding the bound T1(r) < S4(1 4 1v2)%1e=*/2 established above yields the remainder bound (2.10d)
with the constant 34 of (2.10a). O

Proof of Theorem 5.1 and Corollary 5.4. The inputs are the Kac—Rice formula of Section 1.1, the condi-
tional GOE law of the Hessian |2, Lemma 3.2(b)], and the two facts on the GOE of Lemma 4.9.

e Step 1: FExact Kac-Rice representation and upper bound. The Kac-Rice computation is the one of
Section 1.1, displays (1.1b)—(1.1c), with one change: the target is the expected count of local maxima with
value in [E, c0), for which the Kac-Rice formula of Section 1.1 is an equality, so the indicator 1{V2X (t) <
0} is kept inside the conditional expectation. By (1.1b), V2X (t) < 0 if and only if G — pz I;_1 < 0, that
is Amax(G) < pz. The constants gather as in (1.1c) and give the exact representation (5.3). Dropping the
indicator 1{G — px I;—1 < 0} < 1 gives E[NEEOO)] < Crd fr Alpz) () dz = Gexact (E) by (1.1¢), which
proves part (i).

e Step 2: Lower bound for e > 3/2. Write N :=d — 1, Apax := Amax(G), and fix z > E; put v := pzr and
er = v/V2N > e >3/2. Since G — vI < 0 if and only if Apax < v, and |det(G — vI)| = det(vI — G) on
that event,

E[|det(G —vI)| 1{G —vI < 0}] = A(v) — E[|det(v] — G)| 1{dmax > v}],  A(v) = E|det(G —vT)|.
(A.5)
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(2a) Lower bound on A(v). By Lemma 4.9(i), Edet(vI — G) = Zi“((%%ujv_% =2"NHN(v),

the physicists’” Hermite polynomial, whose zeros x1 > x2 > --- > zy are symmetric about 0 and sat-

isfy 1 < V2N + 1 (Szeg6, as in Lemma 2.5). Since v > %\/ 2N > /2N + 1, pairing the zeros £z (for N
odd the zero at 0 contributes a factor v > (v2 — z3)1/2),

N
A(v) > Edet(vI — G) H v—xj) > > (W2 —aH)N? > (W2 —2N —1)NV2, (A.6)

(2b) Upper bound on the remainder. Since |det(vI —G)| < (v + ||G||)Y and {Amax > v} C {||G]| > v},
the layer-cake formula for s — (v + s)V gives

E[|det(v] — G)| 1{hmax > v}] < @)NP{|G| > v} + N/ (v+ )N I P{||G|| > s} ds.
By Lemma 4.9(ii), with ¢p := v — V2N = (e; — 1)v/2N and the substitution s = V2N +t,

E[|det(v] — G)| 1{\max > v}] < 2(20)" exp(—t3/2) + 2N OO(V + V2N + t)NLexp(—t2/2) dt

to

For t > to, —$[(v + V2N + )N Lexp(—t2/2)] = (v + V2N + t)V " Lexp(—t2/2)(t — %) and
L>tof—y V2N ((es f)fg)::C>O,so,as1/+\/2N+t0:21/and2uc:
N (4ez(eg — 1) — 1) > 2N for e, > 3/2,

N(2v)N~texp(—t2/2)

N [ (v+ V2N + )N texp(—t?/2)dt <

0 V)N ex C— 2
= (iei<ez-?2qé3/f> < 3(2)" exp(—£5/2).
Hence
E[|det(v] — G)| 1{\max > v}] < 3(2v)" exp (— (e, — 1)°N). (A7)

(2¢) The amplifier. Dividing (A.7) by (A.6) and writing v = e; V2N,

EWW”‘@HMMZW]S%%ﬁ@F@—UﬂNS3FWWF@—WqN

A(v / 1 ’
( ) 62 -1 5N e2 -1 — =N
the bracket being decreasing in e, on [3/2,00) (its logarithmic derivative is = — 2(e; — 1) — 62_1_67”{/(2]\[),
and é —2(e; — 1) < —% there). Finally e —1> 2 7 and Bernoulli’s 1nequahty give (1 — m)d\vz <
1 -1 5
(1 — m) S 1 whence
E|[det(v] — G)| 1{A\max >
[l det(» )| 1{Amax 2 V1] < Bge)N < 4k(e)d? for every x > E. (A.8)

A(v) -

(2d) Integration. By (A.5) and (A.8), E[|det(G — pxI)|1{G — pxl < 0}] > (1 — 4k(e)* 1) A(px)
for all « > FE; multiplying by Cyqp(z), integrating over [E,c0) and using (5.3) together with
Crd [5 Alpz)p(z) dz = bexact (E) from Step 1 gives the lower bound in (5.1c).

e Step 3: High-dimensional limit via the ABC complexity theorem. We avoid redoing the asymptotic of
Jexact from scratch via the Mehta—Fyodorov decomposition, which would require fine control of the partial
Hermite sum ®4(p, F) at the natural scale pE = e,/2(d — 1) < v/d, where the leading-monomial approx-
imation ®; ~ 2p(2pE)?2 is invalid (every term in the sum contributes at comparable order). Instead,
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we reduce (5.4b) directly to Auffinger et al. [2, Theorem 2.8] via an explicit field/level correspondence
between our paper’s KSS field X on S*~! and ABC’s spherical k-spin Hamiltonian H N,p on SN=1(\/N).

(3a) Field and Hessian correspondence. Auffinger et al. [2] work, throughout their Section 3, with the
rescaled field

Inp(s) == Hy,(VN s), se sVt (A.9a)

1
VN
of unit variance on the unit sphere, with covariance E[f(s)f(s")] = (s, s)? [2, egs. (3.1)—(3.2)]. Identifying
their N with d and p with k, the law of f on S¢~! coincides with that of our paper’s X. ABC’s conditional-
Hessian formula [2, Lemma 3.2, part (b)] is stated directly in this unit-sphere setting: for every s € SV=1
and every x € R,

)| fe)=a £ MV V2N =1)plp—1) — apIn-1, (A.9b)

where MV ~! is a GOE in the ABC normalization E[(Mi]]\-/_l)Q] = (1+0;)/(2(N —1)). Setting Gy :=
VN —1M7N~1 which has the normalization E[(GNfl)?j] = (1 4 6;5)/2, and using p//2p(p —1) =

p/(2(p — 1)) =: p, the right-hand side rearranges to \/2p(p — 1) (Gn—1—px In_1). With (N,p) = (d, k)
this is exactly the conditional Hessian law (1.1b)

e L (k-1 (G-pzliy), p=Vk/CE-1),

VX (s)| X(s) =
the law used throughout the paper. No metric rescaling of the Hessian under a sphere-radius change is
needed: ABC perform the rescaling once in passing from Hy , on SN=1(\/N) to fnp on SV via (A.9a),
and their Hessian formula (A.9b) is already on the unit sphere.

(3b) Level correspondence. The threshold X (s) > E in our paper corresponds to H(v/N s) > EvV/N,
i.e., HIN > E/V/N =: uagc. On the scale E = e\/2(d — 1)/p, using pEs = v/2 (which follows from
o =/ (2(k — 1)) and EZ, = 4(k — 1)/k),

E _ ey2d-1) V2 _ eV2 Foo = eBn. (A.10)

u = =
MET pVd i p o pEa

For e > 1 the limiting level satisfies —eEn, < —FE, so the case-1 branch of (5.4a) applies at eFq; at
finite d, uapc = eFooy/(d — 1)/d < eE, and Step (3c) passes to the limit by monotonicity and continuity.

(3¢) Asymptotic rate for the total critical-point count. By Auffinger et al. [2, Theorem 2.8] (log-rate

for the total critical-point count below level Nu) combined with the upper-tail symmetry H < _H (an

immediate consequence of J 2 _J in the disorder), for every fixed u > E (for smaller u the rate is
ABC’s ©,(—u), whose formula differs from (5.4a) but which is continuous on R):

N@m%legﬁ[#{a:vma) — 0, H(o) € (Nu,00)}] = Op(—u).

Since upapc — €Ly, the count is non-increasing in the level and ©, is continuous, the limit persists
along the d-dependent level uapc: bracket uapc between eFEo, F 7, apply the display at both fixed levels,
and let n — 0. By the Kac—Rice equality (1.1c) (recall from Step 1 that Jexact(E) equals the Kac—
Rice expected critical-point count above level E), the left-hand side equals limy é 10g dexact (F) under the
field /level correspondence of (3a)—(3b). Hence

lim llogéexact( E) = Op(—¢Ex) = Llog(k — 1) — #=2< / Vw? —1dw (A.11)

d—oo d

for e > 1, using (5.4c).

(3d) Local-mazima specialization and the bracketing. ABC’s Theorem 2.8 covers the total critical-point
count; for local maxima (Morse index N — 1 on the sphere) specifically, Remark 2.6 following Auffinger
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et al. [2, Theorem 2.5] gives limy 3 log E[#{local maxima of H above Nu}] = ©g,(—u), and the case-1
branch O¢ p(u) = ©p(u) on u < —FEy [2, Egs. (2.15) and (2.16)| states that for e > 1, the local-maxima
rate coincides with the total-critical-point rate: every critical point above the spectral edge is, with
overwhelming probability, a local maximum. Therefore, by the bracketing of (3c), ©¢, being continuous
on R,
.1
dlggo p logE[N[lgoo)] = Oi(—ebx).

Equivalently, and consistently with our non-asymptotic bracketing of (5.1c), combining the upper bound
E[N'™] < Gexact With the lower bound E[N'™] > (1 — 4k(e)9™!)dexact (valid for e > 3/2), and observing
that the amplifier 4x(e)?~! vanishes exponentially as d — oo for e > e,

110g dexact + Slog (1 — 4r(e)™!) < LlogE[N™] < Llogdexact

both bracketing terms converge to O (—eFEs) by (A.11). The limit (5.4b) is thus established for every e > 1
by the exact Kac—Rice equality of Step 1 and Auffinger et al. [2, Theorems 2.5 and 2.8| (Steps 3c¢-3d);
on e > e, the non-asymptotic bracket above re-derives the same limit with explicit finite-d error bars. The
band 1 < e < e, is covered by the asymptotic statement (5.4b), while only the matching finite-d lower
bracket, not the limit itself, lies outside the scope of the present argument. ]

B Technical lemmas

B.1 Gaussian-type tail integrals

The proofs of the three tail bounds use a common tool: integration by parts on tail integrals of the form
f;o gme—az?/2 dz, iterated in steps of two. We isolate it here.

Lemma B.1 (Gaussian-type tail integrals). For a > 0, integer m > 0, and u > 0, define I, (u;a) =
fuoo z™me=2*/2 4z, The base case m = 0 obeys the Mills-type bound

0 9 efau2/2
Ip(u;a) = / e 2 Ay < , (B.1a)
u au
and I (uja) = a~le—au?/2 exactly. For every integer m > 2,
m—1 _—au?/2 -1
Inp(usa) = N + Iy—o(u;a), (B.1b)
a a
and, provided (m — 1)/(au?) < 1,
um—l e—au2/2
T ; . B.1
m(u7a’) — a—(m—l)/u2 ( C)
In particular,
Ij1(u;1) < ud—2eu?/2 , foru® >2(d—2),
Iy o(u;3/2) < u2d_36_3“2/4, foru > 2V/d.

Proof. On [u,0), 1 < x/u, so Ip(uja) < u™! fuoo:zze_axQ/Q dz = e %*/2/(qu), which is (B.1a); Iy is

m—1 azx?/2

explicit. For m > 2, integrating x ~xre” by parts gives (B.1b). Iterating it down to Iy or Iy,
bounding Iy by (B.1a) and each product (m — 1)(m —3)---(m — 25 + 1) by (m — 1)/,

I (u;a) <

umle—au?/2 (m— 1)3'

a au?

320

a geometric series whose sum is (B.1c) when (m—1)/(au?) < 1. The two particular cases follow from (B.1c):
in the respective ranges the denominators 1 — (d — 2)/u® and 3 — (2d — 3)/u? are at least % and 1. O
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B.2 Asymptotic leading term

Lemma B.2 (Leading term). As v — oo, A(v) ~ v®'; consequently [ A(pz)p(z)dz ~

[ (px)o(z) dz as u — oo.

Proof. For v > 1, v=@ Y| det(G — vI)| = [[;|1 — pi/v| < (1 + max; |u;|)?!, which is integrable, and
the product tends to 1 almost surely; dominated convergence gives the first claim. For the second,
given ¢ € (0,1) pick z. with |A(pz)/(px)?t — 1| < ¢ for z > x.; for u > x. the ratio of the two integrals
lies in [I —&,1 + ¢]. Finally, (B.1b) with a = 1, m = d — 1 gives I;_1(u;1) > u?2e~%"/2 and (B.1c)
gives Iy_1(u;1) < ud=2e7%/2)(1 — (d — 2)/u?), so [ a4 o(x) dz ~ ul2p(u), and Cyqp?~1/V21 =
V2 (k/2)4=D/2/T(d/2) yields (1.2). O

B.3 Explicit Hermite tail integrals

Lemma B.3 (Explicit Hermite tail integrals). For every u € R and integer m > 1,

)eme/2 —u?/2 R e41 (m =1
/ H dr = ¢ Z 2 mﬂm72ffl(u) + Rm(u), (BQ)
—0 =

where Ry, (u) = 0 if m is odd and Rpy,(u) = 2"™/2(m — 1)!! [Fe ~7*/2 4z if m is even.

Proof. « We evaluate J,, = f;o Hm(:v)e_xz/ 2dx. The integrations by parts below use only the finiteness

of the boundary term H,,_1(u) e~%/2 at u and the vanishing of the integrand at 400, so no positivity of
u is required. We use two standard identities for the physicist Hermite polynomials:

H) (x) = 2mH,—1(x) (B.3a)
Hy(x) =2xHy—1(z) — 2(m — 1)Hp—o(x) (B.3b)

We begin by evaluating the integral of 22 Hp,—1(z)e~"/2 using integration by parts. Let f(z) = Hp—1 ()
and ¢ (z) = ze~*"/2, which implies g(z) = —e~*"/2.

/ eHm—1(z)e _xZ/de_[ Hyp () _3:2/2 / m—1( _$2/2dx
= Hypr (w)e™ /2+z / Ho o(z)e="/ da

where we substituted (B.3a) in the second term. We then substitute 2xH,,_1(z) using a rearrangement
of (B.3b), 2zHy,—1(z) = Hp(z) + 2(m — 1)Hyp—2(x), into the left-hand side:

1 [e.e]
2/ (Hm(x) +2(m — 1)Hm_2(x))e*x2/2 do = Hpo1(w)e /2 + 2(m / Hyppo(2)e™/2 dz
u
Distributing the integral and isolating J,,, = fuoo Hy, (x)e‘“"2/2 dzx yields the exact recurrence relation:

T = 2Hp_1(w)e /2 4+ 2(m — 1) Jp—s (B.4)
By iteratively applying (B.4), we can expand Jy,:

T = 2Hp_1 (w)e™/% 4 2(m — 1) [2Hm,3(u)e—“2/ 2 4 2(m — 3)Jm,4}

— 2 2y (u) + 22(m — 1) Hypg(w) + 2 (m — 1)(m — 3)Hpp5(u) + .... | + Remainder
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The ¢-th term of this expansion involves the cascading product (m — 1)(m — 3)---(m — 2¢ + 1), which

evaluates precisely to the double factorial ratio % Incorporating the accumulated factor of 2¢+1,

the summation becomes:

—u“/2 +1 ‘et
c zz: 2 (m— 20— 1)”Hm_24_1(u)
=0

The recursion stops differently depending on parity:

e If m is odd, the final evaluation step corresponds to ¢ = (m —1)/2, meaning Hy(u) is evaluated and
no subsequent integrals are required. Thus, R,,(u) = 0.

e If m is even, the final evaluated boundary term corresponds to ¢ = (m—2)/2. The remaining integral
falls back to Jy = fuoo Ho(:v)e*z2/2 der = foo e~*/2dz. The accumulated multiplier in front of Jy is

u

2m/2(m — 1)1, yielding exactly the prescribed R, (u).
O
The next lemma extends Lemma B.3 from the canonical Gaussian weight e ¥*/2 to an arbitrary weight
e PY*/2 with 8 > 0. The general -version gives the exact squared-Hermite tail 75**(u) of the Dy step in
the proof of Theorem 2.4: when integrating H; (pr)? against e~ (1+")2%/2 op [u, 00) and substituting y = pz,

the relevant exponent is 8 = (14 p?)/p? = (3k—2)/k > 2 for k > 3, a regime to which Lemma B.3 (8 = 1)
does not apply.

Lemma B.4 (Generalized Hermite-Gaussian tail recurrence). For every > 0, every integer m > 0, and
every u € R, set

JB (u) = /OO Hp,(y) e P2 qy (B.5a)
Write v :=2/8 and ¥ := (2 — 3)/5. The base c:ses are
Tow) = \/Eew\/B),  J() = ye (B.5b)
and for every m > 2, the family {Jﬁl} satisfies the three-term recurrence
JE () = yHpyy(u)e P2 4 2(m—1)9 J5_,(u). (B.5c¢)

Iterating (B.5¢) yields the explicit closed form

L(m—1)/2]

Jh(u) = ye PN (20
=0

m Hm—ZZ—l(u) + Rrﬁn(u)v (B5d)

where an(u) =0 if m is odd, and Rrﬁn(u) = (20)™2(m — 1)!! J(’)B(u) if m is even.

For 3 =1,vy=2and 9 = 1, so y(20)" = 2!, and Lemma B.4 reduces exactly to (B.2); the remainder RE,
specializes to 2"™/2(m — 1)!! [ey /2 dy, matching R,,. For 8 > 2, ¥ < 0, and the iterated sum (B.5d)
carries alternating signs in ¢ but remains exact pointwise; in subsequent estimates one must not pass to
absolute values of individual summands.

Proof of Lemma B.4. e Apply integration by parts with f(y) = Hp—1(y) and ¢'(y) = 2y e~ V)2,
hence g(y) = —(2/5) e Pv’/2 = _~ e P¥’/2. The boundary term at +oo vanishes by Gaussian decay,
and using H!._,(y) = 2(m — 1) Hy,—2(y),
(o]
/ 23/ Hm—l(y) 6_5y2/2 dy = 'YHm—l(u) 6_6u2/2 =+ 2(m - 1) Y sz—Q(u) .
u
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Combining with the Hermite recurrence H,,(y) = 2y Hy—1(y) — 2(m — 1) Hy—2(y),
JE (u) = / 2 Hpor(y) e P2 dy — 2(m— 1) T2 _y(u),

and 2(m — 1)y —2(m —1) =2(m — 1)(y — 1) = 2(m — 1)9, yielding (B.5c).

e For the boundary cases, JO = f —By*/2 dy = \/W ®(u\/B) by direct change of variable,
and J{ (u) = [ 2ye /2 dy = (2/6) e P2 = om0 /2,

o Unrolhng (B.5¢) £ times and using the telescoping product (m — 1)(m —3)---(m — 20 + 1) = (m —
DN/ (m —2¢— 1)1,

-1
i) = e ooy s a0 + 0 N ).

For m odd, take £ = (m —1)/2: m —2¢ —1 = 0, hence (m — 2¢ — 1)!l = 0!Il = 1, the residual factor
me oo(u) = Jlﬁ(u) — ~eP*/2 and the residual term coincides with the j = (m — 1)/2 summand of the
main sum (since Hy,_or_1(u) = Ho(u) = 1 and vePv*/2 = Jlﬁ(u)), absorbing it into the main sum gives
RP, = 0. For m even, take { = m/2: m—20—1=—1, (m—20—1)Il = (—=1)!l =1, the residual factor is
Jg(u), and Rb(u) = (29)™/2 (m — 1N Joﬁ(u).

O

Corollary B.5 (Squared-Hermite Gaussian tail). For every > 0, every integer j > 0, and every u € R,
the squared-Hermite tail

K]ﬁ(u) = / Hj(y)Qe_ﬁyz/2 dy (B.6a)
admits the exact closed form
J .
J
) = > 2rpl (p) Ty o (1) (B.6b)
p=0

where each J?

9j—op 1S given in closed form by Lemma B.4.

Proof of Corollary B.5. The classical linearization of the product of two physicist Hermite polynomials

reads
min(m,n)

o) ) =3 25 (") (2) Hovi- o0

Specializing to m = n = j yields H;(y)? = ;:0 2P pl (i)) Hyj_2p(y). Multiplying by e=PY’/2, integrating
from u to oo, and exchanging the finite sum with the integral (justified termwise since each H,, e=BY/2 i
absolutely integrable on [u, 00)), one obtains (B.6b). O
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